Quaternionic continuity equation for
charges

By Ir J.A.J. van Leunen
Retired physicist & software researcher
Location: Asten, the Netherlands
Website: http://www.crypts-of-physics.eu/
Communicate your comments to info at that site.
Last version: October 25, 2011

Abstract

The continuity equation is specified in quaternionic format. It means that the density and
current of the considered “charge” is combined in a quaternionic probability amplitude
distribution (PAD). Next, the Dirac equation is also put in quaternionic format. It is shown
that it is a special form of continuity equation. Further it is shown that two other
guaternionic continuity equations can be derived from the quaternionic Dirac equation. The
square and the squared modulus of the PAD play an essential role in these new equations.
Further, a whole series of equivalent equations of motions is derived from the possible
flavor couplings. The corresponding particles are identified. The mass of the particles can be
computed from their fields.

The interpretation of these extra equations leads to the insight that when fermions take a
new position, they must step over a forbidden region. Finally, the role of the quaternionic
covariant derivative is explained.

Quaternion flavors

Quaternion fields come in four flavors: 1, ¥*,¥® and Y®. The flavors are determined by
sign selections. Three sign selections play a role.

The background coordinate system has its own kind of flavor. The flavor of the background
coordinate system can act as a reference for comparing quaternion field flavors.

A quaternionic field will stick with one and no more than one flavor. We will use the symbol
Y for the quaternionic field that has the same flavor as the local background coordinate
system. The background coordinate system can be curved. In that case we use the local
tangent space that acts as a quaternionic number space.

In the investigated continuity equations, pairs of field flavors will be treated that belong to
the same field .

Vp* =my/ (1)

The continuity equation will use one of the pair (1*) as the analyzed field and the other pair
member (/) as the source field. Each choice of the pair of field flavors will result in a
different equation. The same equation may accept different basic fields (y). The standard
model appears to use three different field configurations for 1. Each of these configurations
has its own set of coupling factors. This paper does not explain why these three field
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configurations exist. Each ordered pair (¥*,3/) represents an elementary particle type
category. Each such pair corresponds to a specific continuity equation of motion, which is
also an equation of motion.

Some categories appear in triplets. The members of the triplet are coupled to directions of
imaginary base vectors. Apart for the categories for which the coupling factor equals zero,
each category corresponds with three different coupling factors (m).

Flavor Flip Imaginary Handedness | Isotropy
P* =/ | base vectors
conjugation: Yo yY” 3 switch isotropic
double flip: Y o yPp® 2 neutral anisotropic
single flip: Y o yY® 1 switch anisotropic
No flip Y=Y 0 neutral isotropic
DR flip Y® o y® 3 switch anisotropic

The quaternionic nabla operator V uses the flavor of the background coordinate system.

Continuity equation
When py(q) is interpreted as a charge density distribution, then the conservation of the
corresponding charge is given by the continuity equation:

Total change within V = flow into V + production inside V (1)

d

v
E pOdV=£npozdS+JSOdV
14 14

(2)

fVopo av = f(V,p) av + fso dv (3)

14 %4 14

Here 7 is the normal vector pointing outward the surrounding surface S, v(t, q) is the
velocity at which the charge density p,(t, q) enters volume V and s is the source density
inside V. In the above formula p stands for

p = pov/c (4)
It is the flux (flow per unit area and unit time) of p, .

The combination of py(t, q) and p(t, q) is a quaternionic skew field p(t, q) and can be seen
as a probability amplitude distribution (PAD).

def

pP=pPotp (5)

p(t,q)p*(t, q) can be seen as an overall probability density distribution (PDD). py(t, q) is a
charge density distribution. p(t, q) is the current density distribution.



Depending on their sign selection, quaternions come in four flavors. In a PAD the quaternion
flavors do not mix. So, there are four PAD flavors.
Still these flavors can combine in pairs or in quadruples.

The quaternionic field p(t, q) contains information on the distribution p,(t, q) of the
considered charge density as well as on the current density p(t, q), which represents the
transport of this charge density.

Where p(t,q)p*(t, q) can be seen as a probability density of finding the center of charge at
position g, the probability density distribution p(t, p)p*(t, p) can be seen as the probability
density of finding the center of the corresponding wave package at location p. p(¢t, p) is the
Fourier transform of p(t, q).

The dimension of py, p and p is [XTL™3], the dimension of s, is [XL™3]. The factor c has
dimension [T~1L]. [X] is an arbitrary dimension. It attaches to the charge.

The conversion from formula (2) to formula (3) uses the Gauss theorem®. This results in the
law of charge conservation

So(t, @) = Vopo(t, @) TV, (po(t, v(t, q) + V x a(t,q))) (6)
= Vopo(t,q) +(V,p(t,q) + A(t, q))
= Vopo(t, q) +(v(¢t,q), Vpo(t, @) +(V,v(t,q)) po(t, q)
HV,A(L @)

The blue colored + indicates quaternionic sign selection through conjugation of the field
p(t,q). The field a(t, q) is an arbitrary differentiable vector function.

(V,Vxa(tq)=0 (7)

A(t,q) € V x a(t, q) is always divergence free. In the following we will neglect A(t, q).
In Fourier space the continuity equation becomes:

So(t,p) = poPo(t,p) + (P, P(t, D)) (8)

This equation represents a balance equation for charge (or mass) density.
Here p,(q) is the charge distribution, p(q) is the current density.
This only treats the real part of the full equation. The full equation runs:

s(t,q) = Vp(t,q) = so(t,q) +s(t,q) (9)
= Vopo(t, @) F(V,p(t, @) £ Vop(t,q) + Vpo(t,q) + (+V x p(t,q))

= Vopo(t,q) + (v(t,q),Vp,(t,q)) + (V,v(t,q)) po(t,q)

! http://en.wikipedia.org/wiki/Divergence theorem
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tVov(t, q) + Vopo(t, q) + Vpo(t, q)
+(+(po(t, @) VX v(t, @) — v(t, @) X Vpy(t,q))
So(t, @) = 2Vopo(t, q) + (v(q), Voo (t, @)) +(V,v(t, @)} po(t, q) (10)
s(t,q) = £Vov(t,q) £ Vpo(t, q) (11)
+ (i(po(t, @ Vxv(t,q) —v(tq) xVpy(t, q)))
The red sign selection indicates a change of handedness by changing the sign of one of the

imaginary base vectors. (Conjugation also causes a switch of handedness). If temporarily no
creation and no annihilation occur, then these equations reduce to equations of motion.

Vopo(t, @) + Vop(t,q) = £V, p(t,q@)) — Vpo(t,q) ¥ (+V x p(t,q))  (12)

Vop(t,q) =(V,p(t,q)) — Vpo(t,q) +V X p(t,q) (13)
V(),U()(t; q) = ¢(V, p(t, q)) (14)
Vop(t,q) = + Vpo(t,q) +V X p(t,q) (15)

The field p(t, q) can be splitin a (relative) stationary background p; (q) and the moving
private field p, (¢, q).
If v(t, q) is a constant then

so(t, q) = 2Vopo(t, q) + (v, Vpo(t, q)) (16)
s(t,q) = + Vpo(t, @) F (v X Vpo(t, @) (17)
s(t,q) = 2Vopo(t, @) F (0, Vpo(t, @) + Vpo(t,q) T (£v X Vpo(t,q))  (18)

The continuity equation has a direct relation to a corresponding conservation law?. The
conserved quantity is p, (t, q) or its integral

Charge =f po AV
4

Noether’s theorem?® provides the relation between conserved quantities, differentiable
symmetries and the Lagrangian®.

? http://en.wikipedia.org/wiki/Conservation law
® http://en.wikipedia.org/wiki/Noether's theorem
* http://en.wikipedia.org/wiki/Lagrangian#Lagrangians in_gquantum field theory
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The Dirac equation
The PAD ¥(t, q) can be used to define a charge probability density and probability
current density. See http://www.vttoth.com/qt.htm.

p(t,q) = v(t, q)po(t, q) (1)
The Dirac equation appears to be a special form of continuity equation.

The Dirac equation runs

Vo + Vo = mfy) (2)

« and f§ represent the matrices that implement the quaternion behavior including the sign
selections of quaternions for complex fields.

We keep the sign selections of the background coordinate system (t, q) fixed. Thus a and
only influence the elements of spinor .

=] ] 3
w=[5 o *
a=]0 (5
=L )

There exist also a relation between @4, a,, @3 and the Pauli® matrices oy, 05, 03:

o=[1 o @=[i 3l =l C v
1 —1, i— oy, j— 0y, k— o3 (8)

This combination is usually represented in the form of gamma matrices®. These matrices are
not used in this paper. They are used when a complex Hilbert space must handle
guaternionic behavior.

Transferring the matrix form of the Dirac equation into quaternionic format delivers two
quaternionic fields ¥z and y; that couple two equations of motion.

Vog + Vi = myp;, (9)

Vo, — VY, = myp (10)

> http://en.wikipedia.org/wiki/Pauli_matrices
® http://en.wikipedia.org/wiki/Gamma matrices
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The mass term m couples Y, and Y. The fact m = 0 decouples Y; and Yp.

Yr=Yr =9 +¢ (11)

Thus the fields are each other’s quaternionic conjugate.
Reformulating the quaternionic equations gives

Vi =my- (12)

Voo +¥) + V(o +¢) = m(ypo —¢) (13)
For the conjugated field holds

VT =my (14)

Voo =) = V(o — ) = m(yo +¢) (15)
This implements the reverse flip. The corresponding particle is the antiparticle.

W, ¥) & @) (16)

Summing the equations gives via

Vp =V Xy —(V,9) (17)
The result

Voo — (V,¥) = my, (18)

VxyY=0 (19)

Vo + Vg = —mp (20)

An important outcome is that ¥ is rotation free. Compare this with the continuity equations

Vopo(t, @) —(V,p(t,q)) = so(t,q) (21)

And (22)
s(t,q) = Vop(t,q) + Vpo(t,q) +V X p(t,q)

This means that
so(t,q) = mihy(t, q) (23)



Thus in the Dirac equation the mass term is a source term that depends on the (conjugate)
field.

The following definitions specify another continuity equation:

Ppirac £ PP = Yotho — (P, P) + 2¢oPp (25)
Popirac = Yoo — (W, P) (26)
Ppirac = 2oy (27)
VPpirac = 2pVip = 2mypy* = 2me (28)
Vipy* = Vo = 29V = 2Zmpe .. (29)

The field ¢ is real and non-negative and represents a probability density distribution. This
result defines two new continuity equations. po .- - has a Minkowski signature.

The interpretation of ¢ as the probability density distribution of presence leads to:

f odv =1 (30)
14
31
fvairac av =2m 51
14
The coupling factor m for the antiparticle is the same.
The field ¥ has an intrinsic spin’:
Spln = fv(V?‘pO) X ¢ av = fVV X (lpolp) av = Ya fVV X Ppirac dav (33)
The flavor flip reverses the spin.
The interaction free equation can be extended with interactions with other fields.
Vi = my* (34)
Dy = my* —e(AyY + YB) + C (35)

The field A is right covariant with 1. The field B is left covariant with . e is a coupling
constant. Thus here D is the two sided covariant derivative®. The field C represents a source.

For the interaction field 4 holds

7 http://www.plasma.uu.se/CED/Book/EMFT_Book.pdf Section: Conservation of angular momentum, formula
4.70a
® See last paragraph
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[]A= (V(z) —(V, VDA = e(Y¥) = eppirac (36)
[ ] is the d’Alembert operator

The wave equation for the electromagnetic field in vacuum is

[]JA=0 (37)

The Majorana equation

The Majorana equation® differs from the Dirac equation in the way that the sign selection of
the field Y is changed.

In the Majorana equation the mass term contains the 1@ flavor of the field . In this case
only two imaginary base vectors change their sign. This sign selection does not switch
handedness.

VY = mnlp@ (1)

The reverse equations is

le@ = My, Y (2)
For the conjugated field holds:

Vy* = mzl/)*GB = mzl/)@ (3)
The sign selection l/)® only switches a single imaginary base vector. Like the conjugation, it
switches the handedness of i . Thus the conjugated equation does not switch the

handedness.
The reverse of the conjugated equation is

le® = My Y)” (4)
The conjugated equation and its reverse also handle neutral particles.
Neutrinos are supposed to obey the Majorana equation.

When the Majorana equation holds, then
Vppirac = 2PV = Zmnl/ﬂ/)@ # 2myPyp” (6)

f¢WdV=1 7)
14

But in general:

? http://en.wikipedia.org/wiki/Majorana_equation
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flplp@ dv =1 (8)
14

f V(yp®) dv = 2m, f P&yP® dv = 2m, g (10)
4 14
fzp@’lp@ dV=fzp€Blp® dv = f|¢®|2dV=f|¢®|2dV=g (11)
14 4 v v
fV(l/)*l/)@) dV = 2m,, f YY* dV = 2m,, (12)
v 1%

For the conjugated field holds:
29OV = 2m,p@Y® = 2m,|y®|° (13)
f V(ypyp®) av = 2m, f YOY® v = 2m, g (14)
v v
fV(l/) d)@) dv = 2my, j Yy*dV = 2my, (15)
v v

The third category flavor switch

Apart from the Dirac equation and the Majorana equation, a third category equation is
possible. In this equation the mass term flips the sign of only one imaginary base vector. As a
result the handedness flips as well. The flavor of the background coordinate system can act
as a reference for comparing quaternion flavors. The quaternionic nabla operator uses that
same flavor. With respect to the background flavor, three different possibilities for the
choice of the flipped imaginary base vector exist. It will become clear that this category
corresponds to quarks.

The corresponding equation is:
Vi = myh® (1)
The reverse equation is

le® = Myri; @)

l

The index i runs over three color versions r, g and b.



For the conjugated field holds:
Vi = mg; ;% = map? 3)
The reverse equation is

V9P = my; (4)

i =

For each color i an up version 1; and a down version Y, exists. The up version obeys
equation (1). The down version obeys equation (2). The down version is the conjugated
version of the up version.

When the third category equation holds, then

Vpi—pirac = 2Y;Vy; = zmuilpiwi(g #+ 2my ;i (5)
2@V, = 2m, p@Y® = 2m|y®|’ (6)
29 0V; = 2map@P® = 2ma|$®|” )
Again
f Yl v =1 (8)
\%4
And
[ weve av = [Wwel" av =, ?
\%4 74
jv(lpilpi@) dVv = 2my; g; (10)
\%4
[ V@iw®) v = 2m .
\%4
jv(ll’fll’z@) dV = 2my; g; 12)
\%4
(13)

f V(p®) dv = 2mey;

%4

Thus the computation of mass is not as simple as in the case of the Dirac equation



In contrast to the Dirac equation the third category flavor equation is strongly anisotropic.

The three choices for the flipped imaginary base vector may be linked with color charges.
Each imaginary base vector might have an up and a down version.

The antiparticles have anti-color. The particles and antiparticles may be linked with the color
charges and the up and down versions of quarks. The fact that only one of the three, or with
the conjugate field two of the three imaginary base vectors are flipped may account for the
respective electrical charges, which are —14.0r +24.

The cross-flavor equations
These equations describe the situation that a flip is made from a 1/;;8’ field to a 1/)1-65 field or
vice versa. The direction i seems to play no role.

P =my® (1)

W =my® (2)

In fact equation 2 is the conjugated equation of equation 1.

The flavor switch affects three imaginary base vectors and flips the handedness. As a
consequence the particles have a full electric charge. It concerns two particles, the W™ and
the W* bosons. These bosons carry electrical charges.

29 VP = 2mu, P 3)

j V(p@y®@) dv = 2my, J (We @) dv = 2my, g (4)
\%4 74

292 V2 = 2my, Y@ P& (5)

j v(Ey®) av = 2my, J (W@ v®) dv = 2my, g (6)
\%4 74

The non-flavor flip category
In this category no switch is performed. The field couples with itself.
The corresponding equation is:

Vp =my (1)

For the antiparticle holds:
Vy* = my* (2)

And for the mass m holds



f V(yy*) dV = 2m f WYyY*) dV = 2m (3)
4 14

The equation describes neutral particles. It is not clear that the corresponding particles are
fermions. It might concern the Z boson.

However for the probability density no integral source or leakage exists. Thus this m is zero.

Fermion and boson equations
Three fermion equations exist. Their interaction free forms are:

Vip =my” (1)
VY =my® (2)
Vi =my® (3)

The fourth possibility

Vp=mp=my” (@)

and the cross flavor equations

VP =myp® = myp® (5)

l

v =mp® = myp®” (6)
are supposed to be boson equations
The general form is:

Vyp* =ma’ (7)

For all three holds:

Voo — (V, ) = mp, (8)
VX P* + VP2 + Vop* = m (9)
jlplp* av =1 (10)
v

Further, the equation for coupling factor m



fv V@Y dV = 2m fv @) dV = 2m fv l?|* av

V) = 2myp’ (11)

V) = 2myp (12)
The Dirac equation explicitly has the extra restriction

Fxy=0 (13)

In interactions that need not be true.



Survey of couplings
In the following table the attribution of particle names is speculative.

| RLrl | e | Diffl Coupling | m | | Particle Multiplet

RL -1 3 Y yY* m fermion electron 1
LR 1 3 Yy m fermion positron 1

RI - 1 P yP® my fermion down-quark 3 colors
IR % 1 P& P My, fermion anti-down-quark? 3 colors
Lr % 1 P yp® my, fermion up-quark 3 colors
r % 1 Py My, fermion anti-up-quark? 3 colors
Rr 0 2 YD m, fermion neutrino 3?
rR 0 2 YOy my, fermion anti-neutrino 3?

L o 2 P yPp® m, ? neutrino or Z? 3?

L 0 2 YOy~ My ? anti-neutrino or Z? 3?

rl -1 1 PO y® My, boson w- 3?

r 1 1 YO yY® my,, boson w+ 3?
RR 0 0O Yy 0 boson photon

LL o o YryY© 0 boson photon

m o o0 y®y® 0 boson gluon 3?

o o y®y® 0 boson gluon 3?
Colophon:

RLrl; switch by 3, 2 or 1 imaginary base vectors

e; electric charge of particle

Diff; number of imaginary base vectors difference
Coupling; the field flavors that are coupled
Fermion/boson;

Particle; elementary particle category

Multiplet; multiplet structure

The multiplicity of neutrinos, Z and W bosons is not (yet) observed.

It is not clear from this table whether what particle the * 1® flavor concerns. The only
particle that did not get a place is the Z boson.

From the coupling it is not (yet) clear whether a particle is a fermion or a boson.

In the standard model three versions of fermion mass factors m exist. These versions are not
(yet) explained by this model.

Coupling factors
The integral probability densities are:

wa*) av = Jw av =1

g= f(t/J@l/J@) dv = f(lp@zp@) dv = f|z/)®|2 dv = f|¢®|2 dv
74 %4 %4 %4



The coupling factors are:

Primary Coupling factor reverse Coupling factor
vy m = 1/zfv Wp)dv vy m = 1/sz Wp)av
; ;

L S - % f v av | YOV | = Vf v(py®) av
e %Vj vy p®)av | YOV My = %JV(IP Y®)dv
T - f V@) av | POV | g = Vf V(piv®) v
R P f V@) ar | YO | = Vf V(W ®) v
N N Py P

1
M, = 55| VWEYE)dv

Some of the integral formulas are similar. Many are each other’s conjugate. This does not
mean that the integral is the same.
Most particle categories of the SM appear with three different coupling factors. This

corresponds with three different configurations of . This paper does not explain that extra

diversity.




Forbidden region

Fermions have asymmetric permutation wave functions. This fact has only significance when
two or more states are considered. Let us consider the situation that the two states are
completely identical™® and are nearly at the same location. In that case the superposition of
the two states is given by:

[V >=|n; >[ny; > x|ny > |ng >

The plus sign holds for bosons and the minus sign holds for fermions. The images of the two
cases are:

Boson pair Fermion pair

Symmetric distribution Asymmetric distribution

This is a two dimensional model, but it explains the general idea. Below the cut through the
center of the asymmetric distribution is shown. When this is compared with the same cut of
the squared modulus, then it reveals a forbidden region for the asymmetric distribution.

Y(x) [W(E)I?

forbidden

T~ /\7\

—~——

The particles were put at the closest possible position. Before the displacement occurs, the
direction of the displacement is undefined. Thus the forbidden region has a spherical shape.
When fermions go to their next position, they must step over the forbidden region. Bosons
do not have that restriction.

Interpreting the flip event

The equations of motion indicate that a flip of field flavor occurs. The charge density
distribution specifies the probability where this flip occurs. The current density distribution
represents the transport of the location where the flip may occur.

19 http://en.wikipedia.org/wiki/ldentical particles
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The flip event can be observed. This is then the event of observing the corresponding
guantum. The observation represents the interaction with another particle.

Photons and gluons are flipping at every progression step. That is why their coupling
constant delivers zero.
Appendix

Covariant derivative
The covariant derivative plays a role in the Lagrangian and in the equation of motion.

The covariant derivative D is defined as

Df(q) =Vf(q) —A(q) f(q) (1)

This is interesting with respect to a gauge transformation of the form

f'(@) =6 f(q) (2)
G'(q) G(q) =1 (3)
VG(q) = H(q) G(q) (4)

where with a corresponding vector potential transformation

A'(q) = A(q) + H(q) (5)
D'=V—-A(q) —H(q) (6)
D'f'(q) =H(q) G(q) f(q) +G(q) Vf(q) (7)

—A(q)G(q)f(q) —H(q)G(q)f(q)
=G6(q)(Vf(q@) —A(Q) ()
D'f'(q) = G(q) Df(q) (8)

Thus with that transformation pair not only the modulus of the function stays invariant but
also the modulus of the covariant derivative stays invariant. Further

f"(@D'f'(q) = f*(q) G*(q) G(q) Df(q) (9)
= f"(@) Df(q)

Above the right sided covariant derivative D is defined

Df(q) = Vf(q) — A(q) f(q) (10)



The left sided covariant derivative is defined as:

f(@D = f(@V - f(q) B(q) (11)

We will use D for both left sided and right sided covariant derivative:

; o (12)
f(a) erf(q) —A() f(@) - f(q) B(9)

Df(g) =

Multiplication with a unitary factor corresponds with a displacement in the canonical
conjugate space, thus with a shift of the momentum of the field.
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