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Abstract
The auxiliary information is used in increasing the efficiency of the estimators for the
parameters of the populations such as mean, ratio, and product of two population
means. In this context, the estimation procedure for the ratio and product of two
population means using auxiliary characters in special reference to the non response
problem has been discussed.
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Introduction
The use of auxiliary information in sample surveys in the estimation of population
mean, ratio, and product of two population means has been studied by different authors by
using different estimation procedures. The review work in this topic has been given by
Tripathi et al. (1994) and Khare (2003). In the present context the problems of estimation of
ratio and product of two population means have been considered in different situations
especially in the presence of non response.

Estimation of Ratio and product of two population means
Case 1. The Case of Complete Response:
Singh (1965,69), Rao and Pareira (1968), Shahoo and Shahoo (1978), Tripathi (1980),
Ray and Singh (1985) and Khare (1987) have proposed estimators of ratio and product of two
population means using auxiliary characters with known mean. Singh (1982) has proposed
the case of double sampling for the estimation of ratio and product of two population mean.
Khare (1991(a)) has proposed a class of estimators for R and P using double sampling
scheme, which are given as follows:
R*  f v, u  and P*  g w, u 
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such that

y 
f R,1  R , g P,1  P , f1 R,1  1 and g1 P,1  1 , where v   1  , w  y1 y2
 y2 

 x 
and u   1  . Here y1 , y 2 and x1 denote the sample mean of study characters y1 , y 2 and
 x1 
auxiliary character x1 based on a sub sample of size n ( n ) and x1 is sample mean of x1
based on a larger sample of size n drawn by using SRSWOR method of sampling from the
population of size N . The first partial derivatives of f v, u  and g w, u  with respect to
v and w are denoted by f1 v, u  and g1 w, u  respectively. The function f v, u  and g w, u 

also satisfied some regularity conditions for continuity and existence of the functions. The
sample size for first phase and second phase sample which may be from the first phase
sample or independent of first phase sample drawn from the remaining part of the population
( N  n ).
Singh et al. (1994) have extended the class of estimators proposed by Khare (1991(a)) and
proposed a new class of estimator for R, which is given as follows:
R g  Rˆ hu , v 

where Rˆ 

(2)









y1
s2
x
, u 
and v  x2 , where x , s x2 and x , s x2 are sample mean and sample
y2
x
s x

mean square of auxiliary character based on n and n  n  units respectively.

Srivastava et al. (1988,89) have suggested chain ratio estimators for R and P . Which
are given as follows:
 y  y ' 
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Further Singh et al. (1994) have given a general class of estimators









Rˆ h  h Rˆ , u, v and Pˆh  h Pˆ , u, v ,

such that hR,1,1  R and hP,1,1  P , where









(5)

 y' 
y 
u   3'  and v   4  . The functions
 Y4 
 y3 

h Rˆ , u, v and h Pˆ , u, v satisfy the regularity conditions.

Khare (1991(b)) have proposed the class of estimators for using multi-auxiliary
characters with known means. which are given as follows:



 



R *  Rˆ h u1 , u 2 ...u p  Rˆ hu  and R **  g Rˆ , u ,
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such that he   1 and g Rˆ , e  R , where h u  and g Rˆ , u

satisfying some responding

conditions.
Further, Khare (1993(a)) has proposed a class of estimators for R using multiauxiliary characters with unknown means, the class of estimators is given as follows:

 

Rm*  g Rˆ , u  ,

such that g R, e   1 , where ui 

(7)


xi
, u   u1 , u 2 ...u p , xi and xi  are sample mean based on n
xi





and n  n  units for auxiliary characters x i , i  1,2,... p.
Similarly, Khare (1992) have proposed class of estimators for P using p auxiliary characters
with known and unknown population mean and studied their properties.
Further, Khare (1990) has proposed a generalized class of estimator for a combination
of product and ratio of some population means using multi-auxiliary characters. The
parametric combination is given by:



Y1 , Y2 , Y3 ,..., Ym
,
Ym1 , Ym2 , Ym3 ,..., Yk

(8)

which is the product of first m population means Y1, Y2 , Y3 ,..., Ym divided by product of k  m
population means Ym1, Ym2 , YM 3 ,..., Yk respectively. The conventional estimator for  is
given by

ˆ 

y1 , y 2 , y3 ,..., y m
,
y m1 , y m 2 , y m3 ,..., y k

It is important to note that for m  1, k  2;
m  2, k  2;

 P

m  1, k  1;

  Y1

(9)

 R

m  k  1;Y1  Y2 ,   Y12 ,

m  k  3;Y1  Y2  Y3 ,   Y13 ,
m  2, k  4;Y1  Y2 , Y3  Y4 ,   Y1 2  R 2 ,

Using p auxiliary characters x1 , x2 , ..., x p with known population means X 1 , X 2 , ..., X p the
class of estimators  * is given by:

 *  ˆhu  ,
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such that he   1 , where u   u1 , u2 ,...u p  and u i 

xi
, i  1, 2, ..., p .
Xi

The function hu1 , u2 ,...u p   hu  satisfied the following regularity conditions:

a) Whatever be the sample chosen u  , assume values in abounded closed convex sub
set G of p dimensional real space containing the point u  e .
b) In G , the function hu  is continuous and bounded.
c) The first and second partial derivatives of hu  exists and are continuous and bounded
in G .
For two auxiliary variables it is found that the lower bond of the variance of the class of
estimators  * is same as given by the estimators proposed by Singh (1969) and Shah and
Shah (1978). Hence it is remarked that the class of estimators  * will attain lower bound for
mean square error if the specified and regularity conditions are satisfied.
Further, Khare (1993b) have proposed the class of two phase sampling estimators for
the combination of product and ratio of some population means using multi-auxiliary
characters with unknown population means, which is given as follows:
 **  ˆhv  ,

(11)


x
where v  v1 , v2 ,...v p  , vi  i , i  1,2,... p .





xi

Such that he   1 and hv  satisfies some regularly conditions.

Case 2. Incomplete Response in the Sample due to Non-response:
In case of non-response on some units selected in the sample, Hansen and Hurwitz
(1946) have suggested the method of sub sampling from non-respondents and proposed the
estimator for population mean. Further, Khare et al. (2014) have proposed some new
estimators in this situation of sub sampling from non-respondents.
Khare & Pandey (2000) and Khare & Sinha (2010) have proposed the class of estimators for
ratio and product of two population means using auxiliary character with known population
mean in the presence of non-response on the study characters, which is given as follows:
Ri*  R * hui  and Pi*  P * hui  , i  1,2 ,

such that

h1  1 , where R * 

x
x*
y1*
*
* *
P

y
y
u

,
,
, u2 
and
1 2
1
*
X
X
y2

(12)
y1* , y 2* and

x * are

sample means for y1 , y 2 and x characters proposed by Hansen and Hurwitz (1946) based
on n1  r units and x is the sample mean based on n units. Khare & Sinha (2012) have
proposed a combined class of estimators for ratio and product of two population mean in the
presence of non-response with known population mean X . This is a more general class of
estimators for R and P under some specified and regularity conditions. Khare et al. (2013
(a)) have proposed an improved class of estimators for R. In this case, the improved class of
estimators for R using auxiliary character with known population mean X in the presence of
non response is given as follows:
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Ri  g v, ui  i  1,2 ,
such that

(13)

g R,1  R , g1 R,1 and g12 R,1  R 1 g 2 R,1 , where v 

y1*
y 2*

, u1  x * and

u 2  x . The function g v, ui  i  1,2 assumes positive values in a real line containing the

point R,1 . The function g v, ui  is assumed to be continuous and bounded in a real line and

its first and second order partial derivatives exists. The first partial derivative of
g v, ui  i  1,2 at the point R,1 with respect to v and u i is denoted by g1 R,1 and g 2 R,1 .

The second order partial derivative of g v, ui  i  1,2 with respect to v , v and u i , and u i at the

point R,1 is denoted by g11 R,1 , g12 R,1 and g 22 R,1 respectively. Some members of
the class of estimators R i are given as follows:
C1  w0 vui i , C 2  w1v  w2 u i , C3  w1v  w2 vuii , i  1,2 ,

(14)

where w0 , w1 , w2 , w1 , w2 ,  i and  i i  1,2 , are constants. Further the class of estimator
proposed by Khare and Sinha (2013) is more efficient than the estimator proposed by Khare
and Pandey (2000).
Further, Khare and Sinha (2002(a, b)) have proposed two phase sampling estimators for ratio
and product of two population means in the presence of non-response. Khare and Sinha
(2004(a,b)) have proposed a more general class of two phase sampling estimators for R and
P. which are given as follows:
Ti  g v, u i  , i  1,2 ,
g R,1  R and g1 R,1  1 , where v 

such that

(15)

x
x*
y1*
u

,
, u2 
and x  is sample mean
1
*
x
x
y2

based on n  n  units. The function g v, ui  satisfy some regularly conditions.
Ti*  g w, ui  , i  1,2 ,

such that

g P,1  1 and g1 P,1  1 , where

w  y1* y 2* , u1 

(16)
x
x*
, u2 
and g w, u i  satisfy
x
x

some regularly conditions.
Khare et al. (2012) have proposed two generalized chain type estimators Tg1 and Tg 2 for R
using auxiliary characters in the presence of non-response, which are given as follows:
* 1

x
Tg1  Rˆ  '
x
where

y*
Rˆ  1* and
y2

2

z
  
 Z 




 x  1  z 
and Tg 2  Rˆ  '   
x  Z 

2

,

(17)

1 , 2  and 1 ,  2  are suitable constants. It has been observed that

due to use of additional auxiliary character with known population mean along with the main
auxiliary character, the proposed class of estimators Tg1 and Tg 2 are more efficient than the
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corresponding generalized estimators for R using the main auxiliary character only in the
case of two phase sampling in the presence of non response for fixed sample sizes ( n , n ) and
also for fixed cost ( C  C 0 ). It is also seen that less cost is incurred for Tg1 and Tg 2 than the
cost incurred in the generalized estimator for R in the case of two phase sampling in the
presence of non response for specified precision ( V  V0 ).
Further, generalized chain estimators for ratio and product of two population means have
been improved by putting R *  k1 Rˆ and P *  k1 Pˆ in place of R̂ and P̂ in the proposed
estimators of R and P . Further, Khare et al. (2013 (b)) have proposed the improved class of
chain type estimators for ratio of two population means using two auxiliary characters in the
presence of non-response. The class of estimators is given as follows:





R ci  f Rˆ , ui , v , i  1,2 ,

such that f R,1,1  1 and f1 R,1,1  1 , where Rˆ 





x
x*
y1*
u

,
, u2 
and
1
*

x
x
y2

(18)
v

z
. The
Z

function f Rˆ , ui , v , i  1,2 satisfies some regularity conditions.
Khare and Sinha (2007) have proposed estimator for R using multi-auxiliary characters with
known population mean in the presence of non-response. The class of estimators t i is given
as follows:
t i  Rˆ g i (ui ), i  1, 2 ,

(19)

such that g i (ei )  1, where u i and ei denote the column vectors (ui1 , ui 2 , ... , uip ) and
(1, 1, ... , 1)  , u1 j 

x *j
Xj

and u 2 j 

xj
Xj

j  1, 2, ..., p .

An improved under class of estimators for R using multi-auxiliary variables using double
sampling scheme in the presence of non-response has been proposed by Khare and Sinha
(2012) and studies their properties.
Khare and Sinha (2014) have extended the class of estimator proposed by Khare and Sinha
(2012) and proposed a wider class of two phase sampling estimators for R using multiauxiliary characters in the presence of non-response.
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