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ABSTRACT

Summing characteristic equations to find forms of theoretical functions in number theory will be
discussed. Forms of many number theoretic functions will be derived. Although many may not
be efficient in a computing sense for large numbers, the aim in this paper will simply be to
explore what these forms are and show relationships between expressions.

For a modular congruence f = mod g, it is a simple question of whether or not g|f. A question
about primes is a question about division. This question can be turned into an indicator function
and summed to find the number of possible solutions where g|f up to a chosen point.

Theorem:

H_[f;l]:{ Lifglf ;5

0 otherwise

Proof:

If g|f, than f—} = a for some constant a making the expression |a| — [a — éJ Sinceé <1,

a—1<a —g < a. Therefore by the definition of the floor function, the expression will yield

a—(a—1) =1.1f g t f, then the expression will be of the form la + %J - l%]. Since% <1,
this must imply that x < y and so gx — y < gy. So, by the definition of the floor function, the
expression would yield a —a = 0. End Proof

This indicator function, or any other, can be used to count solutions of even divisions by
summing them. As an obvious example the divisor function, t(n) has the form

() = Xiq EJ - ["T_lj This is clearly counting the number of times j divides n. This is nothing

new. The question here is what else can be derived using this form and of what use is it. Well,
let's start with the first question.



Theorem:

S =1
n+1- z l7 — l - J = Greatest prime factor of n,GPF(n)
j=1

Proof:

The indicator function will be 1 if the denominator divides the numerator evenly and 0
otherwise. Division of course can only occur if the prime factors in the denominator are a subset
of the factors of the numerator and if the exponents in the prime factorization of the numerator
are equal or larger than those in the denominator. The exponents here are clearly not an issue
because the numerator is raised to the power of the denominator so only the factors matter. But,
j! contains every prime p < j as a factor. So, n cannot divide evenly until j reaches the greatest
prime factor of n. Every term after that will also divide. Therefore, summing this indicator
function to n will give n + 1 — GPF (n). Subtracting this from n+1 gives the desired result.

End Proof
Theorem:
nj nj - 1 I . . - - !
Z —| - , = the # of #'s < nwhose prime factorization is a subset of n's
=i J
Proof:

As mentioned in the previous proof, the numerator is raised to the power of the denominator so
this does not affect even division. So, j can only divide evenly if it's prime factorization is a
subset of n's. Summing these even divisions using the indicator function gives the desired result.

End Proof
That is the theoretical function used by Andrew Granville in his work on the ABC Conjecture.
Theorem:

The smallest prime coprime to n, spc(n) at the value n! is equal to the nextprime function,
nextprime(n).

Proof:

Any factorial contains a factor of all primes< n, therefore the smallest prime that will not divide
n! must be the prime after n. By definition, this is nextprime(n).



Theorem:

n —1

J!

n n}
=

| = smallest prime coprime to n, spc(n)

Proof:
If you expand the equation you will have,

L (] = 5 + (= 5D + -+ (B = 5D

The first term in parenthesis can be simplified as, [n] — |[n — 1] = 1. Thus, the expansion
e 2+ (5] - <52 (5] - 52 -+ (5 5

2
Consider n? the denominator will only divide the numerator evenly when the exponents of the

factorization are larger or equal in the numerator and it contains a factor of 2. Since the
exponents are clearly larger in the numerator, this will occur when n is a multiple of 2. Now

3 4
consider both % and ’21—4 and notice that there is an added factor of 3 in the denominator of both
fractions. So, it will divide evenly when n is a multiple of 2 - 3 or simply 6. Now consider both

Ho and — and note that there is now an added factor of 5 in the denominators of both fractions,

S0 even d|V|S|on will occur when n is a multiple of 2 - 3 - 5 or simply 30. Continuing this, it is
clear that even division occurs at primorial numbers and a new factor is introduced when j is a
prime. The distance until the next introduced factor is just the distance between primes, which is
just the difference between consecutive primes. Thus, the expansion of the equation may be
written as,

2+ (p, — p1) ([ J lp#1 ) + 4 (Pps1 — Pn) ([pz J - ) Which may be simplified as

n lp#

-1
2+ 2a(op =) (5] - [
Therefore,

g 2] - [ =2 5 - ) (2] - 2]

The right side of the equation at the value of n! is,

2+ Y 1(pje1 — p; (l J ln' 1)'



This contains a characteristic equation that will be 1 when n! is divisible by a primorial evenly
and 0 otherwise. Therefore, the equation is only summing the differences between primes and
adding 2, which is in fact the prime number sequence. But, the number of terms does not
increase until n reaches a prime number, at which point the next primorial may divide, giving the
next prime number at exactly the previous one and staying at that value until the next prime
number is reached by n. By definition, this is the nextprime function. This means that the left
side of the equation must also be the nextprime function when evaluated at n! and the original
equation is in fact the smallest prime coprime to n. End Proof

Theorem:

n-1
il

]

A proper upper bound for the nextprime function in the form 1 + X7, [7;—” - l J IS 2n.

Proof:

The formula is only adding 1's and equates to the next prime, yet the next prime is larger than n
for all n in the formula. Therefore, you must sum past n. This implies the need for an upper
bound. Since the formula is to equal the next prime, we need an upper bound for this. It has been
shown by Bertrand's Postulate that 2p,, > p,41. If we define nextprime(n) to be p,,1, then
because n will always be > the previous prime p,, and 2p,, > p,+1, this shows 2n is a proper
upper bound. Therefore,

n ntJ n-1
1+ 1'=117J_l !

; J =nextprime(n).

Theorem:

; IJXnJ B ljn; 1J - ra;l(n)

Proof:

Consider 27 just as before, the exponents play no role in division so n must be a power of 2 to

divide evenly. Put another way, the largest square-free divisor of n must be 2. Now consider %

In this case, the largest square-free divisor of n must be 3 to divide evenly. Continuing this, it is
clear that the indicator function is counting the number of multiples of rad(n) < n. But this is

just End Proof

rad(n)’

There are countless other functions that can be derived. | will list some here without proof.



> [ - -

m—1 -!n—l_l
n+1 —z [(] — 1)!| — J(n_ 1)!| = prevprime(n)

on+1_

z (n+1)ﬁ 3 (n+1)ﬁ—1
S la+rgym| | @+rgym

n
]n—l_l jn—l_ 1_[
— = dip—1,n-1
Z " | \ - ged (p n—1)

Jj=1 pln

l]J 1 J‘n Xp(")(H ln_ J) Hn)

L IR VAL I . o
Z lg] - ITJ (IJ—J - l - J) = Product of exponents in prime factorization of n = (.

n
: J rad(n)
j=1

=gn

)

The list goes on and on. Now this answers the first question in the beginning of the paper, what
can we derive with indicator functions? The answer is just about anything. The second question
was, of what use is it? Well this is harder to answer. None of these equations have any efficient
computing power. For example, I can derive the smallest billion digit prime number here it is.

2.10999,999,999

(10999,999,999)!j (10999,999,999)!j -1
), [ ji H j!

= smallest billion digit prime
j=1

Good luck calculating it! But there is potential to derive new and unknown relationships using
different forms of indicator functions. For example:

Theorem:
a2 f
1 e g _{ 1if glf
( ﬁ)z 0 otherwise
Proof:

For n>0, f(n) =2 (’)Tzn) is clearly 0 if n is an integer and 0 < f(n) < 1 otherwise.



Therefore, 1 — f(n) is1ifnisaninteger and 0 < f(n) < 1 if nis not an integer. So by the
1if nis aninteger

end proof
0 othewise P

property of the floor function, [1 — s”:j#] = {

n? (L sin?(m=
It is well known that [x + n| = n + |x]| for an integer n. So, 11 - f()z )] =1+ l— (nz()j)].
g

By Wilson's theorem, for a natural numbern >1, (n — 1)! + 1 = mod n iff nis prime.

. in? (r =D 1if nis prime
So by the proof of the previous theorem, 1+ |- n | = p > 1.
ymep P (=D )2 { 0 otherwise 17"

This is clearly the characteristic equation of the primes.

Theorem:

in ( (2n—-2—j)l+1 ]+1
- 2 1- 1
Z?=11(1+[ W})(l + [— .+1’+ ) =Dz
2n—-1—j ]+1

where p5,, is the number of unordered partitions of 2n into two primes.
Proof:

For an even number>2, | will use 16 in this example, the numbers from 1 to 2n may be written in order
and then one may write the numbers backwards, offset by 1, directly above as follows,

161514131211109876 5 4 3 2 1
12345 678910111213141516

It is clear to see that each column will be equal to 2n, 16 in this example. Where the top and bottom both
have primes, this is a solution for 2n of the Goldbach Conjecture. To avoid counting a solution twice and
noting that 1 is not in the solution set, it is clear to see that it is only necessary to count solutions between
2n-2 and n inclusive. The primes may be counted backwards using the characteristic equation of the
primes at the value 2n-1-j and ranging j from 1 to n-1, the primes may be counted forward by using the
characteristic equation of the primes at the value j+1 and ranging j from 1 to n-1. This will include any
possible solution. A characteristic equation can only be 1 or 0, so multiplying these two characteristic
equations together ensures that both must be one for the product to be 1, otherwise it will be 0. In this
case, multiplying these two characteristic equations together and summing will count only primes which
sum to 2n and thus,

The form of the number of partitions of 2n into two primes, which | will denote as p5,,,

si ( (@n-2-)+1 ])'+1 ]+1
— 2n—1-— +1
f=i¢! +{ T |)<1 { .+1 |) = pan End Proof

2n—-1—j ]+1

Theorem:



DPan +Can+CPn+1=n

Where p,,, is the number of unordered partitions of 2n into two primes, ¢,,, is the number of
unordered partitions of 2n into two composites and ¢p,, is the number of unordered partitions of
2n into a prime and a composite.

Proof:

The total number of unordered partitions ranges from 1+(n-1) to n+n, for example for 6 the
partitions would be 1+5,2+4,3+3. Except for 1+(n-1), each partition must fall into one of the
three categories mentioned in the theorem and because we are ranging from 1 to n, there are
clearly n unordered partitions total. Therefore summing the three categories, p,, + ¢zn + Chzn
and adding 1 to account for 1+(n-1) will clearly be equal to n.

End Proof

Theorem:
Pon=Con+ (M) +(I2n—2)—MN(n—1)—n+1

Proof:

in?( (2n—2-j)!+1 2—])'+1 in?(m ]+1)
- 2n—1-— +1 —~
As | have shown, ¥721(1 + e ]),+1] )(1 —,l+1’ ) = Dan
(T——=")? (m= )2
2n—1-j j+1

Expanding the sum,

_ nml nol osin (n}+1 n-1l gin (n%) -1l gin (n] +1) sin®*(m %)
”Z"ZZ” ]+1 * 2L VLS VN L I e Ry 1
= = @ I [ iy o ey ) = D) Py e
]+1
The first of these sums is clearly n-1. In the second, ¥7-} l —+f+1] the 1 that was added to the
j+1

floor function has been omitted, so the sum has been subtracted from n-1. The sum with 1 added
to the floor function would have been m(n), so this is simply the number of composites less than
or equal to n minus 1 which is n — m(n) — 1. With this and noting that the sum is now negative

2( ]+1)
in its form, 2}:11[ J—+{“] =n(n)—n+ 1.
Crevk
. (2n—2—-j)'+1
) o1 sm2 (nir;n 1J ; )
The second sum in the theorem, Y727 PRI using the same approach as before would
2n—-1—j

have been m(2n — 2) — w(n — 1) if 1 was still added to the floor function, because the
characteristic equation would have been counting primes in this interval. So this sum is the
negative of n — 1 — (m(2n — 2) — w(n — 1)).



sin2 (n(Zn—z—j)!+1)
-1 2n—1-j _
Therefore, 3721 | — E | = 1-n+n(2n-2)—n(n-1).
2n—1—j |
. . L smz(n’ ) smz(n“’;nz Dy . .
The third sum in the theorem, ¥72; ,+1 —Gnr i ]),H’ is still counting partitions
1+1 2n—1-j

of 2n, but now it is clearly counting composutes. So thls sum is equal to the number of unordered
partitions of 2n into two composites, ¢5,,. This sum is positive because the characteristic
equations are multiplied together.

Adding the sums together therefore gives,
Pon=Cn+Im) +(I(2n—-2)—N(n-1))—n+1 End Proof

Theorem:

2Don + g =t(n) + (m(2n—2) —mt(n— 1)) n>1

Proof:

From the previous proofs, gz, = é, + 1(n) + (I(2n—2) —M(n—1)) —n + 1 and

DPan + Con + Cp2n + 1 = n. Using this information, we can replace n in the first equation above
with its equality in the second equation above. So,

Pon=Con+I(M) +(I(2n—2)—N(n—1)) — (Bon + G+ P+ 1) +1 n>L

Simplifying gives the desired result as shown.
2pon + Pz = (M) + ((2n—2) —w(n—1)) n>1 End Proof

While these may not be the key to proving this conjecture, they are in fact new and interesting
relationships. Using this same indicator function and logic on the twin prime counting function,

Theorem:

1 '+1
sin?(rd=L

Z?:z(l‘*'[ (UT})( +

+1)!+1

j+2 )
ey T

where 1, (n) is the twin prime counting function.

sin (TL’

Proof:

For any number n, I will use 16 in this example, the numbers from 1 to n may be written in order and then
one may write the numbers again, offset by 2, directly above as follows,



1234567891011 12 13 14 15 16
12345678 9 10 11 12 13 14 1516

It is clear to see that each column will differ by 2. Where the top and bottom both have primes, these are
twin primes. The primes may be counted using the characteristic equation of the primes at the value j and
ranging j from 2 to n, the primes may be counted using the characteristic equation of the primes at the
value j+2 and ranging j from 2 to n. This will include any possible solution. A characteristic equation can
only be 1 or 0, so multiplying these two characteristic equations together ensures that both must be one
for the product to be 1, otherwise it will be 0. In this case, multiplying these two characteristic equations
together and summing will count only primes < n which differ by 2 and thus,

The form of the twin prime counting function is,
LU= 1)'+1 sin? (UL
;-L=2(1 + W )(1 T’j:lzz ) = m,y(n) End Proof
=7
Theorem:
T, +f(n)+gn)+1=n

Where 7, (n) is the number of twin primes< n, f(n) is the number of twin composites< n and
g(n) is the number of prime and composite pairs that differ by 2 < n.

Proof:

With the exception of 1 and 3, the pairs of numbers that differ by 2 must fall into one of the three
categories mentioned in the theorem. Because we are ranging from 1 to n, there are clearly n
total. Therefore summing the three categories, m,(n) + f(n) + g(n) and adding 1 to account for 1
and 3 will clearly be equal to n. End Proof

Theorem:
m,(M)=f(n) +t(n)+n(n+2)—-n-1
Proof:
sin?(rd=0L) 2 (UL
As | have shown, ¥7_,(1 + l W|)(1 [ ((Hjlf::fzb = my(n)

Expanding the sum,

n sinz(nw) n sin? (H%) n sin? (nw) S-nz( g+ 1)'24- 1)
14+ Z _ " . JTe - J X

. ] R o) i o _
2 8| @y U=t e (°ﬁ2?5

m,(n) =




sin? (71141

The first of these sums is clearly n-1. In the second, 7., { ] the 1 that was added to

= 1})'+1
the floor function has been omitted, so the sum has been subtracted from n. The sum with 1
added to the floor function would have been (n), so this is simply the number of composites
less than or equal to n minus 1 because the sum begins at j=2, which is n — m(n) — 1. With this
2(71_] +1)

and noting that the sum is now negative in its form, 37_, { (]—H’*le =n(n)—n+1.
T

j+1

) sin? (n'—(j +i_)2!+1 ]

The second sum in the theorem, 377_, W using the same approach as before would
Jj+2

have been (n + 2) if 1 was still added to the floor function, because the sum would have been
counting the characteristic equation of the primes at n+2. So this sum is the negative number of
composites < n + 2, whichis —(n+ 1 — n(n + 2)).

Sinz(n(j+1)!+1

Therefore, 37, { ﬁ| =mtn+2)—n-1.

Jj+2

sm (_] 1)'+1 sm (j+1)‘+1
The third sum in the theorem, 2}‘:4 G 1),+1 J { L2 J is still counting twins, but

1+1)'+1
j+2

now it is clearly counting composites. So thls sum is equal to the number of twin composites
< n, f(n). This sum is positive because the characteristic equations are multiplied together.

Adding the sums together therefore gives,
m,(n)=f(n) +mt(n)+n(n+2)—-n-1 End Proof

Theorem:

2m,(n) + gin) =n(n) + t(n+2) — 2
Proof:
From the previous proofs, m,(n)=f(n) + t(n) + t(n+ 2) —n—1and

,(n) + f(n) + g(n) + 1 = n. Using this information, we can replace n in the first equation
above with its equality in the second equation above. So,

m,n)=f(n) +Ttm)+mn+2)— (r,(n)+f(n) +gn) +1) — 1.

Simplifying gives the desired result as shown.
2n,(n) + gin) =n(n) + t(n+2) — 2 End Proof



Once again, this may not be the piece needed to prove the twin prime conjecture, but every piece
helps. There is certainly potential in this area for new discovery. | have found, which I will
present without proof, in particular, £(n) and p(n) can be shown to have this relationship,

jt(n?-1)
lrad (n)| )
( 1) rad(n))

where A(n) = i*(*)-1 and the expression involving the floor function is clearly the
characteristic equation of the square-free numbers.

20(n)
T(n2-1)

In fact, 37, l = number of prime powers < n.

In conclusion, while sums of characteristic equations seem useless on basis of their computing
efficiency, their manipulation may hold new ideas and promise for unrealized relationships
between expressions. More work and study should be done in this field.



