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Abstract

We discuss the gradient gauge invariance for the massive and massless fields described by
sedeonic second-order and first-order wave equations.

1 Introduction

The generalization of scalar Klein-Gordon wave equation and spinor Dirac equation on the basis
of wider class of multicomponenet wave functions is the subject of intensive investigations. In
particular, in recent years many attempts have been made to generalize these equations using
different algebras of hypercomplex numbers, such as four-component quaternions (including scalar
and vector) [1-4] and eight-component octonions (including scalar, vector (polar vector), pseu-
doscalar and pseudovector (axial vector)) [5-7]. The authors discuss the possibility of constructing
the field equations similar to the equations of electrodynamics but with a massive ”photon”. How-
ever, the resulting Proca-Maxwell equations are not gauge invariant [8-10]. On the other hand,
a consistent relativistic approach implies equally the space and time symmetries that require the
consideration of the extended sixteen-component space-time algebras. There are a few approaches
in the development of field theory on the basis of sixteen-component structures. One of them is
the application of hypernumbers sedenions, which are obtained from octonions by Cayley-Dickson
extension procedure [11-15]. But the essential imperfection of sedenions is their nonassociativity.
Another approach is based on the application of hypercomplex multivectors generating associative
space-time Clifford algebras [16]. However, the application of such sixteen-component structures is
considered in general as the abstract algebraic scheme enabling the factorization of Klein-Gordon
and Dirac operators.

Recently we proposed the alternative approach based on sixteen-component sedeons generat-
ing noncommutative but associative scalar-vector algebra [17]. The sedeons take into account the
properties of physical values with respect to the space-time inversion and realize the scalar-vector
representation of Poincare group. In present paper, we apply the sedeonic approach for the con-
struction of symmetric scalar-vector equations of massive and massless fields described by sedeonic
second-order and first-order wave equations. The main attention is focused on the discussion of
gradient gauge invariance of field equations.

2 Sedeonic space-time algebra

To begin with we briefly review the basic properties of sedeons. The sedeonic algebra encloses four
groups of values, which are differed with respect to spatial and time inversion.

*E-mail: mironov@ipmras.ru



-,

1. Absolute scalars (A) and absolute vectors (A) are not transformed under spatial and time
inversion.

2. Time scalars (By) and time vectors (By) are changed (in sign) under time inversion and are
not transformed under spatial inversion.

3. Space scalars (Cy) and space vectors (C_",) are changed under spatial inversion and are not
transformed under time inversion.

4. Space-time scalars (Dy,) and space-time vectors (ﬁtr) are changed under spatial and time
inversion.

The indexes t and r indicate the transformations (t for time inversion and r for spatial inversion),
which change the corresponding values. The space-time sedeon S is defined by the following
expression:

S=A+ A+ B+ By + Cyp + Cp + Dip + Dy (1)

Here and further we indicate the sedeon by bold symbol with wave. The components of sedeon (1)
can be written in the sedeonic space-time basis as

A= eoAao,

A =eg(A1ay + Azaz + Azag),

Bt = etBao,

B = e¢ (B1a1 + Byag + Bsas), 2)
Cr = erC’ao,

C_"r = e, (C1a1 + Craz + Csag),
Dtr = etrDaO7
Dtr = €tr (Dlal + D232 + D3a3) )

where values ag, aj, az, ag are scalar-vector basis (ag = 1 is absolute scalar unit and the values
ai, agz, ag are absolute unit vectors generating the right Cartesian basis) and values eq, e, ey, €y
are space-time basis (eg = 1 is a absolute scalar unit; e is a time unit; e, is a space unit; eg, is a
space-time unit). Further we will omit the units ag and eg for simplicity.

The multiplication and commutation rules for the sedeonic absolute unit vectors a;, as, ag
and space-time units e, e, et are presented in the tables 1 and 2 respectively (in the tables and
further the value ¢ is the imaginary unit (i2 = —1)). Note that sedeonic units e, e, et, commute
with ap, Az, As.

Thus the sedeon S is the complicated space-time object consisting of absolute scalar, time
scalar, space scalar, space-time scalar, absolute vector, time vector, space vector and space-time
vector.

In sedeonic algebra we assume the Clifford multiplication of vectors. For example, the sedeonic
product of two absolute vectors A and B can be presented in the following form:

Aé:(ﬁ.é)ﬂﬁxé] (3)
Here we denote the sedeonic scalar multiplication of two vectors (internal product) by symbol “.”
and round brackets o
(A - B) — A,By + AyBy + A3Bs, (4)
and sedeonic vector multiplication (external product) by symbol “x” and square brackets

I:g X §:| =1 (A2B3 — AgBQ) ay + ) (AgBl — AlBg> as + ) (A]_Bg — AQBl) asg. (5)

Note that in sedeonic algebra the definition of the vector product differs from analogous expression
in Gibbs-Heaviside vector algebra.



Table 1:

Table 1.
a az as
aj 1 ia3 72‘32
ag —ia3 1 ial
ag ia2 —ial 1
Table 2:
Table 2.
€¢ €p €r
et 1 i€ty —l€p
er —1€¢r 1 1€
€tr i€y —ieg 1

3 Sedeonic second-order equation for massive field

Let us introduce the operators:

10
0=
- 0 0 0

- - - 6
\V4 8xa1+6ya2+aza3, ()
_ moc
m = h,

where ¢ is the speed of light, mg is the mass of quantum, A is the Planck constant. Then the
sedeonic second-order wave equation for massive field [18] can be presenteted in the following
symmetric form:

(ieta —eV — ietrm> (ieta —eV — ietrm> W =17, (7)

where W is a sedeonic field potential, Jisa phenomenological sedeonic source of massive field.
Denoting a new operator

6 = (ieta —eV — ietrm) , (8)
the wave equation (7) can be rewritten in very compact form :
VYW =1. (9)
Additionally we can introduce the filed strengths
E-VW, (10)
then the wave equation (7) takes the following form:
VE =1J. (11)

The sedeonic equation (11) is the system of Maxwell-like equations for the massive filed strengths.

—~

Applying the operator V to (11) we get the sedeonic wave equation for the field strengths

vV E =vi. (12)



The equation (7) for potentials or the equations (11) (or (12 )) for field strengths describe the
massive field completely. From the viewpoint of symmetry these equations are invariant with
respect to the following replacement of potential:

W =W +F + VG, (13)
where F and G are arbitrary sedeons satisfy the following conditions:

vF=0, (14)
vV G =0. (15)
The conditions (14) and (15) indicate that the potential W is defined up to an additive arbitrary
function F satisfying the homogeneous first-order wave equation (sedeonic Dirac equation) and
gradient of the arbitrary function G, which satisfies the homogeneous second-order wave equation
(sedeonic Klein-Gordon equation).
Besides, the equations (11) and (12) for field strengths are invariant with respect to the following
substitution: ~ o
E=E+F+VG. (16)
In addition, increasing the order of the equation leads to the additional symmetry. Particularly,
the equation (12) is invariant with respect to the replacement of source

J=J+F+ VG (17)
All the invariant relations (13), (16) and (17) are the consequences of specific properties of the

operator %
Let us consider the equations for massive field in details. We choose the field potential as

W = ialet — iager +as — ia4etr + Zler + ffg@t - fl},etr + ’L.A:l, (18)

where components ags and /_1'5 are real functions of coordinates and time. Here and further the
index s = 1, 2, 3, 4. Also we take the field source in the following form:

J=—ipie; +iprer — p3 + ipseer — J1€r — jo€g + J3€tr — Jai, (19)
where ps = 4mpl, (p. is the volume density of charge) and j = 4%]2 (77 is volume density of current).
Multiplying the operators in the left part of equation (7) and separating the values with different
space-time properties, we obtain the following wave equations for the components of potentials:
(52 - A+ m2) as = Ps,

- (20)

(52 — A+ m2) Ag = Jg,
where A is the Laplace operator. Taking into account the definition (10) we choose the sedeon of
field strength as

E = —¢; + icoeqr + icse; — icser + Eiei, —iEy + Eger + E4et, (21)



so we have the following definitions for scalar 5 and vector E field strengths:

)
)
e5 = dag + (ﬁ 43) + mas,
54:6a4+(€- 4)
n

— mazg,
. L - . (22)
Ei =—-0A1 — Va1 +1|V X Ay| + mAy,
Eg = 781&2 — ﬁag —1 _6 X 1[1'1_ — mgg,
Eg = 781&3 76&3 —1 6 X _’4 +m/fg,
E4 = —814—6&44-75 6 X _’3 —mffl.
Thus, we have
% (ialet — iager + as — ia4etr —+ A}er + A}et - Egetr + ’LA;L) (23)
= —€1 + 162€¢y + €36y — i€4€y + Eletr — iEQ + Eger + E4et,
and the initial wave equation (7) takes the following form (see (11)) :
% (—51 +iggey + icger — icsey + Ereg — iEy + Eser + E4et) (24)

= —ipie; +ipaer — p3 +ips€er — J1€r — Jo€4 + J3€r — Jai-

Producing the action of the operator on the left side of the equation (24) and separating the values
with different space-time properties, we obtain a system of equations for the field strengths, similar
to the system of Maxwell equations in electrodynamics:

(651) —meq = p1,
Oeo + (6 2) + me3z = po,
863 + (6 Eg) — meo = p3,

Ocq + (6 . EZ;) J: mey = py, -

3E_:1+§€1+Z’ VXEQ +mE_"4:*jla
aE'Q—i—ﬁeg—i ﬁXE} —mE3:—j2a

=

8E3+€€3—’L. VXE4 +m52:_537

O, +Vey +i |V x By| —mBy = —ju.

On the other hand, separating in equation (12) the terms with different space-time properties we



get the following wave equation for the field strength components 5 and E:
?—A+m?) ey = —dp1 — (651) — mpa,
0?2 —A4+m?) ey = —0ps — (6;2) + mps,

—0p3 — (6 : _33> — mpa2,

—0ps — (V : 54) +mp1,

9% — A +m? Elzﬁfl+§p1—i §X]‘2 —7775'47

hd
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O —A+m2)Ey =0jo+ Vpy+1i |V X ji| +mjs,

- -

E3 = 3j3 + Vp3 +1i |V X ju| —mja,

O —A+m2)Ey =0js+Vps—i |V X js| +mji.

Let us consider the gauge invariance for the components of massive field. We take the arbitrary
sedeons F and G in the following form:

F= ifie; —ifser + fz — ifseer + Frey + Foey — Fyeqe + iFy, (27)

G = —g1 +igoeer +ig3es — igaer — Grew + iGo — Gaer — Gyes. (28)

Then the replacement (13) leads us to the following system of substitutions:

a1:>a1+f1—391+(6'él>+m947

a2¢02+f2*392+(6'62)*m937
a3:>(13+f3*393+(v C_jg>+m927
a4:>a4+f4—8g4+(§-é4>—mgl,

L (29)
A1=>A1+F1 8G1+Vg1—l VXGQ

9% G -
/Yg:/f2+ﬁ2—aéz+ﬁg2+i[ﬁx(} ] + mGs,
A3:>A3+F3—6G3+Vg3+z[V><G4] mGy,

g4$j4+ﬁ4—8é4+§g4—i[§XG3] +mG1.

It is easy to check that these replacements do not change the field strengths definitions (22) and
corresponding equations (25) and (26). Analogous substitutions for the field strengths have the



following form:

e3=e3+ f1—0g1 +

eqg = eq+ fo—0gs + (ﬁGQ
(30)

E‘léE‘lﬁ-Fﬂg—aé‘g-ﬁ-ﬁgg i_ﬁxé; —méQ,

_|_

E2:52+ﬁ4—8é4+§g4—i[6x63}—f—mél,

E3:>E3—ﬁ1+8é1—§gl+i ﬁ)(ég +mé4,

E‘4:>E4—F’2+6é‘2—692—7: ﬁx@l —még,.
These substitutions do not change the equations (25).
Let us discuss the Proca-Maxwell equations for massive fields. If we consider the fields produced
by a one type of sources p; and j; and take very strict condition, that the massive field is described

only by a; and A, potentials: ~ =
W:ialet + Alen (31)

then we have only the following nonzero field’s strengths (see (22)):
g1 = Oay + (6;1),
€4 = —may,

El = —811 — ﬁal, (32)

—

Egz—i{ﬁxffl],
Ey = —mA;.
Moreover, often they assume the charge conservation
dpr+ (V- j1) =0, (33)

and choose the scalar field €1 equal to zero (see the first equation in (26). It is equivalent to the
following gauge condition:

day + (V- 41) =0, (34)

which coincides with Lorentz gauge in electrodynamics. Then the wave equation (24) can be reduce
to
(z’eta —e,V — ietrm) (—i54er + Eieir — iFs + E4et)

—

= —ip1€¢ — J1€r,

(35)



and the system (25) takes the following form:
(651) —meg = pP1,
(ﬁ : E}) —0,
Oeq + (6 . E4> =0,
OE +i [6 x Ez] +mBy = -], (36)
aﬁg—i[ﬁxﬁl] =0,
—i [ﬁ x 54} +mEy =0,
OE4 + Veq —mE; = 0.

The system (36) is the analog of Proca-Maxwell equations with considerably reduced symmetry
and broken gauge invariance.

4 Second-order equation for massless field

Let us consider the symmetric equation for massless electromagnetic field taking into account the
hypothetical magnetic charge (magnetic monopole) and corresponding magnetic current [19,20].
In massless case the wave equation (7) takes the following form:

ietd — e,V ) (iesd — e,V )W =J. (37)
( )( )

When the mass of the field quantum equal to zero, the equations (25) are disengaged and the field
can be described by the eight-component potential
W = iaje; — iage, + Aje, + ffget, (38)
and eight-component source
J=— ip1€t + ipaer — jrer — jget. (39)

Here a; and /L are scalar and vector electric potentials; as and ffg are scalar and vector magnetic
potentials; p; and 31 are the volume density of electric charge and current; po and 32 are the volume
density of magnetic charge and current. We can introduce the scalar and vector field strengths
according the following definitions:

51:8a1+(§~/f1>,

52:8a2+(€'/f2),

. - - o (40)
By =~ — Var +i ¥ x &),
E’Q:—agg—ﬁag—i[ﬁx/ﬁ} .
Taking into account (40) we get
(ieta — erﬁ) (z’alet — ijagey + Xler + Xget) (41)
= —¢1 +icvesr + Ereg — iEo,
and wave equation (37) can be rewritten as
(iet(? — erﬁ) (—51 + ie0€¢r + Eletr — z'E_"2> (42)

= —ipie +iprer — ji€r — Joe.



Producing the action of the operator on the left side of equation (42) and separating the terms
with different space-time properties, we obtain the symmetric system of the equations for the field
strengths

3€1+(6'E1> =p1,

Oea + (ﬁ . Ez) = pa,

L .. . (43)
O + Ve, +i [v x Eg} — _,
8E2 +§2’:‘2 —1 [6 X El} = —.72.
Corresponding wave equations for the field strengths have the following form:
(02 —A)er= — dp1 — (651) ;
9% — N)ey = —0py — (652) ;
(44)

(02—
(0%~ A) By = Vo1 + 07 i [V x o]
(82—A)E’2:6p2+8f2+i[6><51]-

The definitions of massless field strengths (40) and the equations (44) are not changed under
the following replacements:

ar = a1+ fi—0g + (6'51),

as = ag + fo — 0ga + (6@2),

Ay = A +F, - 9G, +Vg —i [ﬁx ég} :

/1'2:>A'2+F’278@2+692+i [ﬁx C_jl} .
The gauge conditions (45) include the gradient invariance relations well known in classical electro-

dynamics [21] as a particular case, when values f1, fo, F, 1, fg, él, G are equal to zero. Analogously
the equation (43) is not changed under following substitutions for the field strengths :

€1=>€1—f3+393—(§'é3>,
82:>62—f4+8g4—<6-é4), 16
E1:>E1+ﬁ3—8ég+ﬁgg+i[ﬁxé4}, o)
EQ:sEQ+ﬁ478C34+§g47iWXC?3}.

The system of equations (43) corresponds to the usual system of Maxwell equations. Let us
show it. If we take the scalar fields 1 and €5 equal to zero then the potentials satisfy the Lorentz
gauge conditions for electric and magnetic potentials:

Oay + (ﬁ/fl) =0,

- (47)
das + (V . Ag) =0,
and as it follows from (44) we have charge conservation
op1 + (651) =0,
(48)

8/)2 + (6;2) =0.



we can choose that Then we obtain the following system:

(6 : El) = P1,

(6 ' E2) = p2,
- - o . (49)
OE +1 {V X E2:| = —J1,
552 —1 |:€ X E_:li| = 75»2.

Here E; is the electric field strength; Es is the magnetic field strength. Taking into account the
experimental fact that in our part of the universe there are no magnetic charges and currents
(p2 =0, j2 = 0), we obtain the system of equations

(ﬁ-ﬁl) = p1,

(ﬁ-E}) —0,

OFE, +i [ﬁ X Ez} =i
aﬁz—i[ﬁxﬁl} —0,

which coincides with the conventional system of Maxwell’s equations.

5 First-order wave equation of massive field

Let us consider a massive field, which is described by the sedeonic first-order wave equation [18]:
YW =1L (51)

Here I is the phenomenological field source. The field source can be chosen in the following sedeonic
form:

i = _ﬂl + iﬂZetr + iﬁBet - iﬂﬁler + l_ietr - Zl—; + l_':’)er + l_zlet (52)
where 3, = 47/, (8, are the volume density of charges) and Iy = 47”12 (Il are the corresponding

volume density of currents). Taking the potential W in the form of (18) we can rewrite the equation
(51) in the following expanded form

v (ialet — tagsey + a3z — iaqeir + Arer + Asey — Aseyr + iA4)

- O, - (53)
= =01 +102e4r +ifser — ifaer + 1€ty — tls + f3er + g€,
This sedeonic equation is equivalent to the following system:
Oay + (ﬁ- 1) +may = P,
das + (ﬁ : /TQ) —maz = [3,
daz + (6 : I‘T:a) + may = B3,
Oay + (6 . ff4) —may = fBa,
(54)

3/?2-0-6@%—1’ _ﬁx 1_ +mAs = —lo,

<l
X
'S
|
3
&
\
\

8gg+§a3+i [
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3
=
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~
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Applying the operator % to the equation (51) we obtain the following second-order wave equa-
tion: o .
VVW =VvI, (55)

which is equivalent to the following system:

( )

( )

(02 = A+m?) a3 = 9ps + (V - I3) — mds,

(02 = A+ m?) ay = 0B, + (V) + mdy,

(0% — A+ m?) Ay = =0, — Vpy —i |V x Iy| — mia, 0
(0% — A+ m?2) Ay = 0y — Vs +i |V x Iy | +mis,

(0% — A+ m?2) Ay = —0ls — Vs +i |V x 11| — mib,

(02— A+m?) Ay = —0ly — VBa—i |V x 3| +mi,.

It can be seen that as before the equation (51) is invariant with respect to the following potential
replacement:

W=W+F+vG. (57)
In addition, the equation (55) is invariant for the following substitution for the source:

I=I+F+VG. (58)

The generalization of all considerations for the case of massless field described by first-order wave
equation is evident.

6 Concluding remarks

Thus it was shown that the approach based on sedeonic potentials and sedeonic space-time opera-
tors allows us to formulate the symmetric scalar-vector equations describing massive and massless
fields. The gradient gauge invariance of the sedeonic equations is the specific property of the op-
erator (ieqd — e,V — iegzm) and can be generalized to a wider class of scalar-vector substitutions.
On the example of Proca-Maxwell equations we have shown that the reduction of the number of
potential components leads us to the breaking of symmetry and to the gauge invariance viola-
tion. On the other hand, we have shown that the symmetric definition of the field strengths in
electrodynamics using both electric and magnetic potentials enables the generalization of gradient
invariance on the considerably wider class of gauge functions.
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