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We propose an instructive possibility to generalize the tri-bimaximal neutrino mixing
ansatz, such that leptonic CP violation and the fractal feature of the universe can
naturally be incorporated into the resultant scenario of fractal nearly tri-bimaximal
flavor mixing. The consequences of this new ansatze on the latest experimental da-
ta of neutrino oscillations are analyzed. This theory is perfectly matched with the
current experimental data, and surprisedly, we find that the existing neutrino oscil-
lation experimental data is the initial experimental evidence supporting one kind of
high dimensional unified theories, such as M-theory. Besides, an interesting approach
to construct lepton mass matrices in fractal universe under permutation symmetry is
also discussed. This theory opens an unexpected window on the physics beyond the
Standard Model.

It is well known that the mixing factors of so-
lar, atmospheric and CHOOZ neutrino oscillation-
s read: sin2 2θsun = 4 |Ve1|2 |Ve2|

2
, sin2 2θatm =

4 |Vµ3|2
(
1− |Vµ3|2

)
, sin2 2θchz = 4 |Ve3|2

(
1− |Ve3|2

)
,

where V is the 3× 3 lepton flavor mixing matrix linking
the neutrino mass eigenstates (ν1, ν2, ν3) to the neutrino
flavor eigenstates (νe, νµ, ντ ). As current experimental

data favor sin2 2θchz ≪ sin 2θsun ∼ sin 2θatm ∼ o (1), t-
wo large flavor mixing angles can be concluded from the
above equations in a specific parametrization of V : one
between the 2nd and 3rd lepton families and the other
between the 1st and 2nd lepton families.

In this article we pay close attention to the ansatz of
“tri-bimaximal” flavor mixing pattern proposed by Har-
rison, Perkins and Scott1,2. It predicts sin2 2θsun = 8/9
and sin2 2θatm = 1, consistent with the large-angle M-
SW solution to the solar neutrino problem and the atmo-
spheric neutrino oscillation data. However, it also leads
to sin2 2θchz = 0, implying the absence of both intrin-
sic CP violation and high-energy matter resonances in
neutrino oscillations. Xing3 discussed two possibilities to
modify the tri-bimaximal neutrino mixing pattern, such
that CP violation can naturally be incorporated into the
resultant scenarios of nearly tri-bimaximal flavor mixing.
In Xing’s article there is one scenario whose predictions
of sin2 2θsun and sin2 2θatm are consistent well with the
current neutrino oscillation data, but the prediction of
sin2 2θchz ≈ 0.01 is not consistent with the current neu-
trino oscillation data4: sin2 (2θ13) = (8.5± 0.5)× 10−2.

The main purpose of this work is to discuss one simple
but instructive possibility to modify the tri-bimaximal
neutrino mixing pattern, such that CP violation and
the fractal feature of the universe can naturally be in-
corporated into the resultant scenario of fractal near-
ly tri-bimaximal flavor mixing. One specific texture of
the charged lepton mass matrix is taken into accoun-
t, in order to obtain small but non-vanishing |Ve3| or
sin2 2θchz. We find that when the current experimental

data4 sin2 (2θ13) = (8.5± 0.5)× 10−2 is adopted to limit
the value of parameter q, one has 10.46118470068419 ≤
q ≤ 12.931439345418308; then substituting the q value
into our theory, the predicted sin2 2θatm are highly con-
sistent with the current data; and the current data limits
the value of parameter φ, the ranges of which are much
better than that in usual space-time. In addition, we al-
so consider another way of thought. Given the q close to
11 and the intimate relation q = df between q and frac-
tal dimension df when the Euclidean dimension is one5,
we assume q = 11, then our theory gives the predicted
values of sin2 2θchz and sin2 2θatm which confirms to the
current data; the range of parameter φ limited by current
data is also much better than that in usual space-time.
According to the mentioned two ways of thought, the
calculations suggest that the universe is fractal, and its
dimension is high; the consistent fact between the calcu-
lation according to the second thought and the curren-
t data suggests that some high dimensional space-time
theories, such as M-theory, can be a theory in line with
expectations. In addition, the predicted strength of CP
or T violation in neutrino oscillations is given. We also
discuss an interesting approach to construct lepton mass
matrices in fractal universe under permutation symme-
try, from which one may derive another fractal nearly tri-
bimaximal neutrino mixing scenario with |Ve3| ̸= 0 but
with no intrinsic CP violation in neutrino oscillations.

Fractal nearly tri-bimaximal neutrino mixing

In the picture of neutrino as Majorana particle, the light
(left-handed) neutrino mass matrix Mν must be symmet-
ric and can be diagonalized by a single unitary transfor-
mation: U†

νMνU
∗
ν = Diag {m1,m2,m3}. In general, the

charged lepton mass matrix Ml is non-Hermitian; hence,
the diagonalization of Ml needs a special bi-unitary

transformation: U†
l MlŨl = Diag {me,mµ,mτ}. The lep-

ton flavor mixing matrix V , defined to link the neutrino
mass eigenstates (v1, ν2, ν3) to the neutrino flavor eigen-
states (ve, νµ, ντ ), measures the mismatch between the
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diagonalization of Ml and that of Mν : V = U†
l Uν . It

is worth noting that (m1,m2,m3) and (me,mµ,mτ ) are
physical (real and positive) masses of light neutrinos and
charged leptons, respectively.

In the flavor basis where Ml is diagonal (i.e., Ul = 1
being a unity matrix), the flavor mixing matrix is
simplified to V = Uν . The tri-bimaximal neutrino
mixing pattern Uv = V0 can then be constructed
from the product of two modified Euler rotation ma-
trices: R12 (θx) =

(
cx, sx, 0;−sx, cx, 0; 0, 0, 1

)
,

and R23 (θy) =
(
1, 0, 0; 0, cy, sy; 0, −sy, cy

)
,

where sx ≡ sinq θx, cy ≡ cosq θy, and so on.
Functions sinq u and cosq u can be defined with
expq (u) which is the one-dimensional q-exponential
function that naturally emerges in nonextensive
statistics6. For a pure imaginary iu, one de-

fines expq (iu) as the principal value of expq (iu) =

[1 + (1− q) iu]
1/(1−q)

, exp1 (iu) ≡ exp (iu). The above
function satisfies7: expq (±iu) = cosq (u) ± i sinq (u),

cosq (u) = ρq (u) cos
{

1
q−1 arctan [(q − 1)u]

}
,

sinq (u) = ρq (u) sin
{

1
q−1 arctan [(q − 1)u]

}
, ρq (u) =[

1 + (1− q)
2
u2

]1/[2(1−q)]

, expq (iu) expq (−iu) =

cos2q (u) + sin2q (u) = ρ2q (u). Notice that

expq [i (u1 + u2)] ̸= expq (iu1) expq (iu2) for q ̸= 16.
Then we obtain: V0 = R23 (θy) ⊗ R12 (θx) =(
cx, sx, 0;−sxcy, cxcy, sy; sxsy, −sycx, cy

)
.The

vanishing of the (1, 3) element in V0 assures an exact
decoupling between solar (νe → vµ) and atmospheric
(νµ → vτ ) neutrino oscillations. The general form of the
corresponding neutrino mass matrix Mν is

Mν = V0 ⊗Diag {m1,m2,m3} ⊗ V T
0

=

 c2xm1 + s2xm2 −cxcysx (m1 −m2) cxsxsy (m1 −m2)
−cxcysx (m1 −m2) c2ys

2
xm1 + c2xc

2
ym2 + s2ym3 −cysy

(
s2xm1 + c2xm2 −m3

)
cxsxsy (m1 −m2) −cysy

(
s2xm1 + c2xm2 −m3

)
s2xs

2
ym1 + c2xs

2
ym2 + c2ym3

.

Taking q = 1, θx = arctan
(
1
/√

2
)
≈ 35.3o and θy = 45o,

the results in usually space-time are reproduced, and
Mν might have a meaningful interpretation in an un-
derlying theory of neutrino masses with specific flavor
symmetries3.

The tri-bimaximal neutrino mixing pattern will be
modified, if Ul deviates somehow from the unity matrix.
This can certainly happen, provided that the charged lep-
ton mass matrix Ml is not diagonal in the flavor basis.
As Uν = V0 describes a product of two special Euler rota-
tions in the real (2, 3) and (1, 2) planes, the simplest form

of Ul that allows V = U†
l Uv to cover the whole 3×3 space

should be Ul = R12 (θx, q = 1) or Ul = R31 (θz, q = 1)
(see Ref.8,9 for a detailed discussion). Because when
Ul = R31 (θz, q = 1) is adopted, the calculated result3

0.873 ≤ sin22θ
(z)
sun ≤ 0.903 is not consistent with the ex-

perimental data4 sin2 2θ12 = 0.846 ± 0.021, we focus on
the calculation of case Ul = R12 (θx). For convenience,
θx will be replaced by θ in the following context.

To make CP violation and the fractal feature
of the universe be naturally incorporated into V ,
we adopt the following complex rotation matrices:
R12 (θ, φ) =

(
c, seiφq , 0;−se−iφ

q , c, 0; 0, 0, 1
)
,

where c ≡ cosq θ, s ≡ sinq θ, and eiφq = expq (iφ). In this
case, we obtain the lepton flavor mixing of the pattern:

V = R†
12 (θ, φ)⊗ V0

=


1√
6

(
2c+ seiφq

)
1√
3

(
c− seiφq

)
− 1√

2
seiφq

− 1√
6

(
c− 2se−iφ

q

)
1√
3

(
c+ se−iφ

q

)
1√
2
c

1√
6

− 1√
3

1√
2

 .

It is obvious that V represents a fractal nearly tri-
bimaximal flavor mixing scenario, if the rotation angle
θ is small in magnitude. The parameters q and φ in

V are the source of leptonic CP violation in neutrino
oscillations.

Constraints on mixing factors and CP violation
The mixing angle θ is expected to be a simple function of
the ratios of charged lepton masses due to the fact that
it arises from the diagonalization of Ml. Then the strong
mass hierarchy of charged leptons naturally assures the
smallness of θ as one can see lately.

Indeed, a proper texture of Ml which may
lead to the flavor mixing pattern V is Ml =(
0, Cl, 0;C∗

l , Bl, 0; 0, 0, Al

)
, where Al = mτ , Bl =

mµ − me, and Cl =
√
memµe

iφ
q . Then the mixing

angle θ in V reads tanq (θ) =
sinq θ
cosq θ =

√
me

mµ
. It is

easy to prove that when q → 1, the results in usu-
al space-time are recovered, namely3, Cl =

√
memµe

iφ,

tan (2θ) = 2
√
memµ

mµ−me
. Given the hierarchy of three charged

lepton masses (i.e., me ≪ mµ ≪ mτ ) and q ∼ o (1), we

have tanq θ ≈ tan θ ≈ sin θ ≈
√
me/mµ to a good degree

of accuracy. Numerically, we find θ ≈ 3.978o with the
inputs me = 0.511MeV and mµ = 105.658MeV4.

Now let us calculate the mixing factors of so-
lar, atmospheric and reactor neutrino oscillations.
According to this theory, one obtains sin2 2θsun =
8
9

(
1− 3

4s
2 − sc cosq φ+ 3

2s
3c cosq φ− 2s2c2 cos2q φ

)
,

sin2 2θatm = 1 − s4,sin2 2θchz = 1 − c4. It
is noted that when q → 1, the results in
usual space-time are recovered3: sin2 2θsun =

8
9

(
1− 3

4 sin
2 θ − sin θ cos θ cosφ+

3
2 sin

3 θ cos θ cosφ− 2 sin2 θ cos2 θ cos2 φ

)
,

sin2 2θatm = 1 − sin4 θ,sin2 2θchz = 1 − cos4 θ.
In this scenario, adopting experimental data4
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sin2 2θchz = (8.5± 0.5) × 10−2, one obtain-
s 10.46118470068419 ≤ q ≤ 12.931439345418308;
thus there is 0.999987 ≤ sin2 2θatm ≤ 0.99999, which
is extremely consistent with the experimental data4:
sin2 (2θ23) = 0.999+0.001

−0.018 for normal mass hierarchy and

sin2 (2θ23) = 1.000+0.000
−0.017 for inverted mass hierarchy;

in addition, to make sin2 2θsun ≤ 0.867 to accord with
the experimental data sin2 (2θ12) = 0.846 ± 0.021,
one needs only −1537.79 ≤ φq=10.46 ≤ 1537.79
or −6372.47 ≤ φq=12.93 ≤ 6372.47, which are
much better than the usual space-time case
(0.485366 ≤ φq=1 ≤ 1.27256).
Additionally, given the q close to 11 and the inti-

mate relation q = df between q and fractal dimension
df when the Euclidean dimension is one5, we assume
q = 11, then this scenario gives the predicted values of
sin2 2θchz = 0.082456 and sin2 2θatm = 0.999987 which
amazingly fit in with the current data4 sin2 (2θ13) =
(8.5± 0.5) × 10−2 and sin2 (2θ23) = 0.999+0.001

−0.018 for nor-

mal mass hierarchy (sin2 (2θ23) = 1.000+0.000
−0.017 for invert-

ed mass hierarchy), respectively; the range of parameter
−2162.81 ≤ φq=11 ≤ 2162.81 limited by current data

sin2 (2θ12) = 0.846± 0.021 is also much better than that
in usual space-time (0.485366 ≤ φq=1 ≤ 1.27256). Ac-
cording to above calculations, we come to the following
conclusions: i) the universe is fractal with high dimen-
sion; ii) some high dimensional space-time theories, such
as M-theory, can be a theory in line with expectations.
A numerical illustration of sin2 2θsun as the function of q
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FIG. 1. The mixing factors sin2 2θsun against parameter φ
under different values of q in fractal nearly tri-bimaximal neu-
trino mixing patterns.

and φ is shown in Fig. 1, and two blue lines are the top
and bottom limits of experimental data.
The strength of CP or T violation in neutrino oscilla-

tions, no matter whether neutrinos are Dirac or Majorana
particles, is measured by a universal parameter J which

is defined as10: Im
(
VαiVβjV

∗
αjV

∗
βi

)
= J

∑
γ,k

(εαβγεijk),

in which the Greek subscripts run over (e, µ, τ), and
the Latin subscripts run over (e, µ, τ). Considering the
lepton mixing scenario proposed above, one has J =
1
6sc sinq φ

(
c2 + s2ρ2q (φ)

)
. Obviously, when q → 1, the

result in usual space-time is recovered3: J = 1
6sc sinφ.

Based on Figs. 1 and 2 as well as the numerical calcula-
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FIG. 2. The strength of CP or T violation J against parame-
ter φ under different values of q in fractal nearly tri-bimaximal
neutrino mixing patterns.

tions, one obtains the table I. The strength of CP or T

TABLE I. The range of φ and strength of CP or T violation

q φmin φmax Jmin Jmax

1 0.485366 1.27256 0.0054 0.011
10.46118470068419 -1537.79 1537.79 -0.0012 0.0012

11 -2162.81 2162.81 -0.0011 0.0011
12.931439345418308 -6372.47 6372.47 -0.00089595 0.00089595

violation J in fractal nearly tri-bimaximal neutrino mix-
ing patterns is predicted as: −0.0011 ≤ Jq=11 ≤ 0.0011.
The experimental data of strength of CP or T violation
may limit the range of parameter φ, but it is a pity that
at present no experimental information on the Dirac and
Majorana CP violation phases in the neutrino mixing ma-
trix is available4. The former could be determined by the
T-violating asymmetry between νµ → νe and νµ → νe
transitions or by the CP-violating asymmetry between
νµ → νe and ν̄µ → ν̄e transitions in a long-baseline neu-
trino oscillation experiment, when the terrestrial matter
effects are under control or insignificant.

Further discussions and remarks
We have discussed a possibility to construct the charged
lepton and neutrino mass matrices, from which a fractal
nearly tri-bimaximal neutrino mixing pattern can nat-
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urally emerge. This scenario is compatible with the
large-angle MSW solution to the solar neutrino prob-
lem. The fact that the predictions of the fractal nearly
tri-bimaximal neutrino mixing pattern are perfectly con-
sistent with the current experimental data strongly sug-
gests that some high dimensional unified theories, such as
M-theory, could be the theory in line with expectation-
s, and neutrino oscillation experiment is the first robust
evidence of M-theory, broken the spell that the M-theory
has no experimental evidence, and opened an unexpect-
ed window on the physics beyond the Standard Model.
The allowed range width of φ by the fractal nearly tri-
bimaximal neutrino mixing pattern is 3 orders of mag-
nitude larger than that of the usual theory. This theory
also yields an prediction of CP- or T-violating asymmetry
in long-baseline neutrino oscillation experiments.
The nearly tri-bimaximal neutrino mixing pattern, as

Xing3 expected, serves as the leading-order approxima-
tion of a more complicated flavor mixing matrix, which
is the q → 1 limit case of the fractal nearly tri-bimaximal
neutrino mixing pattern under discussion, though its pre-
diction on sin2 2θchz is not consistent with the experi-
mental data. There are certainly other possibilities to

modify the tri-bimaximal neutrino mixing ansatz, such
that nonvanishing |Ve3| (and CP violation) can be nat-
urally incorporated into the resultant scenario of fractal
nearly tri-bimaximal mixing. Note that our scenario pre-
dicts that −0.0011 ≤ Jq=11 ≤ 0.0011, and when φ = 0,
Jq=11 = 0, namely, there is no CP violation. Therefore,
our theory can be adapted to the CP broken or not at
the same time.

Finally, let us remark that the fractal nearly tri-
bimaximal mixing pattern and its possible extensions re-
quire some peculiar flavor symmetries to be imposed on
the charged lepton and neutrino mass matrices. It is like-
ly that the fractal nearly tri-bimaximal neutrino mixing
pattern under discussion serves as the more complicated
flavor mixing matrix that scientists are looking for3, and
one of the nearly tri-bimaximal neutrino mixing patterns
is its leading-order approximation. We expect that more
delicate neutrino oscillation experiments in the near fu-
ture can verify the fractal nearly tri-bimaximal mixing
pattern, from which one may get some insight into the
underlying flavor symmetry and its breaking mechanis-
m responsible for the origin of both lepton masses and
leptonic CP violation.

∗ Corresponding author: qiuhuibin1@163.com
1 Harrison, P., Perkins, D. & Scott, W. Tri-
bimaximal mixing and the neutrino oscillation da-
ta. Physics Letters B 530, 167 – 173 (2002). URL
http://www.sciencedirect.com/science/article/pii/S0370269302013369.

2 Scott, W. Tri-maximal vs. bi-maximal neu-
trino mixing. Nuclear Physics B - Proceed-
ings Supplements 85, 177 – 182 (2000). URL
http://www.sciencedirect.com/science/article/pii/S092056320000503X.

3 Xing, Z. Nearly tri-bimaximal neutrino mixing and CP
violation. Physics Letters B 533, 85 – 93 (2002). URL
http://www.sciencedirect.com/science/article/pii/S0370269302016490.

4 Olive, K. & Group, P. D. Review of particle physic-
s. Chinese Physics C 38, 090001 (2014). URL
http://stacks.iop.org/1674-1137/38/i=9/a=090001.

5 Tsallis, C. Nonextensive thermostatistics and
fractals. Fractals 03, 541–547 (1995). URL
http://www.worldscientific.com/doi/abs/10.1142/S0218348X95000473.

6 Tsallis, C. Introduction to nonextensive statistical mechan-
ics : approaching a complex world (Springer, 2009). URL
http://ci.nii.ac.jp/ncid/BA89842747.

7 Borges, E. P. On a q-generalization of circular
and hyperbolic functions. Journal of Physics A:
Mathematical and General 31, 5281 (1998). URL
http://stacks.iop.org/0305-4470/31/i=23/a=011.

8 Jarlskog, C. CP Violation (World
Scientific, Singapore, 1989). URL
http://www.worldscientific.com/worldscibooks/10.1142/0496.

9 Fritzsch, H. & Xing, Z.-Z. Parametriza-
tion of flavor mixing in the standard mod-
el. Phys. Rev. D 57, 594–597 (1998). URL
http://link.aps.org/doi/10.1103/PhysRevD.57.594.

10 Jarlskog, C. Commutator of the quark mass
matrices in the standard electroweak model
and a measure of maximal CP nonconservation.
Phys. Rev. Lett. 55, 1039–1042 (1985). URL
http://link.aps.org/doi/10.1103/PhysRevLett.55.1039.


