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Abstract

We describe the deformations of moduli space .# of Special Lagrangian
submanifolds in the compact case and we give a characterization of the
topology of .# by using McLean theorem. By constructing Banach spaces
on bundle sections and by elliptical operators, we are able to use Hodge the-
ory to study the topology of the manifold. Starting from McLean results, for
which moduli spaces of compact special Lagrangian submanifolds is smooth
and its tangent space can be identified with harmonic 1-forms on the special
Lagrangian submanifolds, we can analyze deformation theory. Then we in-
troduce a Riemannian metric on .#, from which we obtain other important
properties.

1 Sobolev and Holder space of section

Let k be the field of the real number R or the field of complex number C and
let E be a vector bundle of rank r on k, on a compact n-manifold X. We can
define Banach spaces on the sections of E starting from a trivialization atlas. Let
W = {U,...,U.} an open finite cover of X by coordinate charts which are also
trivialization open sets. We call &7, ..., &) the fiber vector components of £ on a
point of %, in the assigned trivialization E|y, ~ U, X R". Let’s fix a partition
{1, ..., p¢} of unity y on X subordinate to %/. We can now use coordinates to
identify U, with a domain in R".

In this way we can consider a section u of E on U, like a function " defined
on an open set of R” which takes values in k”. More specifically, if u € yo(U,, E)



for every real number p > 1 and every integer k > 0 we can define its Sobolev

norm
1/p
o = |
llullw &) [Zlalskflj [|0%u”| dx] ,

where is || - || is the standard norm on k’.
If u € y(X, E), using the partition of unity, we have

1/p
14
||u||W;<E):[ZV:12M fu ||a“<pvu>vnf’dx] : (1.1)

This definition of Sobolev norm depends on the choice of the trivialization atlas,
but it can be seen that different choices gives equivalent norms. We can now
invariantly define the Sobolev space W,f (E) as the completion of y(X, E) for the
norm (L.I)). Tt is the space of the sections of E on X that are p-power summable
with their derivatives on X till the kth order. If £k = 0, we call them simply the
sections of E p-power summable on X.

Let’s give another way to build Sobolev spaces W, (E) starting from a Rie-
mannian metric g on X, an Hermitian metric ( -|- )g of class y on the fiber of E
and a linear connection VE on E. We canonically define y metrics on the fiber of

tensorial products E ®x T79X. Being || - || the corresponding norms, we obtain a
scalar product equivalent to (I.T]) by considering
k l/p
’ _ h 1P
Iy, = |, VRV (1.2)

where Vg is the linear connection on the tensorial products E ®x T%4X which
are products of the assigned connection on E and connections on tensorial spaces
coming from Levi-Civita connection on X. It’s easy to verify that (I.1)) is equiv-
alent to (I.2). More specifically, a different choice of g and V. gives equivalent
norms.

The space Wg(E ) is the Hilbert space L2(E). Its inner product, defined by (T.1])
or (I.2), restricted to y(E) X x(E), gives a map, bilinear if k = R, sesquilinear if
k = C, that is continuous on L?(E) x L (E) if p,p’ > 1 and 1—17 + i = 1. So we
have a duality:

(|Y:LP(E)x LY (E) > R, Y1 < p,p’ < +c0, con =1 (1.3)
This pairing brings an isomorphism between Banach spaces
@ : L(E) — [LP (E)]*, (1.4)
which, on the regular sections, is given by ®(€)(17) := {&]n)2r). More generally,
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Proposition 1.1. If p is a real number > 1 and k an integer > 0, then the Banach
space W] (E) is reflexive.

The hypothesis that 1 < p < +co is necessary for the validity of Proposi-
ton Banach spaces Wk1 (E) are not reflexive.
The dual space of W7, for k > 1, can be identified with a distribution space,

and it’s indicated by W” ,;(E). It’s a Sobolev space with negative integer exponent.

On the space C¥(E) of sections of E on X, that are continuos and differentiable
till the order k£ > 0, is normal to consider, starting from the trivialization atlas %/,

the norm
n

lellesry == Y, D supld”(p,é)') (1.5)
v=1 0<|a|<k
With this norm, Cj(E) is a Banach space.
Remembering the definition of Holder seminorm of order a, with 0 < a < 1,
for functions u defined on R" and which take values in k:

[u], = sup M € [0, +o0].

X,yER", ||)C - y”a
X£y
A function with finite Holder seminorm is continuous, and a function of class C!
and with compact support has Holder seminorm finite. Let’s define the Holder
norm of type €% (or €***), with k integer > 0 and a real with 0 < a < 1, on y(E),
by

€l = Wellgre + Y > > [0 (0@ (1.6)

The completion 6*4(E) of y(E) respect to the norm is a Banach space, that
can be identified with the subspace of sections & of €*(E) for which the partial
derivatives 9*(p,£);, con |a| = k have Holder seminorm of finite order. We call
C*4(E) the Holder space of order (k, a) of sections of E. When a = 1, the sections
are called Lipschitz.

As it can be seen, a different choice of trivilization atlas defines equivalent
Holder norms. Spaces CH¢(E) are intrinsecally defined, whereas their norms are
not.

As in the case of Sobolev norms, we can obtain equivalent norms on C5(E)
from a Riemannian metric g on X, a metric y on the fiber of E and a linear con-
nection Vg on E.

Given ¢ € CK(E) e 0 < j < k, the j-th covariant derivative Vé(f) is a continu-
ous section of the j-th tensorial power of the cotanget bundle 7*X. The metric on
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the fiber of E defines a metric on the fiber of T*® X and we can then find a norm
equivalent to (I.5]) by setting

k .
€l = ZFO sup VL€ i - (1.7)

To define an equivalent orm on Holder spaces starting from g, || - ||g, Vg, there
are many equivalent ways. One of them is by remembering that a linear connec-
tion on E allows us to break in a unique way E] a vector V, tangent to the total space
of the bundle, in the sum of an horizontal vector v, and a vertical vector v,. Since
the fibers are vector spaces, the vector v, is naturally identified with an element of
E. So we can define a Riemannian metric gg on E by setting

gE(‘?’ ‘7’) = g(ﬂ'*(\_f), ﬂ*(\j))) + ”‘_}v”%

Let dg be the distance on E defined by the Riemannian metric g¢ and dx be the
distance on X defined by g. Is natural to introduce the vertical component of
distance d,(&,,&;) > 0, between two elements &, &, € E by puttingﬂ

do(&1, &) = dp(€), &) — dy(n(é)), 7(£).

By doing this we can define Holder seminorm of order a of a section of &, with
0 < a < 1, by the following

€l = sup ooy BEDEDD
U ey

In the same way we can consider vertical distances and Holder seminorms on
sections, for the bundles E ® T*®'. From these seminorms we can define Holder
norms of order (k, a) by

I€lliar = Wl + . (V5N (1.8)

Let’s now describe another classic construction of Holder norms from g, || -
g, Vi, in which we use the notion of parallel transport.

ISee p-87 of: [?]

2We apply Pythagoras’s theorem to an ideal right triangle in which the length of hypothenuse
is equal to the distance between the two points &}, &; in E, and the length of a cathetus is equal to
the distance between the projections of &1, &, in X.



If V is a vector bundle over a manifold Y on which we fixed a connection
Vy then, for every piecewise C' curve 7y that joins two points x,y € Y, we can
associate an isomorphism 7, : V., — V,, by the means of the parallel transport
along y. Moreover, if the bundle metric is compatible with che connection, the
parallel transport is an isometry.

We provide Y with a Riemannian metric 4. If Y is compact, we can fix a
real positive number € > 0 such that the open ball of radius € of the distance d,
defined by & will be convexes, Let a Riemannian metric 4 be assigned on Y. If ¥
is compact, we can fix a positive real number € > 0 such that the open balls of
radius €, measured with the distance d;, defined by 4, will be convexes, that is such
that every couple of points of a ball B of Y which have radius less or equal than €
are ends of a geodetic of length less than €, all contained in B. More specificcally,
if x,y € Y and d;(x,y) < €, there is a unique geodetic y,, : [0,1] — Y, of length
less than e, that join this points, and so a unique isometry 7, : V, — V,. We can
now define Holder seminorm of order a € (0, 1] on A by:

|Vy — Tx y(Vx)|V
[v]h.A = sup ——
“ X,yEA, |dh(x’ Y)|“ ’

0<dj(x,y)<e

Y section v:A — V. (1.9)

We can apply this to the compact Riemannian manifold (X, g) and to the bun-
dles E ® T*® X and so we define a norm

Iél] = (Z'J‘.ZO sup |V{55|E) +[VEETE (1.10)

for every & in C*(E) = {¢£ € CH(E) : [Vi£€]% ; < o0}. Sobolev and Holder spaces
are particularly useful for the theory of elliptic PDEs. They satisfy important prop-
erty of inclusion and compactness. In the following results, p, g are real numbers
with 1 < p,q < +0c0, a,b real numbers with 0 < a,b < 1 and k, € not negative
integers.

Theorem 1.2 (Embedding theorems). (1) Ifk > € > 0ek — % > - %, then
there is an embedding W (E) — W} (E).

(2) If k+a > € + b, then there are emebeddings:
C**Y(E) — C*(E) — C’(E) — C(E) e CXE)— CYE).

3) Ifk - % > { + a, then there are embeddings:
W!(E) — CH(E) — CY(E) — WI(E).



Moreover we have:

Theorem 1.3 (Compactness theorems). (1) The embedding W, (E) — W/(E)

iscompactifk>€20€k—%>€—g.

(2) The embedding C**(E) — C* is compact.

(3) The embedding W,f (E) — CY“(E) is compact when k — ﬁ >{+a.

1.1 Elliptical operator

Sobolev and Holder spaces are the classical environment for developing elliptic
operator theory. Let X be a differentiable manifold of class €. For a theorem by
Peetreﬂ we can characterize a linear differential operator which takes values y on
X between the sections of two real vector bundleq’| E, F on X as a linear function
P : x(E) — x(F) which doesn’t increase the supports, such that

supp Pu C supp u, Vu € y(E).

In a trivialization chart U for E and F which is relatively compact in X, a differ-
ential operator P is written

Pu = lalqAa(?“u, Yue €°(U,R™"), conA, € €(U R™F),

where we have called rg, rr the ranks of the bundles E and F respectively. If
A, # 0 on U for some |a| = ¢, we call the not negative integer ¢ the order of P on
U. We say that P has order less or equal than £ on X if it has order less or equal
than ¢ in every coordinate chart of local trivialization.

If P: C®(E) —» C™(F) is a linear differential operator of order ¢ > 0, then,
for every not negative integer k, every real number p > 1 and every real number
a € (0, 1], P can be extended in a unique way to linear and continuous functions

P: W' (E) - W(F), (1.11)
P : CHEYE) = CR(F). (1.12)

Let’s suppose that X is a compact (without border) Riemannian manifold equipped
with metric g. On the fiber of £ and F' we can fix scalar products of class ¢,

3see [10] 211-218.
“We can consider complex vector bundles as real by restriction to the scalar field.
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which allows us to identify every bundle to its dual. We define the formal adjoint
P . €°(F) —» € (F) using integration by parts:

EP' M2y = (PEM 2y, V&€ CT(E), Y € C7(F). (1.13)

The formal adjoint P* has the same order than P.

If P: €°(E) —» €(F) is a linear differential operator of order less or equal
than m, then, for every & € ¥ (E) and every ¢ € ¢ (X, R) the function R > 1 —
exp(—A¢)P(exp(d¢) €) is a polynomial of degree less or equal than ¢ which take
values in € (F). In such a way we obtain

Con
exp(~APP(exp(UP) &) = D" A'Pry(dd)@),

where, for every h = 0,..., ¢, we call P,(d¢) the differential operator of order less
or equal than i from €(E) to €*(F). More specifically, Py(d¢) is an operator
of order 0, that is a morphism of real vector bundles from E to F. Pointwise
the transformation defined by Py(d¢) between the fibers E, and F, over the same
point x depends only on the value d¢(x) € T;X. So we have, for every x € X, a
function

Py:T:X>¢&— P,(é) e Homg(E,, F,),

which is a polynomial homogeneus of degree ¢ called the principal symbol of
degree € of P in x.

The principal symbol is an important geometric invariant. There are class of
operators that are characterized by property of their principal symbol.

Definition 1.4 (ellipticity). The operator P is called elliptic of order ¢ if it has
order less or equal than ¢ and, for every x € X, its principal symbol of order ¢ is
injective for every ¢ € T,.X \ {0}.

If an elliptic operator from E to F exists, the rank of E has to be less o equal
than the rank of F. An example of elliptic operator is the differential from the
tautological line bundle to the cotangent bundle on X.

Definition 1.5 (ellipticity). The operator P is called fixed elliptic of order ¢ if it
has order less or equal than ¢ and, for every x € X, its principal symbol of order £
is an isomorphism for every € € T, X \ {0}.

To allow us to have fixed elliptic operator from E to F, they must have the
same rank. An example of fixed elliptic operator is the classical Laplace operator
in Euclidean spaces R", considered as operator between tautological line bundles.
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As we will see, elliptic operators are very useful in the analysis of compact
manifolds. We show now a fundamental result for the theory of elliptic operators.

Theorem 1.6. Let X be a compact manifold, E, F vector bundles on X and P :
C®(E) — C*(F) a linear elliptic differential operator with regular coefficients of
class €%, of order € > 1.

Let k be a not negative integer, p and a real numbers, with p > 1 and 0 < a <
1. Then, maps P : W,fH(E) - W,f(F) and P : C*¥(E) — Ck(F) have both finite
kernels and finite images.

Ifé e W;(E), then

P& e WI(F) = e WP (E), P(é) € G (F)= ¢ e € (E).

Proof. This result is a consequence of Compactness theorems (Theorems [1.3)
for Sobolev and Holder spaces and of prior estimates of elliptic operators: if k
is a positive integer greater or equal than ¢, p,a real numbers with p > 1 and
0 < a < 1, we can find a positive constant C such that

1€l cragryy < C(||P(f)||ck-f~a(F) + ||f||c0(E)) ) YE € Ck’a(E),
Wllwrir, < € (IP@lhw i+ 1Ellizae) VE € WI(E).

From these it follows immediately that the norm ||€]|co(g) is equivalent to the norm
l€]lckacey and the norm [|€][2(g) to the ||§||W£(E) on ker P, which is of finite dimen-
sion for the Theorem because, for the norms equivalence, is a Banach space
with compact unit ball.

Moreover, Sobolev and Holder spaces are reflexive, so, in both of them, ker P
has closed completions %%, V/kp , in which we have increases of type:

€llckaczyy < CNPEcr-tary, vE e W,
”é:“Wf(E) < C’”P(é‘u)“W,f%(F), VE e V/kp.

From that it follows the theorem of images closure.

A Banach space has finite dimension when its closed unit ball is compact.
Now, ker P is a closed subspace of C*(E), so it’s Banach. Let Z be the unit
closed ball in ker P; let’s suppose that (£;) € 4 is any sequence. Then (&) is
bounded for the norm C¥*%¢ and for the theorem there exists a subsequence
(¢;,) which is C**'-Cauchy and, consequently, C°-Cauchy. We know that, if P is
an elliptic operator and & € C°(E) with y € C*4(F), then & € C*(E) with P& = 1
and

€llcrstaey < CUIPElIcracr) + lIlcoce)) (1.14)
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From this, we have that C > 0, so:

I;, — & llcrtaey < ClE;, = € llco) (1.15)

for every r, s > 1, so that (¢;,) is C**"9-Cauchy and has a limit £ in %. Then, % is
compact and ker P is finite. To show that ImP c C*“ is closed we have to define
the closed subspace .7 := (ker P)* c C*'%(E). We use the L? inner product on
C*4(E) to build <. It’s useful to remember that CK*4(E) = ker P ® <7, as one
can see by taking a basis in L? orthonormal to ker P. Suppose for the sake of
contradiction that there exists a sequence (¢;) C ./ with:

||§j||Ck+[‘“(E) = 1 fOI‘ everyj > 1 (1.16)

IPE | cagry — O sej—0 (1.17)

From the equation and from theorem there exists a subsequence (&},
which is C**"4-Cauchy and so C°-Cauchy. From the equation and from the
equation we can see that (£;,) is C**"-Cauchy and so converges to some &
in /. Now, from equation we have that P¢ = 0 and so necessarily & = 0.
But this contradicts the equation From this contradiction follows that there
exists a constant C; > 0 such that:

Nl cretacey < CrllPEl|crace) (1.18)

for every & € &7. So we can finally show that ImP C C*4(F) is closed. Let’s take
a sequence (n;) C ImP that converges to n € C**(F). Then we put n; = P&; for
j>1with¢; € . From equation the sequence (¢;) € & is C¥*" — Cauchy
and so it converges to ¢ € .&7; moreover P¢ = 1. This shows that ImP is a closed
subspace of C*4(F). o

The theorem can help us proving the following result, which gives us
the characterization of the image of an elliptic operator between Sobolev spaces.
We’ll prove the theorem using M. Cantor method, following [[1]].

Theorem 1.7. Let X be a compact manifold and E, F vector bundles on X. Let
P : C*(E) — C>(F) be a smooth linear elliptic differential operator of order
I > 1 with formal adjoint P*. Then for the extension P : W] (E) — W[(F) we
have:

ImP = {5 € W/(F) : (qlh) 2y = O for every h € ker P} (1.19)
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Proof. First of all, we know that ker P* is a subspace of C*(F) and is contained
in W{ (F), giving sense to the right part of the equationm We note that

ImP C {i € W/(F) : (nlh)2r) = O for every h € ker P*) (1.20)

follows from integration by parts.

Let’s consider the case k = 0. We call P’ : WJ(F)* — W/(E)* the adjoint
Banach space of P map, to distinguish it from the formal adjoint P* of P. Now,
using theorem we can identify W (F)x = W} '(F ). An integration by parts
gives us

ker P* C ker P’ (1.21)

in W) (F)*. We point out that
ker P’ C ker P* (1.22)

because, if n € W '(F) with (Pé|n) 12r) = O forevery ¢ € W/ (E), then the equation
P*n = 01s weakly valid. Now we take ) € Wé’ (F) such that (5|h)2(r, = O for every
h € ker P*. Then n € W) (F) is in

(ker P*)° = (ker P')° = ImP (1.23)

as we requested. In this way we prove the theorem in the case k = 0.
Let’s suppose now that k > 1 and that n € W,f (F) with (5|h)2(r, = O for every
k € ker P*. A consequence of the proof for k = 0 is that there exists & € W' (E)
such that P¢ = 5. From elliptic operator theory we know that, if n € W,f (F), then
€ W/ (E) with P¢ = 5 (here we see that 7 € L'(F) and ¢ € L'(E) are weak
solution of equation P¢ = n and P linear smooth elliptic differential operator).
Then in this case se have that & € W/ (E) and we can end the proof. O

The theorem [I.7]is important because we can generalize it to the not-compact
case. We can also use it to prove the next useful result.

Theorem 1.8. Let X be a compact manifold and E, F vector bundles on X. Let
P : C*(E) — C*(F) be a linear smooth elliptic differential operator of order
[ > 1, with formal adjoint P*. Then there are L>-orthogonal decompositions

W/(F)= P(W’ (E))@ker P’ (1.24)

Ck(Fy=  P(C*(E) @ ker P* (1.25)
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Proof. Let’s prove the Sobolev decomposition [1.24] which can be used to prove
the Holder decomposition [1.25]

From theorem [[.6] we have that ker P* is a finite dimensional subspace of
W,f (F) contained in C®(F). We choose a L’>-orthonormal basis {h, ..., h,} of
ker P*. Givenn € Wkp (F), we can write

N N
n= (1= D)+ ( D alhduoeeh) (1.26)
J=1 j=1

and this leads to
W (F) = {n € W.(F) : (nlh;)12r = 0 per ogni h € ker P*} & ker P* (1.27)

and Sobolev decomposition follows easily from theorem We see that CH(F)
W?(F). If we intersect the decomposition with CH*(F) we obtain

CY(F) = {n € C*(F) : n = P¢ for some £ € W’ (E)} @ ker P". (1.28)

Now let’s choose P > 1 sok+1—a > %, thus from theorem we have that
W, (E) C C%¢(E). In this way, using elliptic operator theory we obtain

{n € CY(F) : = P¢ per qualche ¢ € WP (E)} = P(C*"“(E)) (1.29)
and this complete the proof. O

Given the hypothesis of theorem|[I.§]we can deduce immediately that the linear
map P : C*(E) — C*(F) admits a L*-orthogonal decomposition

C%(F) = P(C™(E))®ker P". (1.30)

with similar orthogonal property. This fact follows from the intersection of both
sides of the equation [I.25] with C*(F) and using elliptic regularity results which
comes from the operator and that we have pointed out earlier.

1.2 Hodge Theory

Hodge theory is an important analytical instrument to study the topology of a
differentiable manifold. With this theory we can represent De Rham cohomology
class on a compact manifold (which are topological objects) as harmonic forms
(solutions of PDEs that depends on Riemannian metric on the manifold).
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Holder and Sobolev spaces are suitable functional classes to study elliptic dif-
ferential operator theory. Here we consider Hodge theory in Holder spaces, keep-
ing in mind that analogous results are true even in Sobolev classes.

On a compact Riemannian manifold (X, g) we can define the formal adjoint d,
of the exterior derivative d and we take a linear self-adjoint elliptic operator with
coefficients €, of order 1, on Grassman bundle A*T*X, by

di+d : € (N'T*X) —» C(ATX).

Its square (d, + d)* = A, is a self-adjoint elliptic differential operator of order 2
on C*(A*T*X). For every integer k > 1 and every real number a € (0, 1), the
operator d, + d defines a linear continuous function between Banach spaces:

dy+d : € UNTX) - CHUNTX). (1.31)

From elliptic theory we know that the subspace Im(d, +d) is closed in CR(A*T*X)
and ker(d;j + d) is a finite real vector subspace of € *°(A*T*X). Moreover, from
theorem and from the fact that d; + d is self-adjoint, we have the direct sum
decomposition:

AT X) = Im(d;, + d) @ ker(d;, + d), (1.32)

which is orthogonal in L2. It’s necessary now to give a better description of kernel
and image of this operator with the following

Proposition 1.9. Let k > 2. The application (1.31)) has kernel
ker(d: +d) = {£ € €°(A'T*X) : "¢ = 0, d¢ =0}
and image

Im(d; + d) = {d;0) + db, : 6,6, € € (A'T*X)}
— d;((gkﬂ,a(A*T*X)) ® d(cgkﬂ,a(A*T*X)),

with the direct sum terms all orthogonal in L.

Proof. A closed and co-closed form is in the kernel of d, + d. Vice versa, if
£ € €M(A*T*X) and dg = —d;¢, then

;€17 = (deéld) e = (Elddig) > = ~(€lddE),e = .
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So we obtain that d;¢ = 0 and d¢ = —d;¢ = 0. Moreover ker(dy+d) € € (A"T*X)
from the regularity properties of the solutions of linear elliptic systems with €*
homogeneus coefficients.

All that’s left to do is verify the image characterization. Clearly Im(d; + d) is
contained in

o ={d;0, +db, : 6,,6, € (AT X)) (1.33)

We have to prove the inverse inclusion. Let 6,6, € C¥*4(A*T*X) and we apply
the decomposition (I.32) to the form d;6, + df, € C*“(A*T*X). We can find
h € ker(d; + d) and 65 € €***(A*T*X) such that

d,0, + do, = (d, + d)05 + h. (1.34)
Since the forms in ker(d; + d) are closed and co-closed, we obtain:

d'd(6; - 6) = 0,
dd, (61 — 05) = 0,

by applying d; and d to the members of (I.34). From
Id(6> = 6)I7, = (d(6: — 65)|d(6 — 63)) 12 = (0> — O3dyd(6, — 63));2 = O

we obtain that d6, = d6s, and, by similarity, that d;@l = d;é’;;. So h = 0 and
(d; + d)o; = d’g‘Ql + d6,. We prove that Im(d; + d) = /. Finally,

o = dy(C* (N T X)) @ d(CH(N'TX) (1.35)
because, if 6, 6, are two forms in C**"4(A*T*X), then
(d,01ld6s) 1> = (61|dd6y) 2> = 0,

this shows that both the subspaces at the second member of ((1.35) are orthogonal
in 2. The proof is complete. m

Now let’s consider the Laplace operator A = (d, + d)? = d.d + dd,. For every
integer k > 2 and every real number a € (0, 1), it defines a linear continuous
application between Banach spaces

A EFUNTX) » ENTX).

The operator A is linear elliptic, with ¢ *-coefficients, and mantains the forms
degrees. From general results on elliptic operators, ImA ¢ C*(A*T*X) is closed
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and ker A is a finite real vector subspace of €°(A*T*X) c C**“(A*T*X). More-
over, for the theorem [I.8]and the fact that A is self-adjoint, we have the following
decomposition:

C*(A'T*X) = Im A @ ker A, (1.36)

which is orthogonal in L.

Proposition 1.10. In the equation (1.36)), we have

ker A = ker(d, + d),
Im A = Im(d, + d).

Proof. It’s ker(d; + d) C ker(d; + d)* = ker A. The opposite inclusion can be
obtained integrating by parts. The identity

I, + DEIR, = (d; + D + dE)z = G+ dYENe = EAE,

valid for every form & € €*4(A*T*X) with k > 2, shows that ker(d; +d) C ker A,
and so we have the equivalence.
Then we have

ImA C {d;0) + db, : 61,6, € C**(A*T*X)} = Im(d; + d).

We ave now to prove the opposite inclusion. Given &,& € €5 (A*T*X), we
use (1.36) to break down dp&; + d&; in the sum

dyé1 +dé = Any +mp = dgdmy + ddgny + 12,

with 5y, 1, € €%“(A*T*X), , € ker A. By applying d, and then d, to the members
of these equalities, we have that

dd;fl = dd;d?]l,

As we have done in the previous proposition, we integrate by parts:

d;fl = d;dm s
dé&, = dd.

From this we have the inclusion Im(d; + d) C Im A, which gives us the equality.
The proof is complete. O
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Definition 1.11. The elements of .77°(X) := ker A are called harmonic forms.

Since the operator A preserve the degrees of the differential forms , the space
of harmonic forms can be broken down into the direct sum

H(X) = ZrZO%r(X), con H'(X) = A X)NQX). (1.37)

Proposition 1.12. For every couple of integer numbers r > 0, k > 1 and every
real number a € (0, 1) we have the orthogonal decomposition with respect to the
inner product in L*:

CUNTX) = A (X) @ dy(C N T X) @ d(E (A T*X)).  (1.38)

Proof. The thesis follows from (1.32) and from Proposition [1.9, we have the or-
thogonal decomposition in L? because A preserves the degrees of the differential
forms. O

Corollary 1.13. If n € €' (A"'T*X) and dn € C**(AN'T*X) for an integer k > 0
and a real number a € (0, 1), then there exists & € CK*V4(A™'T*X) with dn = dé.

Proof. For the (1.38) we can write dp = h + d;0 + dé with h € J#'(X) 0 €
EHLYANIT*X) and € € €F(A™'T*X) Integrating by parts as the proof of
Proposition 1.9, we can show that 2 = 0 and d,6 = 0. O

The decomposition in L2-orthogonal direct sums

o= _ow, (1.39)

QX)) = A" (X) @ d; Q" (X) @ dQ2(X), (1.40)
0<r<n=dmpX.

are valid even for forms %’ (in this case we will write °(A*T*X) = Q*(X),

C(N'T*X) = Q'(X)). Forevery 0 < r < n = dimg X the application induced by

the quotient
' (X)>h — [h] € H(X) (1.41)

is a linear isomorphism from the linear harmonic r-forms to te rth de Rham coho-
mology group of X.

15



Proof. Let’s prove that (I.41) is injective. If h € " (X) ed h = df per una
feQ(X),is h =df =0, because the (T.40) is a direct sum. For the inverse
implication, if we break down a closed form f € Q"(X) into the sum

_ * r r—1 r
f=h+do+dé conhe ' (X),0e€Q'(X),¢eQ(X),

from dd,§ = 0 we obtain, by integration by parts, that d,§ = 0. So f is coho-
mologous to 4. This prove that (1.41) is also surjective and so is a linear isomor-
phism. O

2 Deformation of special Lagrangian submanifolds

In this section we describe the local structure of the moduli space of special La-
grangian submanifolds of a Calabi-Yau manifold.

This structure can be analyzed using a fundamental theorem on normal defor-
mations proved by McLean in [13]. McLean results show that, if L is a compact
special Lagrangian submanifold, the moduli space in a neighbourhood of L is a
finite differential manifold whose tangent space in L can be canonically identified
with the harmonic 1-forms space on L. The Riemannian metric on .# on the fiber
becomes the L*-inner product on the harmonic forms.

Let’s define the orthonormal coreference system bundle on a manifold (M, g)
as:
FM)=A{u:(TM,g,) - (R", go): uis alinear isometry}. (2.1)

Let w be the 1-form on .%# (M) which take values in R” and defined as w(V) =
u(n,(V)) in which V € T,.%# (M) and n is the projection of .% (M) on M. Let ¢
be the Levi-Civita connection form that satisfy dw = —¢ A w. We can now fix
indexes 1 < a,b,c,d < n.

By choosing an orthonormal basis e, of R", we have that w = w,, ¢ =
¢req ® (ep)" and so dw’ = —g A w”. If I have a 1-parameter family of immersion
fi=F :L*XI — Msuchthat f = f, : L —» M is calibrated from 9. We can do
a re-parametrization to make the immersion family be normal and we can adapt
the fibers restricting them to the subbundle .Z " of F© = F*(.%(M)) such that
w* = Vadt, (%J(,l)i =0.

Let’s now show that the moduli space .# of special Lagrangian submanifolds
locally has the structure of Lagrangian submanifold and is special in the appro-
priate way.
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We will for now consider only compact manifolds L for three fundamental
reasons. The first one is that in this case we can apply Hodge theory: in particular,
for the Hodge-De Rham theorem, we can identify harmonic forms on manifold
with closed and co-closed forms and so with singular cohomology classes (that
are topological invariants). Moreover we can describe a submanifold deformation
fi + L — L, C . like a normal deformation, that is such that g} f:(p) is normal
to L, for fixed p € L,. This can be done because, by using the compactness of
L, we can re-parametrize with a diffeomorphism on L depending on time. In
this construction, the existence of a tubular neighbourhood of L in .# has an
important role because it can be identified (through the exponential map) with a
neighbourhood N, = {V € N(L) | ||V|| < €} of the null section of N(L). By the
mean of the pullback, this fact allows us to move structures from ambient manifold
M to N, and to identify .# with one of its submanifolds.

From now on we consider the indexes 1 < i, j, k,{ < n and the indexes with
superscripts, for example i’ to point to indexes with value i + n. For example on
C" we consider coordinates

d=x v i =X i

in which hy = Y dz; ® d7' is a standard Hermitian metric. If we consider C" as
R?", then there exists a complex structure J, that is given by the multiplication by
V-1 which gives Jo(:) = 2 and Jo(52-) = =2

The isomorphism b : T(L) — T*(L) induced by the metric allows to build an
isomorphism between N(L) and 7*(L). From the relation «(-,-) = g(J -, -) which
defines Kihler forms and from the fact that the restiction of « to L is null, it follows
that complex structure J restrict to an isomorphism of 7L on the normal bundle
NL. By composing J with the isomorphism b, we obtain a bundle isomorphism
between N(L) and T*(L). In this way normal vector fields on L can be identified to
differential forms: the normal vector field V = V"/% is identified with v = V,«',
in which V; = V7'

We can now enunciate McLean theorem.

Theorem 2.1 (McLean). Let L be a compact special Lagrangian submanifold. A
normal vector field V on L define a normal deformation of special Lagrangian
submanifold if and only if the equivalent 1-form (JV)’ is closed and co-closed,
that is to say if it is harmonic.

So the moduli space of special Lagrangian submanifolds in a neighbourhood
of L is a differential manifold whose tangent space in L can be identified with the
space ' (L), of the harmonic 1-forms on L.
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Proof. Let’s fix a tubular neighbourhood U on L in .# and correspondently a
neighbourhood % of the null section in €*(L, NL), such that, for every V € %
and ¢ € [0, 1], the application exp,, is a diffeomorphism of L on a submanifold L,y
of ./ contained in U. Let « be the K&hler form, w the section of the canonical
bundle in which w A @ is the volume element k" of .Z, and 8 = Imw = %(a) - ).
Let’s consider the application

F:% >V — ((expy)"(B), —(expy) (k) € Q"(L) ® Q*(L). (2.2)

F is Fréchet differentiable and F~'(0,0) is the set of the normal fields V that
deform L in a special Lagrangian submanifold contained in U. From the implicit
function theorem in Fréchet spaces we can obtain some information about the
local moduli space of normal deformations of L in special Lagrangian by studying
the derivative F’(0) of F in the null section. It is suitable to use the identification
between N(L) and T*L, given by V « (JV)". This identification gives a relation
between % and an open set of Q'(L) and so between Q'(L) and the tangent space
to 7/ in 0. By doing this we obtain

F'(0) : QY (L) — Q"(L) & Q*(L).

We call L the Lie derivative and we use the formula that gives Lie derivative
of an alternate form by differential and exterior product and we obtain:

0
F'(0) = 5@V = @Lv(B) |, ~Ly() [1)

t=0

= (V1dB +d(V1P) | ~(V]dk +d(V]&) 1) 2.3)
=dWVIP |, —dV]K) I .
By putting v = (JV)’, we have:
—-V]k= —(V"’i.,)J (WA =V W =V =v, (2.4)
0!
_ i’i 1 I i . no, oo
(VIP) lu= (V' -~ |1m [(@' +iw") A= A (" +iw™)] , 05

=V +--+V, xw" =%y

By substituting [2.4]and [2.5]in we see that
F'(0)(V) = (+xd*v,dv), ovev=(JV), YVe@(L,NL)). (2.6)
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The condition that L,y are special Lagrangian manifolds for 7 in a neighbourhood
of 0 is that F’(0)(V) = 0. So, the special Lagrangian deformation at the first
order (kernel of F’(0)) corresponds to the closed and co-closed forms, that is to
the harmonic 1-form. m|

According to McLean theorem, the moduli space .# of special Lagrangian
submanifolds is (in a neighbourhood of L) a smooth manifold, whose dimension
is the first Betti number [dim H'(L)] of L. From the theorem we also have that the
theory of deformation of a Lagrangian submanifold is nonobstructed. To show
this fact, let’s consider the F defined in (2.2)) as an application from the space
&' (T*L) of the 1-form on L, which are Holder forms of order a with their first
derivatives, to the space €%*(A"T*L) & €**(A*T*L) of the couple of Holder n-
forms and 2-forms of order a.

Lemma 2.2. The F transforms fields of I'(N(L)) in exact n-forms and 2-forms.

Proof. For the sake of simplicity we write F'(V) = (By, —ky). For every V, the
forms By and «y are closed, because are pullback of closed forms. Moreover,
expy : L — . is homotopous to the inclusion i : L — .#, by means of
[0,1] >t — Ly C .#. Then, exp} and i* induce the same application in co-
homology. So, using the brackets [ -] to point to the related cohomology class,
we have [expy(B)] = [i*(B)] = [Bl] = O, since L is special Lagrangian. Simi-
larly we also have that [expj,(x)] = 0. So the forms §,, «y in the image of F are
cohomologous to zero, an so exact. O

With this lemma it’s easy to see that the deformation theory is not osbtructed.
In fact, let’s consider F as a map from the 1-forms of class C' to the couple
of exact n-forms and 2-forms of class C%®. According to Hodge theory, F’(0) =
(=d*) € d is surjective on the spaces of the couple of exact forms.

It’s useful now to remember the implicit function theorem in Banach spaces.

Theorem 2.3. Let % and % be Banach spaces and % C % an open neighbour-
hood of 0. Let F : % — % be a map of class C*, with F(0) = 0. We suppose
that the linear bounded map F'(0) : & — % is surjective and its kernel * < %
separates Z from a complementary space <7. Then, there are open sets W1 C &
and W C < that contain O with W1 X W> C % and a unique map & : Wy — W,
such that

FLO) N (#; x #5) = {x,&(x) : x € #) (2.7)

in % =X @& .a. Moreover, the map is of class C*.
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This theorem, combined with the result of the previous lemma, allows us to
conclude that F~1(0,0) is a manifold with tangent space in 0 equal to the kernel
of F'(0) = '(L). For the elliptic regularity results, F~'(0, 0) is smooth.

3 Induced metric on moduli space

We have seen that infinitesimal deformations of a closed special Lagrangian sub-
manifold L in a Calabi-Yau space can be identified with H'(L). Moreover these
deformations are nonobstructed and the local moduli space is a smooth manifold
diffeomorphic to an open neighbourhood of the origin in H'(L).

Let’s show that this manifold admits a natural Riemmanian metric induced by
the L? product on harmonic 1-form.

Let’s give some preliminary definitions. From now on we call « the Kéhler
form and K; and K, the real and imaginary parts of the constant covariant n-form

We call L, the one-parameter family of Lagrangian submanifolds, considered
asmaps [ : £ — U, in which . = L x U in M Calabi-Yau, with U C R open
interval. Furthermore, f(L,t) = L,.

6 is the 1-form on .Z such that

fk=dt A.
The restriction of @ to the fiber L x {t} is called 6 and, knowing that dx = 0, then
do = 0.

Let’s now consider the local coordinates 74, ..., #,, on the moduli space .# of the
deformation of L = L,. From McLean theorem, we have that m = b{(L) =
dimH'(L). For every tangent vector 6% we define (like we did for ) a closed
1-form 6; on L, forevery t € .4 : '

0
L(a_l‘j)K = 0]’

(with a little abuse of notation).
Let Ay, ..., A,, be a basis of H,(L,Z), we evaluate closed forms 6; on the ho-
mology class A; to obtain a period matrix A;;, that is a function on the moduli

space:
/lij:fgj
A;
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Since, for McLean theorem, harmonic forms are linearly independent, the matrix
A;; is invertible. We can identify the tangent space to .# with the cohomology
group H'(L,R). Let ay,...,a,, € H'(L,Z) be the dual base to A,,...,A,,. The
correspondence

0 0
a_l‘j (i [L(a_tJ)K] = Z/lijal- (31)

indentifies T,.# with H'(L,R).
Let’s now see some properties of the period matrix.

Proposition 3.1. The 1-forms & = Y, A;;dt; on A are closed

Proof. We represent the local family of deformation with amap f : 4 — M in
which ¢ = L x M with projection p : ¢ — .# . Let’s choose, in every fiber of p,
a loop which stands for A; to give a fibration ¢%; C ¢ on .# . We define the 1-form
&on A as
§=p.fk

The map p. (integration on fibers) send closed forms to closed forms and, since
dk =0,df"k =0, is also d¢ = 0.

Now, in coordinates, k = ). i dt j/\é ;and ] ; restricts to 6 on every fiber. Since 6;

is closed, the integration along the fibers of ¢; is only the evaluation of homology
class A;. So & = & and &; is closed. |

Following from this proposition, on .# we can find local functions uy, ..., i,
defined up to a constant, such that:

dui = gi = Z /ll'jdtj (32)
J

Since 4;; is invertible, uj, ..., u,, are local coordinates on .# . We have a coordinate
chart
u:.# — H(LR) (3.3)

defined as u(t) = )}, u;a; that is independent from the choice of the basis.
Let’s now do the same for K. The basis a1, ..., @,, defines a basis By, ..., B,, of
H,_(L,7Z) and so we have a period matrix

,Uij=f90j
B;
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As we’ve done for «, we find local coordinates vy, ..., v,, on .Z such that

dV,’ = Z,U,‘jdtj (34)
J

and a map
v:.# — H Y(L,R) (3.5)

given (using the basis S, ..., 8, of H*"'(L,R) dual to By, ..., B,,) by v(t) = 3, viB3;.
From u and v we obtain a map

F:.# — H'(L,R)x H"(L,R),

defined by F(¢) = (u(1), v(1)).
Now we have to introduce the metric induced by L? on .# . L is oriented; for

Poincaré duality, H'(L) and H" (L) are in canonical duality. For every vector
space W there is a symmetric form on W @ W* associated to the quadratic form

B((v, @), (v,@)) = (v, a).
This method allows us to define a metric G on H'(L) ® H"'(L).
Proposition 3.2. The L? metric g on M is F*G

Proof. From (3.1]) we have

dF((%) = (Z A, Z 1480

So
. 0 0 .
F G(Z aja_tj, Z“f'a_t,) = Z ajadijuala;, Be) = Z ajak/lij/lfkaai A Be
J J i,j.k,l i,j,k,0
(3.6)
But

f(z a;0;) A *(Z a,0;) = fz ajad; A\ ¢
L i L7k

and, using 0; = X; A;ja;, ¢x = X; uiB: We obtain the same expression of (3.6) O
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On the moduli space .7 is defined a Riemannian metric g , in the following
way: given two tangent vectors v, v, € T, (.#), I can identifie them with the cor-
respondent harmonic 1-frorms 6y, 6, on L and define g _, (v, v,) as L(@l, 6,)dvol;,
in which (., -) is the scalar product on the cotangent fibers.

The last step is studying the embedding of the moduli space .# in H'(L) x
H"'(L).

If W is a real vector space, the direct sum with its dual W & W* has a natural
symplectic form defined by:

w((v, @), (V',a)) = (v,a’) = (', @)
We use this fact to consider H'(L) x H""'(L) as a symplectic space.

Theorem 3.3. The map F embeds .# in H'(L) x H" (L) as a Lagrangian sub-
manifold

Proof. The Kéhler form « and the real and imaginary parts K; and K, of the con-
stant canonical n-form K of a Calabi-Yau manifold satisfy the relation K; A k =
K> Ak = 0. Therefore

kANK=0. ()

Let Y and Z be two vector fields. The inner product of Y and Z for the two
members of () gives

0=0w@uXY)K)ANK —1(Y)k AN(Z)K + (D) AN(Y)K + k A ((Z)(Y)K)

and, by restriction to the special Lagrangian submanifold L, in which « and K
vanish, we have:
(Vk N(Z)K = u(Z)k A (Y)K.

By substituting to Y and Z the extensions of vector fields % e %, we obtain
i J

9,'/\90]':9]'/\(,0,'

f@l/\gajzfej/\(p,
L L

By using 0; = >, A;ja;, o = X HafBi, We have that
Z Aieflij = Z Aijlik- (3.7
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From the coordinates definition previously given (which satisfies (3.2)), we have:

au,- av,»

Aij = 7= Mij= 5
! 6tj Hij (9)?]-
so that (3.7)) becomes
Gu,- aV,' _ Gul- (9\/,'
— Ot Oty £ Oty O
and so

F*(Z dl/li A dV,’) =0.
O

We have seen that the graphic in the cotangent bundle of a differential form
is a Lagrangian submanifold if and only if the form is closed. If the graphic is
obtained by deforming the null section, the form must be exact, that is equal to
the differential of a function. In our case, we can write:

d¢
= 3.8
VJ (914(/ ( )
for a ¢(uy, ..., u,). The metric on .# can be written in coordinates as
g=FG-= Zdu-dv- = Z é)Z—QSdu-a’u- (3.9)
i o ny COuiouj o .
In a similar way, taking N = H" (L) and using a function ¥ (uj, ..., u,,), we can

represent the metric by

Such metrics are called Hessian. Now, starting from the fact that .# parametrizes

special Lagrangian submanifolds, we search for the special condition that .# can
inherit from the embedding F.

If V is a normal vector field, the generators of A"V and of A"V* define two
constant n-forms R; and R, on the manifold V x V*. We say that a Lagrangian
submanifold V X V* is special if on it a linear combination of the two forms
vanishes. Therefore,

Proposition 3.4. The map F embeds 4 as a special Lagrangian submanifold if
and only if all the following conditions are verified:
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e ¢ satisfies Monge-Ampeére equation det(*¢/du;0u;) = c.

e y satisfies Monge-Ampere equation det(0*y[dvidv;) = ¢

o The volume of the torus H'(L,,R/Z) is independent fromt € .

o The volume of the torus H""'(L,,R/Z) is independent from t € . .

Proof. For the first part, using the coordinates uy, ..., u,,, the condition for which
the m-form ¢ R, + c,R, vanishes is precisely the

ciduy A ... A duy, + ¢ det(0%¢/0u0uj)duy A ... A du,, = 0,

that gives
det(@ng/(?ui@uj) =—ci/c; =c.

Exchanging the roles of H'(L) and H""'(L) we find the second condition.
To find the volume of the torus H'(L,,R/Z) we take the basis a, ..., a,, of
harmonic 1-forms, normalized by
f a; = i
A;

and so we will have the volume +/det(a;, a;) using the scalar product on the har-
monic forms. From the definition of the coefficients 4;;, the normalized harmonic

forms are
a; = § (A )6k
k

The scalar product is

0,60 = fej A %6 = Z/L'j/«lik-
L i

det(ua).

Now, in the coordinates f4,...,1, that we introduced on the moduli space, the
form ¢|R; + R, restricted to F(.Z) is

Then the volume is

(cidetAd + codetw)dt; A ... Adty,

and this form vanishes if and only if det(uAd™') = —c;/c,. The last condition is
analogous, but in that case the volume is /det(Au~"). O
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4 Kahler metric

We can now consider a more general moduli space, that contains not only special
Lagrangian submanifolds, but manifolds with flat unitary linear bundle.

Since a unitary linear bundle is classified by an element of the group H'(L,R/Z),
for homotopic invariance the moduli space becomes

ME = 4 x H(L,R/Z).

The tangent space to a point of this space is a complex vector space with an almost
complex structure

T,=H(LR)®H(LR)=H(LR)®C.

Given that, for every real vector space W, a scalar product on W defines an Her-
mitian form on W ® C, then .# ¢ has an Hermitian metric.

Proposition 4.1. is integrable and the scalar product on H' (L, R) defines a Kiihler
metric on €.

Proof. Let’s use a basis aj, ..., @, of H'(L,R) to define coordinates x, ..., x,, on
the universal covering of the torus H'(L,R/Z). The (t,, ..., ty, X1, ..., X,») are local
coordinates for .Z¢. From the equation (3.I), the almost complex structure is
defined by:

0 0
(—)Z—
[Z A’Ja ] ot

J

Let’s now define the complex vector fields

0
R | N
Wi o1 (az) ot -i), J"

They satisty IW; = iW; and form a basis for (1, 0)-vector fields. The forms 6; =
2. Ajxdty — idx; make W; vanish and form a basis for the (0, 1)-forms. But §; =
d(uj—ix;), and so k; = u;+ix; are complex coordinates and the complex structure
is integrable.
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The 2-form & associated to the Hermitian metric ids defined by

0 0 0

(6t ak)—g( 6k)

and, for the definition of /,
0o 0
R(—,—)=— Alg.
K(atj 8xk) ZA e 81
We know that the metric is F*G and so, in local coordinates fq, ..., t,,

_ Ouk (9vk _
gij = Zk o 6t —Zk/lkillkj-

Then,
k:_Zﬂk]dt ANdx, = — Zdvk/\dxk,

Jik

Since dv; = }; u;;dt;, with v; local coordinates on A and p;; period matrix on
H,_1(L,Z). So k is closed and the metric is Kéhler. O

References

[1] M. Cantor, Elliptic operators and the decomposition of tensor fields, Bull.
Amer. Math. Soc. (N.S.) 5 (1981), no. 3, 235-262.

[2] Ricardo Castaao-Bernard, Diego Matessi, and Jake P. Solomon, Symmetries
of Lagrangian fibrations, Adv. Math. 225 (2010), no. 3, 1341-1386 (2009).

[3] Daniel S. Freed, Special Kahler Manifolds, Commun.Math.Phys. 203 (1999)
31-52 (1998).

[4] Edward Goldstein, Special Lagrangian submanifolds and Algebraic com-
plexity one Torus Actions, April 2000.

[5S] Mark Gross, Special Lagrangian Fibrations I: Topology, October 1997.
[6]
(71

, Special Lagrangian Fibrations II: Geometry, February 1999.

, Examples of Special Lagrangian Fibrations, January 2001.

27



[8] Reese Harvey and Jr. H. Blaine Lawson, Calibrated geometries, Acta Math.
148 (1982), 47-157. MR 666108 (85i:53058)

[9] Nigel Hitchin, The moduli space of special Lagrangian submanifolds, An-
nali Scuola Sup.Norm.Pisa Sci.Fis.Mat. 25 (1997) 503-515 (1997).

[10] J.Peetre, Une caractérisation abstraite des opérateur différentiels, vol. 8,
Math.Scand,, 1960.

[11] S.P. Marshall, Deformations of special Lagrangian submanifolds, Inedito
(2002).

[12] Diego Matessi, Some families of special Lagrangian tori, November 2000.

[13] Robert C. McLean, Deformations of calibrated submanifolds, Comm. Anal.
Geom. 6 (1998), no. 4, 705-747. MR 1664890 (99;:53083)

[14] A. Nannicini, On the curvature of moduli space of special Lagrangian sub-
manifolds, Bollettino della Unione Matematica Italiana 8 (2002), 349-362.

[15] A. Newlander and L. Nirenberg, Complex analytic coordinates in almost
complex manifolds, Ann. of Math. (2) 65 (1957), 391-404. MR 0088770
(19,577a)

[16] J.M. Souriau, Géométrie symplectique différentielle.Applications, Centre
National de la Recherche Scientifique, Paris, (1953), 53-59.

[17] M.B. Stenzel, Ricci-flat Metrics on the Complexification of a Compact Rank
O ne Symmetric Space, Manuscripta Math. 80 (1993), 151-163.

[18] Andrew Strominger, Shing-Tung Yau, and Eric Zaslow, Mirror Symmetry is
T-Duality, Nucl.Phys.B479:243-259,1996 (1996).

[19] C. Taubes and R. Wentworth, Seiberg Witten and Gromov Invariants for
Symplectic 4-Manifolds, First International Press Lecture Series.

[20] S.T. Yau, On the Ricci-curvature of a compact Kdahler manifold and the com-
plex Monge-Ampére equation I, Comm. Pure App. Math, 339-431.

[21] Ilia Zharkov, Torus Fibrations of Calabi-Yau Hypersurfaces in Toric Vari-
eties and Mirror Symmetry, June 1998.

28



	Sobolev and Hölder space of section
	Elliptical operator
	Hodge Theory

	Deformations
	Metric
	Kähler metric

