HIGH DEGREE DIOPHANTINE EQUATION BY CLASSICAL
NUMBER THEORY

WU SHENG-PING

ABSTRACT. The main idea of this article is simply calculating integer functions
in module. The algebraic in the integer modules is studied in completely new
style. By a careful construction a result is obtained on two finite numbers with
unequal logarithms, which result is applied to solving a kind of diophantine
equations. The proof of the results is mainly in the last two sections.
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1. INTRODUCTION

When the high degree diophantine equation is talked about, the most famous
result is Fermat’s last theorem. In this article purely algebraic method is applied
to discuss unequal (modulated) logarithms of finite integers under module and a
nice result on equation ¢? = aP + bP is finally obtained. In this article the ring
Z/(nZ) is called "mod n” as a noun grammatically, or is called "module of n”, and
all numbers denoted by letters are integers.

2. MODULATED FUNCTION
In this section p is a prime greater than 2 unless further indication.

Definition 2.1. Function of z € Z: ¢+ >/, ¢;a" is called power-analytic (i.e
power series). Function of z: ¢+ Y -, ¢;e™® is called linear exponent-analytic of
bottom e. e,c,c;,i are constant integers. m is finite positive integer.

Theorem 2.2. Power-analytic functions modulo p are all the functions from mod
p to mod p, if p is a prime. And 1,2*, (0 <i<p—1,2 € mod p) are linear inde-
pendent vectors. For convenience 1 is always written as x°, and xP~' is different

from .
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Proof. Make matrix X of rank n:
Xip=1Xij=¥"! (1<i<p2<j<p)

The columnar vector of this matrix is the values of x*. This matrix is Vander-
monde’s matrix and its determinant is not zero modulo p. The number of the
distinct functions in mod p and the number of the distinct linear combinations of
the columnar vectors are the same as p”. So the theorem is valid. O

A proportion of the row vector are values of exponent function modulo p.

Theorem 2.3. Exponent-analytic functions modulo p by a certain bottom are all
the functions from mod p — 1 to mod p, if p is a prime.

Proof. From theorem 2.2, p — 1 is the least positive number a for:
Vo # 0 mod p(z® = 1 mod p)

or, exists two unequal number ¢,b mod p — 1 such that functions z¢,z’ are of

2¢ = z® mod p. Hence exists e whose exponent can be any member in mod p
except 0. Because the part of row vector in matrix X (as in the previous theorems)
are values of exponent function, so this theorem is valid. ([

Theorem 2.4. p is a prime. The members except zero factors in mod p™ forms a
group of multiplication that is generated by single element e (here called generating
element of mod p™).
Thinking about p+ 1 that is the generating element of all the subgroups of rank
i

p.

Definition 2.5. (Modulated Logarithm modulo p™) p is a prime, e is the gener-
ating element as in the last theorem:

Ime(x): xeZ((z,p)=1) - mod p™ *(p—1): €™ =z mod p™
It’s inferred that
y = Imy(z) mod p™ 1, b= eP~! mod p.

Lemma 2.6.
Ime(—1) =p™ (p—1)/2 mod p" ' (p—1)

p is a prime. e is defined in mod p™.

Lemma 2.7. The power series expansions of log(1 + z), (Jx| < 1) (real natural
logarithm), exp(x) (real natural exponent), and the series for exp(log(1+x)), (x| <
1) that generated by the previous two being substituted in are absolutely convergent.

Definition 2.8. Because:
a
— = kp" <+ a =0 mod p"t"
pm
a,k € Z, it’s valid to make the rational number modulo integers, if it applies to
equations. It’s formally written as
a/p™ =0 mod p"

Definition 2.9. p’||a means p’|a and not that p/|a,j > i.
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Theorem 2.10. p is a prime greater than 2. x € Z

E .= Z — mod p™
n 1s sufficiently great and dependent on m.
e P" .= E mod p™
e is the generating element.
Im(z) := lme(x) mod p™~*
Then the following are valid
no
Z z' mod p™
pard !

n H—l i—1 ;
Imp(pr+1) :Z = 2 mod p™ !t

Img(z'=P") = Im(z* 7P )/z;@() lm(xl Py = Im(z) mod p™ .

In fact m is free to be chosen. And E is nearly exp(p). If 2|z this theorem is also
valid for p = 2.

Proof. To prove the theorem, One can contrast the coefficients of E and Ef(®) to
those of exp(pz) and exp(log(pz + 1)). O
Theorem 2.11. Set d,, : p?~||p™ /m!. It’s valid that Ay (>pry > dpn

Theorem 2.12. (Modulated Derivative) p is a prime greater than 2. f(z) is a
certain power-analytic function mod p™, f(x) is the real derivative of i-th order,
then

flx+2p) = Zp ’f(z ) mod p™

n s sufficiently great. f (’)( ) is called modulated derivative, which is connected to
the special difference by zp. If 2|z this theorem is also valid for p = 2.

3. SOME DEFINITIONS
In this section p, p; are prime. m,m’ are sufficiently great.
Definition 3.1. © — a means the variable z gets value a.
Definition 3.2. a,b, ¢, d, k,p, q are integers,(p, q) = 1:
[alp = [a + kplp
la]p + [b]p = [a + b],

Easy to verify:
[a + clp[b+dlg = [alp[bl + [c]pld]q
[kalp[kblq = Klalp[blg

a ]p[bk]q = ([a]p[b]q)k



4 WU SHENG-PING

Definition 3.3. ¢(x) is the Euler’s character as the least positive integer s meeting
Vy((y, ) =1 = [y° = 1))

Definition 3.4. The complete logarithm on composite modules is complicated,
but this definition is easy:

[lm(x)]p?lpg’2~~~pzlm = [[lm(m)](pl—l)p;ll ]p?l [[lm(m)](pg—l)p;2]p;2 [[lm(x)](pm—l)pfiﬁ]pi’nm

p; are distinct primes. This definition will be used without detailed indication.
Definition 3.5. P(q) is the product of all the distinct prime factors of q.

Definition 3.6. Q(x) := [[,[pi]pm, pi is all the prime factors of z. m is sufficiently
great.

Theorem 3.7. 2|q — 2|x:
[Q()Im(1+zq) = > (2q)* (=1)" /i]m
i=1
The method of the proof is to get result in module of powers of any prime and
to synthesize them in composite module.

Definition 3.8.

[lm(px) = plm(x)]pm
Definition 3.9.

[i 132 = —1]pm,4lp — 1
Definition 3.10.

T(z,q)=z:[r=yl,,0<z<gq
4. UNEQUAL LOGARITHMS ON TwO NUMBERS
m is sufficiently great. p; are primes.

Definition 4.1.
T —a
means the variable x gets the value a.
Theorem 4.2.
|a| + |b| < q/P(q), la] > [b] >0

(a,q) = (b,q) = (a—b,q) =1
then
[tm(a) # Im(b)]q/(p(q)

Proof. Presume
(4.1) (im(a) = tm(B)]g/r la™ = b+,
r:= P(q)
v = [ [l -vpp v > 0,Ypilg
Set l
(4.2) 0<U<qr,0<W < 2q

U W) = (z,y), (@' 9), (x,y) # (",y), [(U,W) = (b,a)];
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Consider
(4.3) lax — by = ax — by|,2
(4.4) laz — by = ax’ — by’ = qClyr, (C,q) =1

Checking the freedom of variables and the symmetry between (x,y), (z/,3) we can
find two distinct points (z,y) # (a',y’) satisfy the equations 4.3 and 4.4.
by the condition 4.3
lax — by = ax’ — by'] 2

because
lax — by — (az’ — by')| < ¢*
then
(4.5) k= (e —a')/b=(y—y)/a (a,b) =1
(4.6) k| = |y —y'l/lal <2q/la] <q
We have
la(az — by) = b(az’ — by)],
So that
[(az/a)?"*t — (by/b)*" ! = (az'/a)*" " — (by' /0)*"*1],
[x2v+l _ y2v+1 — leerl _ y/2v+1]q
[(EQviC o y2vy _ xl2vx/ _ y/2vy/]q
[azx _ b2y — a2 — bzy’]q
So that
(4.7) [z —a'=y—y =0],

With the conditions 4.6 and 4.7
r—2'=y—19y =0
This means
(z,y) = («,y)
This contradicts to the previous condition. ([
Theorem 4.3. For prime p and positive integer q the equation
aP 4+ bP = ¢4
has no integer solution (a,b,c) such that (a,b) = (b,c¢) = (a,¢) = 1,a,b > 0 if
p,q > 10.

Proof. Make logarithm on a, bin mod ¢?. It’s a condition sufficient for a controversy.
O
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