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Abstract:

In this paper we have introduced a new concept on the convergence of a
sequence of the nonlinear Lipschitz (Lip-) functionals, which would be
called an L*-convergence, and we have considered its applications in
Banach spaces. This convergence is very similar to the weak* (W*-)
convergence of the sequence of the bounded linear functionals, but there
are some differences. By the L*-convergence, we have considered the
problem on the relations of the compactness between the Lip-operator and
its Lip-dual operator, and we have obtained the mean ergodic theorems for
the Lip-operator.
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1. Introduction

The monotone operator, compact operator and convex function are the
typical nonlinear operators in Banach spaces. The Lipschitz (Lip-) operator
Is one of the most important nonlinear operators, but its properties are well
known recently. There have been published many research results on the
nonlinear Lip-operator [1,2,3,4,7].

In this paper we will introduce a L*-convergence of a sequence of the
nonlinear Lip-functionals and, on the basis of it, we’ll consider the problem
in [1] on the relations of the compactness of Lip-operator and its Lip-dual
operator, and obtain the mean ergodic theorems for the Lip-operator.

First, we’ll recall the concepts on Lip- operator [8].

Let x and Y be real or complex Banach spaces, m and p closed subsets of
X, Y respectively. Let oem, 0eD and T:M — D be an operator. Unless
otherwise noted, in this paper we shall not repeat above assumptions. If

there exists a constant L>0 such that, for all x,yeMm, [Tx-Ty|<L|x-y|

then operator T is called a Lip-operator on m .

And L, (T)=sup,,, [Tx-Ty|/|x~y|| is called a Lip-constant of Ton m .

We’ll often use a set Lip,(m,D), that is,

Lip,(M,D)={T:M - D| T(0)=0, T is an Lip-operator on m }.
If the set p is a linear subspace of v, then the set Lip (m,p) is @ normed
linear space and the Lip-constant |, (r) is a norm of Tin Lip(m,0). And if D

is a closed linear subspace, in short, a closed subspace, then the normed

linear space Lip,(m,D) is @ Banach space by the norm , (r). In particular, if
D=k (real or complex field), then the space Lip,(m,D) is called a Lip-dual
space of m. We denote it by m;. And the element of mis called a Lip-

functional. In the case of m = x , we denote by x - the ordinary dual space of



Banach space x, which consists of all bounded linear functionals defined
on x and would be called a linear dual space of X, in distinction from Lip-
dual space x;of X . Then it is clear that x is a closed subspace of x;. For
any xeM, f e D], an operator defined by (T f)(x)=(f -T)(x)= f (Tx) is called
a Lip-dual operator of T and we denote it by 1. Then it is clear that

T, eBL(D;, M) and L, () = [r;| ., where BL(D;,m/)is the Banach space

consisting of all the bounded linear operators on p; into m:([2]). Since the
space M is a Banach space and the operator 1 is a bounded linear, it is
defined a linear dual space m: =(v;)’ of m; and a linear dual operator
17 = (1), of 1 respectively. Then it is easy to see that 1 csL(m D) and
L (M) = 1] = [

In the study of Lip-operator, the need to extend the Lip-functional
satisfying certain conditions is presented frequently, but that is reduced to
the possibility of the extension to whole space with Lip-continuity and
maintenance of Lip-constant of Lip-functional defined at a subset of
Banach spaces. The following theorem gives us a sure guarantee for such
possibility.

Theorem 1[8]. Let f be a real-valued Lip-functional defined on a closed

subset M of a real Banach space X . Then there exists a real-valued Lip-

functional F defined on X such that 1) F is an extension of f, i.e.,
F(x)= f(x) for xeM,and 2) L, (F)=L,, ().
Theorem 1'[8]. Let t be a complex Lip-functional defined on a closed

subset M of a complex Banach space x . Then there exists a complex Lip-

functional F defined on X such that 1) F(x)=f(x) for xeM , and 2)
L, (F)=L,(f) , where 1,(f)=(2@+2®f* and, g and n are the real and

imaginary parts of f respectively.



As will be seen from these theorems, we can say that the extension theorem
is a generalization to nonlinear Lip-functional of the Hahn-Banach theorem
([5]) on the extension of the bounded linear functional. Some corollaries
follow from the extension theorem. The following corollary is one of those.

Corollary [8]. For any x < x\m, there exists a real-valued Lip-functional
f defined on X such that 1) f(x)=0 for xem, 2) f(x,)=d, and 3)

Ly (f)=1, where g _inf |z x,|>0-
zeM

Proposition 1 [8]. Let 1 cLip,(m,p). Then m is a certain subset of M in
isometric embedding sense. If an operator j:m - M7 is such isometric

mapping, then we have, for all x yem,

-y~ x-3] = sup |F(—f )] AN =Ty = [T (9 ~T5 ()] -

Here, for any xem, a functional j(x) defined on m; by j(x)(f)=t(x) is @

bounded linear and an operator J:M —JM = = {j(x)eM;j[xem} IS an

isometric mapping satisfying the conditions of the theorem.

2. A L*-convergence of sequence of Lip-functionals

We shall introduce a new convergence of a sequence of Lip-functionals in
Lip-dual space. This convergence is similar to W*-convergence of the
sequence of bounded linear functionals in the linear dual space of Banach
space, but there are some differences.

Definition 1. A sequence {f } in Lip-dual space m; would be said to be

L*-convergent if a finite jim, ¢ (x) exists for each xem ; (£} would be said

to L*-converges to an element ;e M; if jim t (x) = 1,(x) @ll xem . Inthe



later case, we’ll write f =L —limf, OF, in short, fn; f,.

nN—o

Remark. In general, the Banach-Steinhaus theorem - the resonance
theorem ([5]) is not valid for the sequence of Lip-functionals. In other

words, it is not true that L -convergence of the sequence (f,}

impliessyp | (f )<+ FOr €xample, set f (x)=sinnx/yn for xem =[0,1c r*(the

set of real numbers), then it is clear that {f}-m; and fni,fozo, but

supL(f )=+~ The linear dual space of Banach space was always complete in

the sense of W*-convergence of the sequence of bounded linear functionals.
But it follows from this example that the Lip-dual space may not be
complete in the sense of L*-convergence of the sequence of Lip-
functionals. (Private talk; we have discussed this example in our work in

2003. And we have seen this example at the paper [3], too. In [3], taken f
by f (x)=sinnx/n and the example have been discussed not in the sense of

L*-convergence of a sequence of Lip-functionals, but W*-convergence.
However, the ideas in the papers [3] and our work look equal to each other.
Of course, there would be some differences in viewpoint of its discussion.
We were surprised that our research method and idea for Lip-operator are
coinciding with Prof. Peng Jigen’. This gave us a mind to study the Lip-
operator theory with great confidence.)

The following properties and their proofs for L*-convergence are very
similar to one of the W*-convergence of the sequence of the bounded
linear functionals.

Proposition 2. i) If {f 1is strongly convergent to £ , that is |f —f,| o0, then

f,=L—limf,,» but not conversely. ii) If gy (f y< 4o @Nd £ =" _jim,, then , is

unique and | ¢y <qypi(r - 1) Suppose that gp1 () <40 Then a sequence



{f,} L*-converges to an element f e m; if and only if lim f, (9 = f,(x) on a
strongly dense subset of m.

Definition 2. A subset v:of m; would be called a L*-relatively compact if
every sequence {f } in w/ contains a subsequence {f} such that {f} L*-
converges to an element f em:.

We can obtain the following statement.

Proposition 3. If m is separable, then each bounded subset of m: is a L*-

relatively compact.
The proof is done by the above properties ii), iii) and the diagonal method.
That is similar to one that if the Banach space x is separable then the

bounded subset of the linear dual space x;of x is W*-relatively compact
([5]). On the other hand, It is well known that any bounded subset of x is

W*-relatively compact without the separability of x (the theorem 2 in
Chapter V, 4 of [6]). But, for Lip-functional, the assumption that m is
separable is essential.

3. The relations of the compactness between

Lip-operator and its Lip-dual operator

We’ll recall the concepts of the weak or strong compact operator.

Let m, be the bounded subset of m. An operator T e Lip,(M, D) is said to be
weakly (or strongly) compact (W.C. or S.C.) if the image T(m) is relatively
weakly (or strongly) compact in p [4, 6].

We’ll always assume that 1 < Lip,(v, D) below.

The following theorems for the compactness of Lip-operator are valid.



Theorem 2. If Tis S.C., then 1" is L*-compact in the sense that the image
1;(D) by T 0f any bounded subset p; of p; is L*-relatively compact of w; .
Proof. Let {1} be a sequence from 1:(pj). Then there exists {g } in the
subset p/ such that  =7’g,. We denote by g the contraction to the subset

Tm)of g ,i.e., g =g, Then (g, 1is a clearly bounded set. On the other

lrowy -
hand, it is well known that if Tis S.C. then the range T(m)of T is strong
separable. Therefore, by the proposition 3, the set (g 1of Lip-functionals
defined on T(m) is L*-relatively compact. Hence there exist a subsequence

{g, }of {g,}and a functional g, defined on T(m)such that g, (y) converges

g,(y) forany yet(m). Since sup, L(G,, ) <+, We have, forany vy, y, eT(M),

yi-y,| - Here, by letting k. , we have

G, (v.) =G, (v,)] <sup, L(d,,)
1G5 (v2) — Go(¥,)| < sup, L(G, )| Y: — Vs - Thus g, is a Lip-functional defined on
T(M). By the extension theorem, we can extend g, from T(m) to p and we

denote it by g,. Then it is clear that g, ep;. Putf =1 g,, then we have
f,eM; and fnki)fo. In fact, for any xem,

f, (0)=Tg, 0=g, ™) =4, (y)~>
- go(y) = go(TX) = go(TX) :TL*gO(X) = fo(x)-

This completes the proof. [

Theorem 3. If 17 is S.C. then T is S.C.

Proof. Since 1is a bounded linear operator on p, if 7" is S.C. then its
linear dual operator 1= is also S.C. Therefore the image 1(m;) by 17 of
any bounded subset m; of m; is relatively S.C. in p7. Let v, be any
bounded subset of m. We have to prove that the image t(m,)is relatively
S.C. in p. Take any sequence {y \from T(m,). As was stated in the above

proposition 1, we’ll denote by 5, and by j_ the isometric mappings from



M and p into M7 and p;; respectively. Then ;5 (m,)is a bounded subset in
M and so 17, (M,) is relatively S.C. in p7. On the other hand, since
I, (T(M) =T (3, (M,))» the set j_(r(m,) is also relatively S.C. in p7. Hence,
by putting g =3, (y,) . theny ci,am)= =T,@J,M,) and there exist a
subsequence {y, 1 of {y} such that {y | converges strongly in 173, (M,))

Thus {y} is strong Cauchy sequence. On the other hand, since the
mapping J, is isometric, we have |y _y |-l (. )-3,(y,) =[5, -5,| @nd so {y, 1 is
strong Cauchy sequence in p. Therefore t(m,)is relatively S.C. in p. This

completes the proof of the theorem. [

Theorem 4. If 17is W.C. and j,(p) is closed in the sense of the W*-

convergence, then T is S.C.

Proof. As the above theorem 3, Let v, be any bounded subset of m and
{y,} any sequence from t(m, . Since 717 is also W.C., the set
I,(TM) =T (3, (M,)) Is relatively W.C. in p7. Therefore the sequence
{9, =35(y,)} contains a subsequence {y, | such that {y, |converges weakly
in 170, (M) - Hence (g 1 is W*-convergent. Since pj is a linear dual
space of the Banach space p;, it is complete in the sense of the W*-
convergence. Thus there exists an element g, < pjj such that {y, 1 is W*-
converges to y,. On the other hand, by the assumption, y, must belong to
3,(D)- Consequently, for any f < p;, the sequence (g (f)|converges to g (f).
Now Let y ep and y,=J_(y,). Then, as was stated in the above proposition
1, we have g (f)=f(y,), 5,(f)=f(y,) for any fep;. Since the sequence

3, (Hjconverges to ,(f), we have, for any f<p;, f(y,)— f(y,). We now

shall show that the sequence {y} is strongly convergent to y . If it does



not, the point y,is not in the strong closure of {y} We denote by p, the

strong closure of {yn } Then we have ¢ —inf lz=yo|>0- Therefore, by the
K 2eD,

corollary of the extension theorem, there exists a functional f <p; such
that f,(z)=0(zeD,), f,(y,)=dand L(f)=1. This is contrary to the above.
Therefore t(m,)is relatively S.C. in p. This completes the proof of the

theorem. [

Remark. In general, the following statement is true: “ if, for any  <p;, the

sequence {f(y,)} converges to f(y,), then (y | converges strongly to y,.”

Without using the extension theorem, this is easily proved as follows. We

define a functional , on D by 1 (y)=|y-y,|-|y| for yep. Then it is clear

that f <p; and L (f,)=1. Therefore we have

[ = Yol =[I¥n = Yol =1¥oll +lvoll = (v) = F (v >0 -

The linear dual operator of the bounded linear operator maps a W*-
convergent sequence of bounded linear functionals to the W*-convergent
one. Similarly, we see easily that the Lip-dual of Lip-operator maps a L*-
convergent sequence of Lip-functionals to the L*-convergent one of Lip-

functionals. In this connection, we may introduce a following concept.

The operator 1 would be said to satisfy L*-W (or L*-S) property if it

maps a L*-convergent bounded sequence of Lip-functionals to the weakly

(or strongly) convergent one of Lip-functionals. It is easy to see that if 1 is

W.C. (or S.C.) then it satisfies L*-W (or L*-S) property, but not conversely.

However, the following theorem is valid.

Theorem 5. Let p be separable and 1 satisfy the L*-W (or L*-S) property.
Then 17 is W.C. (or S.C.)



Proof. Take any bounded subset p; of p;and a sequence {f} in 1°(D)).
Then there exists (g 1 in the subset p; such that f =717g, . Since D is
separable and p! is bounded, by the proposition 3, the subset p/ is L*-

relatively compact, that is, there exists a subsequence {gnk}Of {g,} and an

element g, ep; such that gnki;go. By the hypothesis of the theorem,
f, =T g, converges weakly (or strongly) to f, =7g,. Therefore 1is W.C.

(orS.C.). [

Theorem 6. Let p; be separable and b satisfy following condition:

If {y,} is a sequence of elements in p and a finite mg(yﬂ)exists for

eachgeD;, then there exists an element y <D such that gy)—gy,). Then

Tis S.C.
Proof. As in the theorem 3, let v, be any bounded subset of m and take any

sequence {y,} from (m,). Let {g} be a strong dense set of a countable
number of elements in p;. Then, since {y | is bounded, we can choose, by

the diagonal method, a subsequence {y, | such that a finite jim g, (y, ) exists
k—o K

Nk

for every fixed n. And, for any geb; and ¢>0, there exists g _<{g,} such

that L(g-g,)<e. We have

<

<|00) = 90 )]0 (9 )= 0, (v )|+ 0, (%)~ 93, )

+‘gno(yn‘)_gno(ynl)

l9(y,)-9(%,)

<L(9-9,)||Ys

+L(9-9,)|| Vs,
and so g(y, ) is Cauchy sequence for eachg < D;. By the assumption of the
theorem, there exists an element y, < b such that g(y, )—g(y,). Therefore,

by the corollary of the extension theorem, we have that {y, | converges

M

strongly to y,. This shows that Tis S.C. [

10



The following theorem shows the properties of the set of the W.C. (or S.C.)

operators.

Theorem 7. (i) A linear combination of W.C. (or S.C.) operators is W.C.
(or S.C.) respectively. (ii) Let a sequence (1} of W.C. (or S.C.) operators

in Lip,(m,D) converge to a Lip-operator T in the sense that jim(t -T)=0-
Then 1 is also W.C. (or S.C.). (iii) The product of a Lip-operator by a S.C.

operator is S.C. operator. In other words, the set of S.C. operators has the

like property with closed two-sided ideal in the Banach space Lip,(m,m). (iV)

The product of a Lip-operator by a W.C. operator on the left is W.C.

operator, but not on the right.

Remark. The proof of this theorem is similar to the case of the bounded
linear operator. We show a counter example with respect to the letter part
of (iv). To do that, it would be sufficient to show that there exist a Lip-

operator in Lip, (M, M) and a weakly convergent sequence {xn}in M such that
the image {1x,} by T of (x| doesn’t converges weakly.

Let x =c[o,1. Here cjo,1is the space consisting of all continuous functions
defined on the real interval o3. Take both sequence {x! and {x} by
x, ) =nt for o<t<i/n, x =2-nt for 1/n<t<2/n, x y=0 for 2/n<t<1, and
% (t)=1-nt for o<t<i/n, % =0 for 1/n<t<1. And we put g )=1for t=o,
%, =1for o<t<1. Then (x1converges weakly to x t)=0, but (% 1doesn’t
converges weakly to x, because x,isn’t in cfo,q and so {x }can’t contain
any weakly convergent subsequence. We define an operator T by Tx =%,

then T is a Lip-operator defined on m ={x }.

11



4. The mean ergodic theorems for Lip-operator

The fixed point of an operator is the solution of the equation containing
that operator. The existence of the solution of an operator equation is just
existence of the fixed point of the operator. Recently, there have been
published many research results on the fixed point of Lip-operator, in
particular, the nonexpansive operator [4,7]. An important task in the fixed-
point theory of the operator is not only to evidence the existence of the
fixed point, but also to compose the approximate sequence converging to
one. The mean ergodic theorems are of the important in the construction of
such approximate sequence. In the paper [1], there have been considered,
by Lip- dual operator of Lip- operator, the mean ergodic theorem of the
nonexpansive operator in uniformly convex Banach spaces with Frechet
differentiable norm

In this section we will consider a mean ergodic theorem of Lip- operator
defined on the closed convex subset of weakly complete Banach space.
Our purpose is to obtain the results for Lip-operator by Lip-dual operator
as the bounded linear operator.

We putsnzgiTm and SHL:}z”:(T:)m. If x=yand m=b, then we’ll denote
nm:l nm:l

Lip,(M,D) BY Lip,(M,m)- It is clear that s ciip (v,m) and st eBL(m;,m;) for

each n if mis a convex set of x. Unless otherwise noted, in the below
theorems we shall always assume following condition, that is, x is a

weakly complete Banach space, m is a closed convex subset of x and

T eLip,(M,M)-

12



Theorem 8. Suppose that ¢, (st) <40 N i (s )<4a0- 1T, fOrany fem;, a

nx1

sequence (s\) is weakly convergent, then there exists a fixed point x, of T
in m, and, forany xem , the sequence (s xj converges weakly to .

Proof. Since a finite jim(s-f)(x) exists for any fem; and xem , we shall
PUt g =limstf)x) - Then it is not difficult to see that gem; and

L(g)<supL(S‘f) - In fact, we have, for any x xem ,

(SnLf)(Xl)—(SnLf)(Xz)‘SSUPL(San)H&—XzH and, by Ietting n>w , We have
19.(%)~ 9 (%) <SUpL(SL )% — x| - Therefore g must belong to m: and we see

that | (g)<sup(siy - And, for any fewm; , the sequence [sit) IS L*-

convergent to the element gem; , that is, stt5g . We now define an
operator T/ by 1/: f g, thatis, T/t =g. Then it is clear that 7/ c LM, M[)-
For, since (TJ £)(x) = lim(S: £)(x) and each stis clearly in s (m;,m;), it is clear
that the operator 1, defined on w; is also linear. And, by | (r/f)<supL(stt)

for any fcwm;, we have | (1/)<sypi(st)<+o- ON the other hand, we take any

bounded linear functional ¢ defined on x and denote by f the contraction
tothe set mof f,i.e, f=f|,.Then f isaclearly in m:. We define by w;
the set consisting of all f’s. then we see easily that yi: is a subset of v:.
We have, for any xem and fewm;,

st =230 oo 23y ) -
DT = f(iimej— f(S.x)
and S0 (s‘f)(x)=f(s,x)>g(x)=(T/f)(x) - Therefore, a sequence (s} is

weakly convergent. By the assumption that x is weakly complete and m is

13



closed convex, there exists an element x <M such that  —w _jims x. We

nN—w

define again an operator T, by T,:x—>x,, that is, Tx=x,. Then it is easy to
see that T, < Lip,(M,M). In fact, we have, for any x x,em,

[FEx)- Fs x| <supL(s,)

fHHxl—sz

and so ‘f(Toxl)_f(TOXZ)‘SSLi?L(Sn) fl-x] - Thus we must obtain

IT% ~Tox, | < sup L(S,) % %] SO T belongs to vLip,(m,m). Therefore it is defined
n>1

Lip-dual operator ). of T and we have
Sy )0 = F(S,x) > g0 = (T ) (x) = F(Tox) = ((T)L F) (%) and
() ()= F(3,7) > (@) H 0 =(@)H(); o for any xem and fem; . On
the other hand, by the hypothesis such that sup_ L(s5)<+o, We have

n o~ - U - R - -
(1) f:(n+1).n—1(sL f)_Sr'l-f_>0, and, since (1,); is com- mutative with

each s‘, we obtain
Sy H) (M) =(TUSH ) (0 =(SyT.F) (0=
:(s;f”)(x)+%(((T§)”—|ﬁ)f)(x) > () F) .
Therefore we have (@@ F)0=(); F)o =, = FTx)-
By the arbitrariness of f <n’ and the Hahn-Banach theorem ([5]), it is true
that 7,.1x=Tx . Thus we have (), f)(0=((T,); f)0 » for any fem; .
Again by the arbitrariness of xem , we must have (1)) f =(t,): f . This

proves that, for any ¢ <m:, the element (r.y ¢ is a fixed point of 1. On the

other hand, since g5 (st) <. and the sequence (st is weakly convergent,
n>1

the sequence {sit) for any r cm;, converge strongly to the fixed point

).  of 17 by the theorem 2 in Chapter VIII, 3 of [5], which is the mean
ergodic theorem for the bounded linear operator and is proved on the basis

of the Mazur’ theorem. Therefore we have, for any fcwm’, sntfi,(To)tf and

14



U .
SO siT'f »(T,)'T,f . By repeating the same argument as above, we have
.
st f () f and @yt =) f - Thus we have fr.1x=fqx . By the
arbitrariness of  cm;, we must have 1.1 x=1x=x,. Therefore, forany xem,

the element 1« is a fixed point of T. This completes the proof. [

Corollary 1. Suppose that there exists a constant k >0 such that L)<k
for any n or that the operator T is nonexpansive, that is, | (ry<1. If, for any
feMm;, asequence (s:) is weakly compact, then there exists a fixed point
x, of T in m and, forany xem , the sequence (s xj converges weakly to .
Proof. Since | (r)=|r;| and (), =r;)" for each n, by the assumption, we

have that g1 (st) <10 @Nd gp1(s,)<+0- ON the other hand, since, for any

n=1 nx1

feMm!, @ sequence (st} is weakly compact, there exist a subsequence
{sif) such that {stf) is weakly convergent. Then, by the theorem 2 in
Chapter VIII, 3 of [5], for any fcm;, a sequence (st is weakly

convergent. Therefore the result of the corollary follows from the above

theorem 8.

Remark. The Lip-operator T is said to be uniform if there exists a constant

k>0 such that | rry<k for any n([1]). As would be seen from the mean

ergidic theorem, in the discussion of the convergence of the mean sequence
for Lip-operator the condition, whether the Lip-operator is uniform or

nonexpansive, doesn’t have the essential difference.

Corollary 2. Suppose that m is separable and | (ry<1. If 7 satisfies the L*-
W property, then there exists a fixed point x of T in m and, for any xem,

the sequence (s x} converges weakly to .

15



Proof. Itis clear that g, (st) <o @Nd gyp1 (s ) <1a- SINCE M is separable, by

the proposition 3, for any fcm’, the sequence [sit) is L*-compact.
Therefore there exist a subsequence {sif) such that {stf) is L*-convergent.
By the assumption, the sequence (st f) is weakly convergent. On the

other hand, since g (siy<+e » We have E(T:)"f:”ﬂ(sL f)_sanﬁ)O. By

n+l
n>1 n n

SﬂLf:TESan_%((T:)”_,E)f , the sequence {stf) s weakly convergent.

Consequently, the result of the corollary follows from the above theorem 8.

[

Corollary 3. Let x be a reflexive Banach space, m a bounded closed

convex subset of x and let . r)<1. Then there exist an operator
T, < Lip,(M,M) such that, for any fem;, (r,); fis a fixed point of 17, and a
subsequence st f) such that st f) L*-converges to (t,): f. If either [stT )

L*-converges to (tr,);1/f, or 7, is commutative with (), then T has a

fixed pointin m.

Proof. Itis clear that g, sty <10 aNd gyp1 (s, ) <40 Therefore, forany xem,

n=1

the sequence (s x) is a bounded subset in m . Hence, by the Eberlein-
Shmulyan theorem ([5]), the set (s x; is weakly compact and so there exist
a subsequence {s.x) such that {s,x] is weakly convergent. Since the

reflexive Banach space x is weakly complete and m is closed convex,

there exists an element x m such that (s, x} converges weakly to  , that is,

s, x->x, - We now define an operator ;M >m by Tx=x . Then, by
repeating the same argument as the theorem 8, we see easily that 1 is a

Lip-operator defined on m . And we have £ (s, %) = F (T3 = (@) H(%) and
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f(S, %)= (S ) (M) = (T, F)(Tx) = (1) (T,); fyxforfem;,xem . Thus we have
()); F)09=(() F)x =TT, mo=Fa - Therefore, for any fewmi, (r); fis a
fixed point of 1. If 1 satisfies the assumptions, then it follows from the

process of the theorem 8 that, for any xem , Tx is a fixed point of 7. [J

Remark. There is noted in [4] that the problem, whether there exists a
fixed point of the nonexpansive operator defined on the bounded closed
convex subset into itself of a reflexive Banach space or not, is unsolved.
Until the present, there have been published many research results on this
problem, but we couldn’t find the paper completely solving one. We know
that the problem was considered very much under the several assumptions
on the subset m. The corollary 3 shows that the result is original obtained
from the relation of the nonexpansive operator and its Lip-dual.
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