EXPANSION OF THE EULER ZIGZAG NUMBERS
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ABSTRACT. This article is based on how to look for a closed-form expression related to the odd
zeta function values and explained what meaning of the expansion of the Euler zigzag numbers

is.

1. INTRODUCTION

Where for s € C, the Riemann zeta funtion, the Dirichlet lambda and beta function are
defined as

and

The gamma function is related to the Riemann zeta function by [3]
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In addition, we will use the Euler zigzag numbers at the power series of
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Then, A, would be specified instead of Ag,, in this article. According to this suggestion,

the sec z is represented by
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2. BASIC PROPERTIES

Lemma 1. For all n € N,

B Agp_q  ym\2n-1
fan—1) _6(1)(2n—2)!(§> ' ®)
Lemma 2. Foralln e N and 0 <x < g,
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which was studied by Euler. The (11) is replaced by
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To subtract the (11) from the (12) is
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Lemma 3. For alln € N and |z| <,
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the binomial coefficient is defined by the next expression
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Lemma 4. For all n € N, [1]
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where Ey,, is the Euler number.

3. PROOF OF A THEOREM
Theorem 1. For all n € N,
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Proof. Multiplying 2"~ ! and integrating 0 to 7/4 for the both terms of Lemma 2 is
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When we calculate each integral of the (17), it appears to be (18), (19) and (20) which were
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Application of the Lemma 3 for each integral term in (18), (19) and (20) yields
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Application of the Lemma 1 for 5(2n + 1) and A\(2n) in each of the (21) and (22) specifies

A2n + 1) = 8(1) é‘;’;! (g)%, (23)
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Therefore, Ay, and Af, _; are described as
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or
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Application of the (23) and (24) for 5(2n — 2] + 2) in Lemma 4 becomes
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Finally, the (29) and (30) are summarized as
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4. OTHER EXPLICIT FOMULAS

The value of the Dirichlet lambda function at even positive integers and the Dirichlet beta

function at odd positive integers appear by the next expressions

Corollary 1. For all n € N,
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Corollary 2. For all n € N,
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Corollary 3. For all n € N,
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Corollary 1 is not defined at Aj. To define the Aj), corollary 2 is used by the gamma function.
Otherwise, corollary 3 is defined without distinguishing the symbol of A’ and A which they
specified for (5) and (6).

Conjecture 1. By the theorem 1, an infinite series
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converges to 1.
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