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Abstract

Some conjectures and corollaries regarding the convergence of the iterates of Newton's method
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is the Riemann-Siegel theta(aka vartheta) function and ln¡ is the principal branch of the logarithm of the ¡ function which
is the analytic continuation of the factorial, ¡(s + 1) = s! = 1 � 2 � 3 � ::: � s. [6] The n-th Gram point's[2, 6.5] location yn
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where W is the Lambert W function which is derived by replacing #~!#(t) with its asymptotic expansion
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[3, Eq. 163]1[8] Newton's method for solving #(t) = (n¡ 1)� is guaranteed to converge if started from a point t 2B
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1. The authors notation leads to the impression that g~n is actually the n-th Gram point, rather than a very good approximation to it
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To determine the sequence rn� in (4) let
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then, by applying [4, Theorem 3] or themore general [1, Theorem 2.2.4], it can be shown that the Newton-Kantorovichmethod[7]
de�ned by the iteration function
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which, when applied applied to itself repeatedly, converges to a solution #n
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Conjecture 1. The sequence an is monotonically decreasing, an<an¡18n>1

Conjecture 2. The sequence bn is monotonically decreasing, bn<bn¡18n>1

Conjecture 3. Let a~n and b~n be the sequences obtained by replacing #(t) and its derivative #_ (t) with their asymptotic
expansions #~(t)
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then it can be shown that

lim
n!1

an= lim
n!1

a~n=0 (28)

lim
n!1

bn= lim
n!1

b~n=0 (29)

using the fact that

W
�
xt�n
xe

�
=W

�
t
e

�
+O

�
1
t

�
(30)

and

ln(t)¡ ln(ln(t))<W (t)< ln(t) (31)

[5]

Conjecture 4. The sequence hn is monotonically decreasing, hn<hn¡18n>1

Let

h~n=a~nb~n=

�������������������

0BBBBBBBB@

0B@ 1
2
(8n¡ 7)�

4W
�
8n¡ 7
8e

�ln
0@ (8n¡ 7)�

4W
�
8n¡ 7
8e

�
2�e

1A
¡ �

8

1CA¡ (n¡ 1)�
1
2
ln

0@ (8n¡ 7)�

4W
�
8n¡ 7
8e

�
2�e

1A
+
1
2

1CCCCCCCCA

0BBBBBBBBBB@

0BB@ 1
2
ln

0B@ (8(n+1)¡ 7)�

4W
�
8(n+ 1)¡ 7

8e

�
2�e

1CA
+ 1

2

1CCA¡ 1
2
ln

0B@ (8(n¡ 1)¡ 7)�

4W
�
8(n¡ 1)¡ 7

8e

�
2�e

+ 1
2

1CA

1
2
ln

0B@ (8n¡ 7)�

4W
�
8n¡ 7
8e

�
2�e

1CA
+ 1

2

(8(n+1)¡ 7)�

4W
�
8(n+1)¡ 7

8e

�¡ (8(n¡ 1)¡ 7)�

4W
�
8(n¡ 1)¡ 7

8e

�

1CCCCCCCCCCA

�������������������
(32)

3



then it can be shown that
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