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Abstract. This paper introduces the Double Conformal / Darboux Cy-
clide Geometric Algebra (DCGA), based in the Gs o Clifford geometric
algebra. DCGA is an extension of CGA and has entities representing
points and general (quartic) Darboux cyclide surfaces in Euclidean 3D
space, including circular tori and all quadrics, and all surfaces formed by
their inversions in spheres. Dupin cyclides are quartic surfaces formed
by inversions in spheres of torus, cylinder, and cone surfaces. Parabolic
cyclides are cubic surfaces formed by inversions in spheres that are cen-
tered on points of other surfaces. All DCGA entities can be transformed
by versors, and reflected in spheres and planes.
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1. Introduction

This paper introduces an application of the Geometric Algebra Gg o [12, 13],
named in this paper the Double Conformal / Darbouz Cyclide Geometric
Algebra (DCGA) Gs 2. The DCGA Gs o contains two orthogonal subalgebras
of the Conformal Geometric Algebra (CGA) Gy 1. Readers not familiar with
CGA should consult some of the following standard references: the first three
chapters of [26] by Hestenes, Rockwood and Li, give the first comprehensive
introduction to CGA. The book [20], describes the wider context of CGA re-
lated to Grassmann algebra, Clifford algebra, and Cayley algebra. The PhD
thesis [23] describes applications to pose estimation, see also [16]. And, there
are a number of self contained textbooks on the subject [4, 14, 22]. A tu-
torial introduction to Clifford algebra and CGA is given in [18]. A survey
of applications is presented in [19]. We thank the reviewers for pointing out
reference [11], which has a related approach! limited to the representation of
quadrics in geometric algebra based on bivectors in G4 4. By using Gg 2, our

IWe expect that ongoing research on reformulating DCGA will potentially clarify the
relationship with the bivector representation in [11] fully.
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treatment goes further by including Darboux cyclides, studying intersections
and specifying a commutator method for differentiation.

The first G4 1 CGA subalgebra, called CGA1 C!, is the geometric algebra
of the five unit vector elements e; : 1 <7 <5, withe;-e; =+1fori=751<
i<4,e -e; =—1fori=j=25, and zero otherwise. The second G4 CGA
subalgebra, called CGA2 C2, is defined similarly with the unit vector elements
e; : 6 <i<10. The CGA1 C' and CGA2 C? unit pseudoscalars are

Icl = ejeqezeyes, IC2 = €egeregegeq(. (1)
The Gg 2 DCGA metric is therefore
m = dlag(l, 1, 1, 17 —1, 1, 17 17 1, —1) = [m”] = [ei . ej]. (2)

The DCGA D unit pseudoscalar is Ip = Iz1Io2 = Ipi Alez2. For the indexing
scheme X, k € {1,2} indicates an element X of CGAl or CGA2, and i is
an iterator. A Euclidean 3D vector pg: in the G Algebra of Physical Space?
1 (APS1) &' [12], subalgebra of G4 1 CGA1 C!, is formed with conventional
(x,y, 2) = (pz, Py, P~) scalar components as

Pt = pz€1 +pyes +p.e3, Pg2 = Py + pyer + p.eg (3)

and its paired copy or double pgz in the G3 APS2 £2 subalgebra of G4 1 CGA2
C?. The Gz APS1 &£! and G5 APS2 £? unit pseudoscalars are Ig1 = eeses,
and I = egereg, respectively. CGAL C! and CGA2 C? are paired copies or
doubles. Any CGA entity, versor, or pseudoscalar Acx in CGA1l as A is
paired with identical scalar components on corresponding elements in CGA2
as Acz, and their geometric or outer product Ap = Aci1 Agz = Act A Agz, is
the corresponding doubled DCGA D entity, versor, or pseudoscalar Ap. The
doubled DCGA D entities Xp = Ap are called the DCGA standard entities
or bi-CGA entities Xp.

The paper is organized as follows. Section 2 reviews the concepts of
conformal geometric algebra (CGA), in order to introduce the necessary no-
tation for constructing double CGA (DCGA). Section 3 introduces DCGA,
shows how to describe points, form geometric entities of CGA in DCGA by
outer products of points, formulates Darboux cyclides as bivectors in DCGA,
and describes versor operations, intersections, differentiation operators, and
conic sections. We conclude in Section 4. After the references, an appendix
is added with more technical details on certain types of Darboux cyclides as
bivectors in DCGA.

2. Conformal Geometric Algebra (CGA)

We briefly review the concepts of conformal geometric algebra (CGA), in or-
der to introduce the necessary notation for constructing double CGA (DCGA).

2The algebra of physical space can be interpreted as the algebra of directions in space.
It uses measured directions from the origin to denote locations, as opposed to a sepa-
rate algebraic concept of points. We do thank the anonymous reviewer for this helpful
clarification.
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The CGA1 C! and CGA2 C? entities follow the ordinary G4 1 Conformal Geo-
metric Algebra.

2.1. CGA point entity
The G41 CGA null 1-vector point

P¢ = C(pg) = Cu1(Pe) = Pe + 2prea + € (4)

is derived by stereographic embedding and homogenization of the point pg
[22]. The Euclidean 3D point pg in G3 APS € is pg = pye1 +pyez +p.es. In
Ga1 CGA, the point at the origin e, and at infinity e, are (without index k
for CGA1 or CGA2)

1

e = 5(—es +es), €s = €4 + e5. (5)

In this section, we omit the index k on e, and e, and assume these are CGA
points, not DCGA points. The elements e4 and e; are sometimes denoted
e, ey and e_ = ej since e = +1 and e2 = —1.

A normalized (unit scale) point, with unit scale on the component e,,
is

Pc =Pc/(-Pc - ex) = C(pe). (6)
The projection (inverse embedding) of a point Pe = C(pg) is
pe = (Pc - L)1, (7)

where the G3 APS £ unit pseudoscalar is Ig = Ig:.

2.2. CGA IPNS surface entities
A CGA point Te = C(tg) = Cq1(te) is on a CGA geometric inner product
null space (IPNS) surface S¢ iff T¢ - S¢ = 0 [22]. The CGA IPNS sphere
vector S¢, centered at CGA point P. = C(pg), with radius r or through
CGA point Q¢ = C(qe), is defined as

Sc = SC = lsc — %Tzeoo = 15(3 + (Qc -f’c)eoo. (8)

Formed with normalized points Pc and Qc (6), the sphere is unit scale S¢ =
Sc, where S% = r2. The CGA IPNS plane vector II¢, normal to unit vector
ng, at distance d from the origin or through 3D point pg, is defined as

Il = fIc =nNg +de, = Ng + (pg . flg)eoo. (9)
Formed with unit normal vector ng, the plane is unit scale Il = fIc7 where
. 2
HC = ]..
The CGA IPNS 2-blade line L¢, in the direction of the unit vector dg,

perpendicular to unit bivector &2« = d*€ = dg /I¢, and through Euclidean
3D point pg, is defined as

Lc = f;c = a;} — (pg . &})eoo (10)

Formed with unit direction vector ag, the line is unit scale L¢e = f;c, where
L% = —1. The line L¢ can be factored into the intersection of two planes
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as L¢ = Il¢, AIle,. The CGA IPNS 2-blade circle Ce = S¢ A g, is the
intersection of a sphere S¢ and plane Ile.

2.3. CGA OPNS surface entities

A CGA point Te = C(tg) = Ca1(te) is on a CGA geometric outer product
null space (OPNS) surface S} = Si¢ = ScI; ' iff Te ASE = 0 [22], where the
Gs1 CGA C unit pseudoscalar is I¢ = Ic1 (1). The CGA point null-vector
Pc = C(pe) (4) has the square P2 = 0 = P¢ - P¢ + Pc A P¢ and is both a
IPNS and OPNS point vector entity. The wedge of up to five points forms
the various CGA OPNS entities.

The CGA OPNS 2-blade flat point P} is the wedge of one finite CGA
point and point e, : P§ = P¢ A ex. The CGA OPNS 2-blade point pair
PP; is the wedge of two finite CGA points PP = P¢_ A Pc, . The point
pair decomposition [4] gives the two normalized points (6) as

Pc, = (PP;; + (PP2)2> (—es - PPL)L. (11)

The CGA OPNS 3-blade line L} is the wedge of two CGA points Pg,
on the line and the point e
LZ =Pe, ANPc, New = Lc/Ic (12)
and is the CGA dual of the CGA IPNS 2-blade line Le. The CGA OPNS
3-blade circle C} is the wedge of three CGA points P¢, on the circle
C;=Pc, AP, ANPe, = Ce/I¢ (13)
and is the CGA dual of the CGA IPNS 2-blade circle Ce.
The CGA OPNS 4-blade plane II{ is the wedge of three non-collinear
CGA points P, on the plane and the point e
Hz =P, ANPc, APc, New = Hc/Ic (14)

and is the CGA dual of CGA IPNS plane vector Ils. The CGA OPNS 4-
blade sphere S; is the wedge of four non-coplanar CGA points P¢, on the
sphere

SZ’ =Pc, ANPc, AP, NP¢, = Sc/Ic (15)
and is the CGA dual of the CGA IPNS sphere vector Sc.

2.4. CGA versor operations

The translator T¢, rotor Re, and dilator D¢ are called even versors Ve. Their
operation on a CGA entity X¢ has the form X} = VX Vc_l, called a versor
“sandwich” operation. This section gives the translated forms of the rotor
TCRCTC_1 and dilator TCDCTC_I.

The CGA 2-versor translator T¢, for translation by a three-dimensional
Euclidean vector dg = d,e; + dyes + d.e3, is defined as

le d 1
TC = 2°°%¢ =] + ieoodg. (16)
The translator can also be defined by reflections in two parallel planes as

Tg = ﬂczﬂcl = f.[02 -f.[cl + f.[c2 A\ f.[cl, (17)
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which translates by twice the vector displacement dg = (d2 — dq)he between
the planes.

The CGA 2-versor rotor Rer for rotation by right-hand rule by 6 radians
around the unit vector axis ngr through the origin is

Rev = ¢392k — cos(0/2) + sin(0/2)i., (18)
where the G3 APS &£F dual of the unit vector Ngw is
n%, = fgd ), (19)
which is the unit bivector that generates rotation around axis ngs.
The general CGA 2-versor translated-rotor Re, for rotation around the

normed line L¢ (10), which does not need to pass through the origin, by 6
radians, is similarly defined as

Re = eéeic = cos(6/2) + sin(0/2)Le. (20)

The rotation is by right-hand rule around the normed line direction &g by
f radians. The rotor can also be defined by reflections in two general non-
parallel planes Il¢, as

Rg = ﬂcgﬂcl = f_[c2 . f[cl + f_[c2 N f[cl, (21)

where L¢ appears as the intersection line of the planes and 6 is the angle be-
tween the planes. The successive reflections in two non-parallel planes rotate
by twice the angle 6 subtended between the planes.
The CGA 2-versor translated-dilator D¢, by factor d > 0 centered on
Pc = C(pe), is defined as
De = ¢ 2 Perex — cosh I ¢ sinh(1nd)ps, (22)
where P5 = P¢ A ey is a unit scale CGA OPNS 2-blade flat point. The
dilator D¢ can be factored into the product of two concentric CGA IPNS
sphere vector entities S¢, centered on f’c as D¢ = S¢,Se,, which dilates by
factor d = r3/r}, with radius 7 of S¢, and radius r2 of Sc,. An alternative
form of the dilator, derived from inversions in two concentric spheres (60) as
in [22], is
De = L(d+1)+ 3(d—1)Pg, (23)
which also allows d = 0 on certain finite closed-surface entities that dilate by
d = 0 into the point P¢.
Any versor V operates on any even grade® entity X using the versor
“sandwich” operation
X' =VXVL (24)
The even parity CGA 2-versors Vgr have unimodular exponential forms e
such that their reverse V7 equals their inverse VC_,Cl. Note that for even
parity CGA versors, equation (24) also holds for odd grade multivectors X.

3Note that for the case of the doubling (1:1 pairing) procedure of DCGA, and for the
exclusive use of bivectors as explained in Section 3.3 for Darboux cyclides, the entity X in
DCGA is of even grade. An exception is explained in Section 3.8.
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In general, when an odd parity versor is applied to an odd grade multivector
X, a sign change has to be taken into account, like in the simple case of
reflecting a vector at a plane or sphere.

A k-versor V [13] can be factored into a product of k vectors as V =
I1¥_,a;. The versor operation may be most computationally efficient as the
succession of vector reflections X’ = a; (- - - (apXay) - - - )a, which is an appli-
cation of the CARTAN-DIEUDONNE theorem on orthogonal transformations.
The vectors a; are typically the CGA IPNS plane vector II¢ or sphere S¢. In
general, the associativity of the geometric products in versor transformations
can greatly affect the computational efficiency of the operation.

3. Double Conformal Geometric Algebra (DCGA)

Gs2 DCGA extends G413 CGA with new DCGA IPNS bivector entities for
quartic Darboux cyclides € (including quartic Dupin cyclides ® and tori O,
cubic parabolic cyclides ¥, and general quadric surfaces Q) as linear combi-
nations 2 = > T of the DCGA extraction elements T, (Table 1). Doubled
(paired) CGA versors (DCGA versors) can be applied to all DCGA entities,
for details see Section 3.4. The new DCGA IPNS bivector entities can be
intersected (by wedge product) with doubled CGA IPNS entities (DCGA
IPNS entities), but the new DCGA IPNS bivector entities cannot be inter-
sected with each other by means of a meet operator as in CGA [15], since they
are generally not represented by blades, compare (39) and its explanation in
Section 3.3.

3.1. DCGA point entity

The DCGA null 2-blade standard point entity Pp = D(pg) is the embedding
of a vector pg1 = pie1 +pyez+p.es, and its paired copy pg2 = pre6+pyer+
p.€g, as

Pp =CY(pg)C*(pe2) = C'(per) A C¥(pe2) = PerPe> = Per A Peo. (25)

This is a DCGA standard entity and is a (doubled) paired form of the CGA
point

Pck = Ck(pgk) = P¢k + (1/2)p§keook + eok, (26)
where the CGA1 C' and CGA2 C? points are given by setting & = 1 and
k = 2, respectively. The CGAl and CGA2 points at the origin e,; and at
infinity* eoox, with corresponding index k = 1,2, are

_ 1 _
€1 = j5(es—eyq), €1 = €4 + €5,

ez = 3(ew—ey), €002 = €9 + €19. (27)

The DCGA points at the origin and infinity (both without index) are defined
as
€, = €51€,2 = €51 N\ €42, €0 = €01€002 = €01 N €02- (28)

4We basically follow the standard definitions in CGA, see (5) and e.g. the Wikipedia entry
on CGA, opened 25th Feb. 2017. Our intention is to make the introduction to DCGA as
easy as possible, based on standard CGA.



Double Conformal Geometric Algebra 7

As in CGA, these DCGA points also have the inner product e, - €, = —1.
All DCGA points are null 2-blades, P% = 0. The squared-squared distance
d* between two DCGA points Pp, and Pp, is

d* = —4Pp, -Pp,. (29)
The projection of a DCGA point Pp = D(p¢) to the embedded Gz APS1
vector pg1 is
((PD . eoog) . Igl)Igll

_(P'D . e002) * €001

The DCGA null 2-blade test point Tp = D(t), testing for position on sur-
faces, is according to (25) the embedding of the symbolic Euclidean 3D test

point vector te1 = xe; + yes + zes, as
Tp = D(te) = CH(ter)C?(tez) = CH(tgr) A CP(tez). (31)

Expanding Tp = D(t) = C!(te1) A C?(tg2) shows the 25 scalar compo-
nents, of which 15 are unique,

Tp = (ter + 3tecct + €01)(te2 + St7ess + €02) (32)

= tglt52 + %tglt2eoo2 — %t52t2eool + tg1e02 — tf,'?eol

per =D L (pg) = = (Per - I (30)

+ 2t%(exc1€02 — €02€01) + Ttlescieccr + €n1€02
= z(e1€02 — €6€,1) + Y(€2€02 — €7€01) + (38,2 — €s€01)
+ 2e16 + Y ear + 2ess
+zy(e17 + egs) + x2(e1s + es6) + yz(ezs + es7)
+ %xtQ(elemg — €6€001) + %th(egeoog — €e7€001)
+ %th(egeoog — €5€01)
+ %t2 (€xc1€02 — €x02€01) + it4eooleoo2 + €51€02
= Z(t* — Deg+ Z(t°+1)er 10+ Z(t* — Deus
+2(t*+1)ess+ L(t* — 1)eg+ L (t*+1)e2 10
+4(t% — Desr+ 4 (t*+1)esr+ (% — 1)eso
+Z(t°+1)eg 10+ 2(t* — L)ess+2(t*+1)ess
tayeir +rye+yzestyzesr+rzeis
+azesst+a’eis+y e +27ess+ 1 (6" — 1)ey 10
+3(t" = Deso+ 3 (t* — 26>+ 1)eso+ 5 (6" +267+1)es 10,
where
t =te1,=ze; + yes + ze3, tg2 = xeg + yer + zeg, (33)
82— 2% 42422 6=t gt 4 2t 20 4 2% 4+ 22202
The vector t and its DCGA point embedding Tp = D(t) is a test point

for position on surfaces. The 15 DCGA extraction operators (or elements)
Ts (Table 1) are defined as inner product operators to extract the 15 unique
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Iy= %(eleoo2+eoo1e6) T,= %(egeoo2+eoole7) T, =

TI2 —€geq Tyz —=erer T22 —ege3

T T T
Tpy=5(ereiteses) | T,.=s(erez+eger) | T..=s5(eser+eces)
Type2 =€1€02+€01€6 T4z =e2enzteo1er T42 =e3ep2t+eo1€s

Tl =€ Ttg =€02€001 T €c02€01 Ttg = *490
TABLE 1. The DCGA bivector extraction operators Ts.

%(639002 +ex1es)

T"=T,: [17=T,: [I°=T,
T = T, |TYV = —Ty2 T = T
T =-2T,, | TY"=-2T,, | T**=-2T,,
T7E =T, iw%—ﬂ, T*% =T,
T'=F T T%f—ﬂb Tt =17
TABLE 2. Remprocals of DCGA blvector extraction opera-

tors Tk.

scalar components s (which also act as indices of T) from any DCGA point
TD aSS:TD-TS:TS-TD.
Two properties of the extraction operators T are

0: T,#Ty [ o:
eOO.TS_{Zl: € Ts = 1:

TS == Tté ’
3.2. DCGA OPNS surface entities formed by outer products of DCGA points

Up to five paired DCGA points Pp (25) can be wedged to form DCGA
geometric outer product null space (OPNS) surface entities that have the
same forms as the CGA OPNS surface entities. The DCGA OPNS 8-blade
sphere S*P is defined as the wedge of four non-coplanar paired DCGA points
Pp, on the sphere as

S*P = Pp, APp, APp, APp, =S/Ip. (35)
The DCGA OPNS 8-blade plane IT*" is defined as the wedge of three

non-collinear DCGA points Pp, on the plane and the DCGA point at infinity
€so as

Te ?é Tl

T, =T (34)

'Y = Pp, APp, APp, Aes = II/Ip. (36)
The DCGA OPNS 6-blade line L*P is defined as the wedge of two
DCGA points Pp, on the line and the DCGA point at infinity e, as

L*? = Pp, APp, Aes = L/Ip. (37)

The DCGA OPNS 6-blade circle C*? is defined as the wedge of three
DCGA points Pp, on the circle as

C*P? = Pp, APp, ANPp, = C/Ip. (38)

The DCGA OPNS 8-vector Darboux cyclide 27 is the DCGA dual of
the DCGA IPNS bivector Darboux cyclide  of (39), i.e. @7 = QI
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3.3. DCGA IPNS surface entities

A Darboux cyclide (52) is the most general implicit surface F(z,y,z) = 0,
that can be formed as a general linear combination of the 15 extracted scalars
s, constituting a quartic polynomial, see [21]. A general Darboux cyclide can
be identified with the inner product null space (IPNS) [22] of the bivector
Darboux cyclide entity € (52)(39) in DCGA, which is a linear combination
of the 15 bivector extraction elements T

Q=> o, (39)

where the ag = T% - Q are 15 real scalar coeflicients or components, with the
reciprocal bivector operators® T listed in Table 2, T° - T, = ds,r, Or s the
usual Kronecker symbol with d; s =1, d5, = 0 for s # r.

Equation (39) represents an arbitrary linear combination of the 25 mixed
bivectors possible in DCGA, where bivectors are constructed with one vector
factor from {ej, €3, €3, €51, €01 } and one vector factor from {eg, €7, €3, €52, €502 }-
Ten bivector pair combinations in Table 1 seem to reduce this arbitrary free-
dom of linear combination, but one can define more freely e.g. for the =z
extraction operator T, = aej€s2 + fexc1€6, @, f € R, which gives T, - Tp =
(a + B)x. Thus no new term in the variables z,y, z is generated, and the
factor (o + B) is just part of the arbitrary constant o, € R in (39).

Note furthermore, that only five of the 15 extraction operators in Table
1 are blades, the rest are non-simple bivectors, i.e. not blades. Therefore,
their linear combinations (39), (40), etc., are not blades. In order to describe
quadrics in DCGA, we fundamentally need to go beyond the limitations of
representing objects only by blades. While thus, the expression of Darboux
cyclides in DCGA begins with a coordinate based transcription, the resulting
representation of surfaces by means of bivectors is computationally very ver-
satile. It allows the free intersection of Darboux cyclides (including quadrics)
with points, point pairs, lines, planes and spheres. It allows the use of versors
for geometric operations of reflections, inversions, motor operators (transla-
tions and rotations), and scaling. Though it may be said, that the approach
does not extend the elegance of representing objects merely as outer products
of points of CGA to Darboux cyclides (though all entities and operations of
CGA are fully embedded and operational in DCGA, thus nothing has to be
unlearned), in its power of multivector representation of higher order geo-
metric surfaces, DCGA goes far beyond CGA.

Darboux cyclides €2 include quartic Dupin cyclides ® C €2, cubic par-
abolic cyclides ¥ C Q, and general quadrics Q C ¥ in Euclidean 3D space
[24][5].

All DCGA IPNS bivector surface entities that include a term Ty =
—4e, do not have e, as a surface point and are finite closed-surface entities.

5Note, that instead of the conventional term reciprocal [3, 17], also the term pseudoinverse
is used [6, 22]. Furthermore the notation 75" has also been used [6] for our T%.
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However, all cubic parabolic cyclides ¥ (57) and quadrics Q are formed
without Tté and include the surface point €.

As an example, centered at the origin and aligned with the coordinate
axis, a DCGA IPNS bivector ellipsoid entity E € Q C € (see also (70)) can
be formed as

E="Tx/a>+ Ty /0> + Ty /c* —Ti. (40)
A DCGA point Pp is on the ellipsoid E iff Pp - E = 0, or iff Pp A E*? =
Pp A (EI;') = 0. This DCGA IPNS bivector ellipsoid entity includes the
surface point e,, as a singular outlier surface point, while otherwise E is a
finite closed-surface entity. The inversion €2 = SES™ of the ellipsoid entity E
in a DCGA standard sphere S (48) creates a Darboux cyclide surface entity
Q (52)(39) that is finite and closed, but that has the sphere center point
P¢c = Se,.S™ as a singular outlier surface point, or handle point.

Note, that (40) represents a bivector, that cannot be rewritten as a
blade:

E = Seg + zer2 + Hess + ex1eccn. (41)
This clearly shows, in view of the diagonal DCGA metric (2), that a mere
multiplicative construction of E (and other Darboux cyclides represented in
DCGA) by means of outer products of points is currently not in view. This
counter example further shows, that in general the Darboux cyclides (39) are
not simple blades (outer products of vectors). Yet, for some Darboux cyclides
there are special parameter choices in (39), which produce blades, but in our
experience special parameter choices always seem to only produce entities
already described in (single) CGA. For an example see (46).

The DCGA IPNS bivector surface entities are constructed as various
linear combinations of the inner product DCGA extraction elements T (Table
1) and are various forms of the DCGA IPNS bivector Darboux cyclide surface
entity Q (52)(39). The DCGA entities are generally not blades and generally
cannot be formed as the wedge of DCGA points.

A DCGA entity has two forms, where the first is its dual IPNS form
Xp = X*PIp, and the second is its undual outer product null space (OPNS)
[22] form X*P = XI,' = X/Ip. Division is right-side multiplication of an
inverse element. The pseudoscalars are the dualization/undualization opera-
tors such that for CGA1l, CGA2, and DCGA IPNS entities X1, X¢2, and
Xp, respectively, their OPNS entities are

X5 =X C=X oI X =X =X e 1), X =X P=X p 15 (42)

Any DCGA surface entity can be rotated, dilated, and translated using
the DCGA versors. The reflection and inversion of any DCGA surface entity
in any standard DCGA IPNS plane IIp = I Iz or sphere Sp = SeiSe2
can equally be used. All DCGA IPNS entities can be intersected (61) with
the DCGA IPNS standard entities Xp = Ap (1).

6For a general reference to the question of determination of blade character, see [10]. We
also note the opinion of Hestenes and Sobczyk in [13], page 30, that geometric algebra
enables a direct characterization of blades, without the need for Pliicker coordinates.
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In the following Subsections, in order to give representative examples
for the IPNS bivector representation of surfaces in DCGA, we successively
discuss the bivector representations of toroids, ellipsoids, spheres, elliptic
paraboloids, ellipses, Darboux cyclides, Dupin cyclides, and parabolic cy-
clides. This will sufficiently clarify the pattern of bivector surface represen-
tations, for the interested reader we therefore give details of the remaining
following bivector surface representations in Appendix A: ellipsoid in general
location, line, plane, circle, elliptic cylinder, elliptic cone, hyperbolic parabo-
loid, hyperboloid of one sheet, hyperboloid of two sheets, parabolic cylinder,
hyperbolic cylinder, parallel planes pair, non-parallel planes pair, parabola,
hyperbola, and horned Dupin cyclide.

3.3.1. DCGA IPNS toroid. The implicit quartic equation for a circular toroid
(torus) at the origin and around the z-axis is

t*+2t%(R? —r?) + (R? —r?)? —4R*(2* +4*) = 0, (43)

where t = ze; + yes + ze3 is a test point, R is the major radius of a circle
around the origin in the zy-plane, and 7 is the minor radius. The equation is
true if the test point t is on the torus.

The DCGA IPNS bivector toroid surface entity O is defined in terms
of Ts (Table 1) as

O = Tys + 2(R* — r*)Tye + (R? — r?)°Ty — AR* (T2 + T2).  (44)

A test DCGA point Tp = D(t) is on the toroid surface represented by O
iff Tp - O = 0. Using symbolic mathematics software, such as the Geometric
Algebra Module [2] for Sympy [25] by ALAN BROMBORSKY, the inner product
Tp - O generates the scalar implicit surface function F(x,y, z) of the toroid
when t is a symbolic (z,y, z) vector. The DCGA dual of O is

0*P = 0/1p = O1;". (45)

The DCGA OPNS 8-vector toroid surface entity is O*?, where point Tp is a
surface point iff Tp A O*P = 0. All DCGA versors are applicable to O and it
can be intersected with DCGA standard entities. With the extraction term
Tia = —4e,, the toroid O is manifestly a closed-surface that does not include
€co-

We note, that the bivector T2 + T2 in (44) is due to Table 1 manifestly
not a blade, and further comparison of (44) and Table 1, clearly shows that
in general for major radius R # 0 the toroid of (44) is not a blade. Only
by setting the major radius in (44) to R = 0, do we obtain a bi-CGA IPNS
2-blade sphere (48) centered at the origin with radius r,

Op—o = Ts — 2r%Te2 + r*Th
= 4 -9 2 4
= —4dej1€02 — 2r°(€52€001 + €502€01) — T €001€002

= —4(601 — %TQQOol) A (802 — %7‘26002) = —4S5. (46)
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3.3.2. DCGA IPNS ellipsoid. The ellipsoid at the origin, with principal axis
aligned with the coordinate directions ej, es, e3 is given by its DCGA bivec-
tor expression in (40). For details of the ellipsoid in general location, see
Appendix A.1.

A DCGA 2-blade point Tp = D(t) is tested against the DCGA bivector
ellipsoid E by Tp - E < 0 (inside), Tp - E = 0 (on ellipsoid), Tp - E > 0
(outside). These results indicate (similarly Section 3.3.4), that this may lead
in DCGA to the definition of an oriented distance of points from an ellipsoid,
similar to how the inner product between point and sphere in CGA can be
interpreted as tangential distance between point and sphere [4]. But in the
framework of DCGA, this currently remains a matter of further investigation,
which may be of certain interest in fields like distance geometry [1].

3.3.3. DCGA IPNS sphere. The standard DCGA IPNS bivector sphere S
will be defined as a bi-CGA sphere (48), not the DCGA IPNS ellipsoid E
with equal semi-diameters r = r, = r, = r,. The DCGA IPNS ellipsoid E
with r = ry, = ry, = r, can be reformulated into the DCGA IPNS bivector
ellipsoid-based sphere entity © as

0= _2(mem +pyTy +Psz) +Tz2 +Ty2 +Tzz +(pi +p32; +p3 - T2)T1~ (47)

For r = 0, the sphere ® degenerates into a DCGA non-null bivector point
entity. In the limit » — 0 does E approach a point ® with » = 0. The presence
of Ty2+T,24T,2, shows again (compare (41)), that independent of the value of
r, the ellipsoid-based sphere representation (47) is manifestly never a blade.

The DCGA IPNS 2-blade standard sphere surface entity S, also being
called a bi-CGA IPNS 2-blade sphere, is defined as

S =S¢t ASc2 =Sc1Sce2 = (Pe1 — %7“28001)(1362 — %TQGOOQ). (48)

The CGA1 IPNS sphere S¢1 and the CGA2 IPNS sphere Scz, both represent-
ing the same sphere with radius r at center position Pp = D(p), are wedged
to form the DCGA IPNS sphere S. The sphere bivector of equation (48) rep-
resents the DCGA dual of the OPNS 8-blade sphere of (35). If » = 0, then
the sphere is degenerated into a DCGA null 2-blade point Pp = Pe1Pez (25)
that would represent the center position of the sphere. This form of sphere
can be intersected with any DCGA IPNS entity. A sphere that is formed
using the DCGA IPNS ellipsoid can only be intersected with bi-CGA IPNS
standard entities.

A DCGA 2-blade point Tp = D(t) is tested against a DCGA IPNS
2-blade standard sphere S by projecting both back to CGA1, followed by
computing their inner product, which gives the squared tangent distance,
and its sign tells whether the point is inside the sphere (— sign), or outside
(4 sign), respectively.

3.3.4. DCGA IPNS elliptic paraboloid. The elliptic paraboloid has a cone-
like shape that opens up or down. The implicit quadric equation of a z-axis
aligned elliptic paraboloid is

(@ = pa)?/r2 + (y = py)?/ry — (2 = p2) /12 = 0. (49)
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The DCGA IPNS bivector z-axis aligned elliptic paraboloid surface entity
VII# is defined as

—2p, T, —2p, T, _T,
Viiz = Z2pefe | Pty 4 =Te
x Yy z

T 2 2
T“+%§+(f—g+%+%)ﬂ. (50)

2
A DCGA 2-blade point Tp = D(t) is tested against the DCGA bivector
paraboloid V by Tp -V < 0 (inside), Tp-V = 0 (on paraboloid), Tp-V >0
(outside). The presence of the term T2 /r2 + T2 /rz in (50) shows similar to
(41), that the elliptic paraboloid (50) is manifestly not a blade.

3.3.5. DCGA IPNS ellipse. The DCGA IPNS quadvector xy-plane ellipse
1D surface entity €/1*¥ is defined as
elv = m=° AHl? (51)

where the DCGA IPNS 2-blade standard plane II*=Y is for plane z = 0, and
the DCGA IPNS bivector elliptic cylinder H!I* is as previously defined and
directly represents an ellipse in the zy-plane. The invariant test e - €/l*¥ = 0
seems to indicate that the ellipse reaches to infinity, but it actually indicates
the handle point, already explained in the ellipsoid example of Section 3.3.

Note, that because the factor H!I* also contains the linear combination
Ty /1% 4 T,2 /77, and because the xy-plane bivector I1*=0 = ese;s, the ellipse
€ll®¥ is again manifestly not a blade.

3.3.6. DCGA IPNS Darboux cyclide. The implicit quartic equation for a
Darboux cyclide [21] surface is
At? + Bt? 4 Cat? + Dyt® + Ezt? + Fa? + Gy + H2? (52)
+Iey+Jyz+ Kze+ L+ My+ Nz4+0 =0

where t = xe; + yes + zes is a test point and the A...O are 15 real scalar
coefficients. The point t is on the Darboux cyclide surface if the equation is
fulfilled.

The DCGA IPNS bivector Darbouzx cyclide surface entity € is defined
as

Q =AT1+ BT 24+ CTyy2 +DTyt2 +ET 424+ FT,2 —|—GTy2 +HT,>
+ITyy+JT) .+ KT, o+ LT, +MT,+NT.+O0T). (53)

Based on the several counter examples, which we have seen so far in this
paper, we note that in general Darboux cyclides €2 are not blades.

3.3.7. DCGA IPNS Dupin cyclide. The implicit quartic equation for a Dupin
cyclide surface is

(2 + (* — p?)? —d(az — cp)® —4b*y* = 0 (54)
where t = xe; + yes + zes is a surface test point. This gives
t4 4262 (0% — p?) + (0* — p?)? — 4(a®2® — 2acux+c p?) — 4b*y* = 0. (55)
The DCGA IPNS bivector Dupin cyclide surface ® is defined as
D =Tya +2T42 (b° — %) — 40> T2 — 40 T2 +8acu Ty + ((b* — p?)? — 4c* 1) Ty
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The scalar parameters of the surface are a, b, ¢, u, with b always squared. The
Dupin cyclide can be described as a surface that envelops a family of spheres
defined by two initial spheres S; and Sy of minor radii r1 and 9, respectively,
centered on a circle of major radius R around the origin in the zy-plane. To
gain a more intuitive expression of the Dupin cyclide equation, we can define
the parameters as

a=R, p=(1/2)(r1 +r3), c=(1/2)(ry —rs), b*=a* - (56)

When r = r; = ry, the Dupin cyclide ® is exactly the same entity as the
toroid O(R,r). The center point of S; is D(—Rey). The center of Sy is
D(Re1). The center of the ring or spindle hole in ® is D(ce;). The bounding
sphere of radius p + R, that encloses ®, is centered at D(—ce;). The entity
® can be a ring cyclide (r1 +12) < 2R, spindle cyclide (r1 +1r2) > 2R, horn
cyclide (r1+7r2) = 2R, ring torus (r1 = r2) < R, spindle torus (r; = rq) > R,
or horn torus (11 = re) = R. All DCGA versors can be applied to ®.

Comparing Table 1 with the above expression ® for the Dupin cyclide,
we see that the presence of —4a?T)2 —4b2Ty2 with general coefficients means,
that ® is not a blade. The same conclusion follows from the presence of
SacuT,.

3.3.8. DCGA IPNS parabolic cyclide. The DCGA IPNS bivector parabolic
cyclide cubic surface entity ¥ can be defined as

U = BTy + CTye + DTy + ETuz + FTye + GTye + HT 2 +
ITy, +JTy, + KT, + LT, + MT, + NT, + OT;. (57)

All DCGA versor operations can be applied to ¥, and it can be intersected
with the DCGA IPNS standard entities. Without a term in Tia = —4e,, the
parabolic cyclide ¥ has surface point e,, and is generally an open-surface
entity. The DCGA IPNS bivector ellipsoid E is a degenerate parabolic cyclide
entity ¥ that becomes a closed-surface entity with a singular outlier surface
point at e.,, which actually indicates the handle point, already explained
in the ellipsoid example of Section 3.3. An instance of the parabolic cyclide
W can be produced as the inversion ¥ = SQS™ of a DCGA IPNS bivector
Darboux cyclide €2 in a DCGA IPNS bivector standard sphere S that is
centered on a surface point of 2.

Since the ellipsoid E is a special case of a parabolic cyclide W, it follows
that parabolic cyclides are in general not blades.

3.4. DCGA versor operations

The DCGA 4-versors Vp = V1 Ve inherit the property V5 1 Vg =VaVs.
The CGA translator T¢, rotor Re, and isotropic dilator D¢ have corre-

sponding paired DCGA 4-versors

Tp =Ter1Te2, Rp = ReiRe2, Dp = Dei1De2, (58)
where the translation vector components of Ty1 are the same as for Te2,

the rotation bivector components are the same in Rei and Re2, and the
dilation center and scaling factor are the same in D1 and Dez. The geometric
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products of the CGA1 and CGA2 versors in (58), can be replaced in all three
cases by the outer product, due to the complete orthogonality of multivectors
in CGA1 and CG[AQ7 e.g. Tcch2 = Tcl AN TC27 etc.

The DCGA 2-versor reflector II is the DCGA 2-blade standard plane
II (72). That means for k = 1,2, the CGA IPNS plane vectors II;x, normal
to n and through p, or at distance d from the origin,

Ier =ngr + (pgk . ﬁgk)eook = Ngr + desck (59)

are the CGA 1-versor reflection operators (reflector), and lead to the corre-
sponding paired DCGA IPNS 2-blade plane entity IIp = IlziIIe2 that acts
as the proper DCGA 2-versor reflector.

The DCGA 2-versor inversor S is the DCGA 2-blade standard sphere
S (48). That means for k = 1,2, the CGA IPNS sphere vectors S¢x, centered
at point Pecr and through point Qex, or with radius r,

Scr = Pew + (Qck . Pck)eook =Per — %7”290019 (60)

are the CGA 1-versor inversion operators (inversor), and lead to the corre-
sponding DCGA IPNS sphere 2-blade entity Sp = Sc1Sc2 that acts as the
proper DCGA 2-versor inversor.

The 4-versors T', R, D can be factored into products of IT and S entities
as successive reflections or inversions in two planes or two spheres.

By wversor outermorphism [22], the DCGA versors (58) for translation
Tp , rotation Rp, and dilation Dp can operate on any DCGA entity Y €
{Ap, Q, QAAp} or its DCGA dual Y*P = YI;'. The inversion of any DCGA
entity Y in a DCGA bivector standard sphere S = Sc1Sc2 is expressed by
SYS™. The reflection of any DCGA entity Y in a DCGA bivector standard
plane II = Il Ile2, is expressed by IITII™. The DCGA versors (58) can
be factored into inversion and reflection operations, which in turn can be
factored into products of vectors.

3.4.1. Discussion of anisotropic dilation. No versor for anisotropic dilation
was found in Gg o DCGA, since geometrically reflections in planes and spheres
only map spheres to spheres, and thus cannot produce ellipsoids. However,
in G4 8 Double Conformal Space-Time Algebra (DCSTA) [8], or in the sim-
ilar extension Gg 4 Double Conformal “Time-Space Algebra” (DCTSA) that
differs only by some + sign changes, an anisotropic dilation operation ap-
plicable to any bivector quadric entity Q can be formed using a 4-versor
hyperbolic rotor (boost) B operation Q' = BQB™ with imaginary hyperbolic
angle (rapidity) ¢+/—1 followed by a grade-10 pseudoscalar projection op-
eration Q" = (Q’ - ID)151 into the G g Double Conformal Space Algebra
(DCSA) subalgebra, or into the very similar Gg » DCGA subalgebra, which
has been the subject of this paper.

3.5. DCGA intersection entity

Since any DCGA IPNS standard entity Xp = Ap (1) can be used as reflection
or inversion operator on any other DCGA IPNS entity Y, it can be shown, in
particular, that their DCGA IPNS intersection entity are obtained by Y A Ap
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with even grade 4 < g < 10. However, the wedge of any two general DCGA
IPNS entities Y1 A Y5 is geometrically not yet well interpreted. In particular,
the wedge of two DCGA IPNS bivector quadrics Qi A Q2, where we saw that
Q; and Qg are generally not simple blades, can not straightforwardly be
interpreted as intersection entity, in analogy to the meet product of CGA [15].
In general, it is possible to intersect by means of the outer product any DCGA
IPNS entity ¥ with any DCGA IPNS standard entity Ap, including the
standard sphere Sp = S¢1Sc2, plane Ilp = 1112, line Lp = IIp, AIlp,,
and circle Cp = Sp A Ilp, as the DCGA IPNS intersection entity X A Ap
(61) of even grade 4 < g < 10.

The DCGA IPNS k-vector intersection entity X of even grade 4 < k <
10 is defined as

2<n<5
A B; : B, e S={S,1I}
Xa<k<i0) = Zlegng4 (61)
i=1

The argument for (61) is the following. For @ and B;, 1 < i <n <4,
all linearly independent, we have T - X = 0, iff separately Tp - & = 0, and

3.6. DCGA differential elements
The DCGA bivector differential elements are defined as

D, =2T,T,', D,=2T,T,', D,=2T.T," (62)

z2
With the commutator product X, a unit magnitude linear combination of the
differential elements forms an n-direction derivative operator as

0
On = e Dyx = (ngDy +nyDy +n,D;) X . (63)
Any DCGA IPNS bivector entity € can be differentiated as 0,2 = Dy X €.

For example, we have with (40)
T.

D, xE=2T,T,;' xE = 2@—;', (64)
and thus
T, 0
(DxxE)-TD:2?~TD:%(E~TD). (65)

The paper [6] offers more details on the differential operators, including
pseudo-integral operators.

3.7. DCGA conic section entities

By intersecting any DCGA IPNS bivector quadric surface Q with a DCGA
2-blade standard plane II, a DCGA quadvector conic entity k is formed.
The quadric surface Q can be a cone K and conic sections can be formed”.
A conic entity & can be projected orthographically or perspectively onto a

"The topic of conics in DCGA would certainly deserve a more detailed study. Due to page
limitations of the current paper, we only indicate how conics can be studied in DCGA.
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DCGA 2-blade standard plane II. The orthographic projection Keopgho Of a
DCGA IPNS quadvector conic entity k = Q A Il,, obtained by application
of (61), onto a DCGA IPNS 2-blade standard plane II is defined as

Rortho = (K"'H)Hil (66)

which is the algebraic projection of k onto II.

The perspective projection Kpersp of a DCGA IPNS quadvector conic
entity k onto a DCGA IPNS 2-blade standard plane II from the viewpoint
p = re; + yes + zez represented by a DCGA IPNS 2-blade standard sphere
S with center Pp = D(p) and radius r = 1 can be defined as

Kpersp = (K- 8)S™!) - S)ATL = ((SkS™!) - S) ATl =K, A TI (67)

where K is the DCGA bivector cone of the perspective projection with
vertex or eye point at p. The radius r of S is arbitrary, but » = 1 is a good
choice. For conics in DCGA see also [7, 9].

If one is only interested in conics in two dimensions, then the DCGA
Ge,2 = C1(6,2) for the Euclidean plane, would be fully sufficient. The above
k = Q A Il represents a conic generally oriented and positioned in three-
dimensional Euclidean space. And as we just saw above, the perspective pro-
jections use the formalism of CGA, since by pairing (doubling) CGA points,
lines, circles, planes and spheres in DCGA, operations of CGA with these
geometric entities also become available in DCGA.

3.8. DCGA (bi-CGA) IPNS k-blade union entities

The wedge of any CGA1l IPNS r-blade entity A, with any other CGA2
IPNS s-blade entity B, forms the DCGA (bi-CGA) IPNS (k = r + s)-blade
unton entity U = A, A Bg. For k = 2, examples include the toroid O with
R = 0, where each can be written as a linear combination of the extraction
elements T that factors into the 2-blade wedge of a CGA1 IPNS 1-blade
sphere A1 = Se1 and a CGA2 IPNS 1-blade sphere By = ch; other IPNS
2-blade union entity examples are similar.

In general, a linear combination of the extraction elements T forms an
IPNS 2-vector Darboux cyclide entity €2 that cannot in general be factored
into a 2-blade except in specific cases where & = A; A By. The DCGA (bi-
CGA) IPNS 2r-blade standard entities are the union entities U where A,
and B,. are corresponding entities of the same grade r in CGA1 and CGA2,
respectively; the toroid O with R = 0 forms a DCGA IPNS 2-blade standard
sphere S, a union entity representing a sphere implicit surface function F2
of multiplicity 2. For 2 < k < 8, the IPNS k-blade union entity U is not a
2-blade nor expressible as a linear combination of the extraction elements T,
but represents the geometric union of the two geometric surfaces or curves
represented by A, and B;.

By outermorphism, any DCGA versor V operates correctly on any union
entity® U as U’ = VUV"™. The Geometric Algebra Computing software
Gaalop [14] can be used to visualize any DCGA entity, including any DCGA

8Note, that for odd k and odd versor parity, a sign change has to be taken into account.
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(bi-CGA) IPNS k-blade union entity U. DCGA computing and visualiza-
tion using Gaalop is (due to page limitations) discussed in detail, with code
samples, in the DCGA original research preprint working paper [5].

4. Conclusion

We have briefly reviewed the concepts of conformal geometric algebra (CGA),
in order to introduce the necessary notation for constructing double CGA
(DCGA). Next, we introduced DCGA, showed how to describe points, form
geometric entities of CGA in DCGA by outer products of points, formulated
Darboux cyclides as bivectors in DCGA, and described versor operations,
intersections, differentiation operators, and conic sections. We also provided
technical details on certain types of Darboux cyclides as bivectors in DCGA,
see Appendix A.

Double Conformal / Darbouzr Cyclide Geometric Algebra (DCGA) Gg o
is certainly interesting for further future research and for present applications.

We note, that DCGA introduces the algebraic differential operators®
Dy, Dy, D, for entity analysis or other purposes. Some applications to dis-
tance geometry, for computing distances between points or geometric sur-
faces, may in the future also become possible using DCGA. Furthermore,
DCGA introduces a new representation of conic sections &k = Q A Il as the
intersection of a quadric entity Q and a plane entity Il and also provides
operations for orthographic and perspective projections of the conics onto
a view plane II, which may have computer graphics applications or other
computational geometry applications.

An extension of Gg 2 DCGA, the Double Conformal “Time-Space” Al-
gebra (DCTSA) Gg 4 , extends the DCGA spatial entities to entities in space-
time with a new time derivative operator D; = D,,/c and a new versor
B for hyperbolic rotation (boost) that may support spacetime physics, the
boost of quadrics into moving quadrics at velocities with corresponding spe-
cial relativity length contractions, and the anisotropic dilation of quadrics.
The G4 5 Double Conformal Space-Time Algebra (DCSTA) [8] is another pos-
sible extension. Extension of Gg o DCGA to a G123 Triple or Gig.4 Quadruple
Conformal Geometric Algebra may be theoretically feasible, and may allow
for general cubic and quartic surface entities in Euclidean 3D space. DCGAs
Gop+2,2¢+2 for hypersurfaces in RP¢ are also possible.

9Due page limitations, we did not elaborate further on the methods and applications of
these differential operators. But we think it is an important feature, which needs to be
made known.
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Appendix A. Detailed DCGA surface representation bivector
entities

A.1. DCGA IPNS ellipsoid in general location

The implicit quadric equation for a principal axes-aligned ellipsoid is

(x —pa)?/r2 + (y—py)? /1o + (2 —p)? /2 —1=0 (68)

where p = p,e1 + pyes + p.es is the position (shifted origin or center) of
the ellipsoid, and 74,7y, 7, are the semi-diameters (often denoted a, b, ¢). Ex-
panding the squares, the equation can be written as

*i%;”+‘i€“+*i€”+( + & + )+( +5 +——1)=0- (69)

The DCGA IPNS bivector ellipsoid surface entity E is defined in terms of T
(Table 1) as

E—= 20T 20Ty

2 2
Tz Ty

2 2 2
2B+ G- (70)

An ellipsoid in general orientation is obtained by applying the rotor sandwich
operation of Section 3.4 to E.

2. DCGA IPNS line

The DCGA IPNS 4-blade standard line 1D surface entity L = L1 A Lz =
LeiLee is defined as

L = (d — (per - df1)ecer)(diz — (e - di2)eces). (71)
This is the wedge of the line as represented in CGA1 with the same line as
represented in CGA2. It could also be called a bi-CGA IPNS line entity. The
unit vector dgk is the direction of the line, and pgr is any point on the line.
The unit bivector d* ok = dgkng is orthogonal to the line.

A.3. DCGA IPNS plane and line
The DCGA IPNS 2-blade standard plane surface entity IT is defined as

II =Tle: Allpz = IeaiXlee = (Dgr + deoor) (g2 + desa). (72)

This is the wedge of the plane as represented in CGA1 with the same plane
as represented in CGA2. Tt could also be called a bi-CGA IPNS plane entity.
The vector nigr is a unit vector perpendicular (normal) to the plane, and
the scalar d is the signed distance of the plane from the origin toward ngx.
The plane bivector of equation (72) represents the DCGA dual of the OPNS
8-blade plane of (36).

The DCGA IPNS line L can also be defined as the intersection of two
DCGA IPNS planes by

L =1I; ATL. (73)

The line 4-blade of equation (73) represents the DCGA dual of the OPNS
6-blade line of (37).
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A.4. DCGA IPNS circle

A circle is the intersection of a sphere and plane. We can intersect a DCGA
IPNS 2-blade standard plane IT with either a DCGA IPNS 2-blade standard
sphere S or with a spherical DCGA IPNS bivector ellipsoid E and get two
different IPNS quadvector circle entities. The first can be intersected again
with any other DCGA IPNS entity, but the second can only be intersected
again with another DCGA IPNS standard entity.
The DCGA IPNS 4-blade standard circle 1D surface entity C is defined
by
C=SAII=Cqa ACee. (74)

The circle 4-blade of equation (74) represents the DCGA dual of the OPNS
6-blade circle of (38).

A.5. DCGA IPNS elliptic cylinder

An axes-aligned elliptic cylinder is the limit of an ellipsoid as one of the
semi-diameters approaches co. The limit eliminates the terms of the cylinder
axis from the implicit ellipsoid equation. The z-axis aligned cylinder takes
r, — 00, reducing the ellipsoid equation to

(@ —pe)?/r5 + (y—py)?/ry —1=0 (75)
where p = p,e; + pyes + p.e3 is the position of the related ellipsoid, and
Tz, Ty, T, are semi-diameters.

The DCGA IPNS bivector z-azis aligned cylinder surface entity H!l* is
defined as

—2p,Te | —20,T, , T T, 2P
L +T—f+—§+(f—2+”—2—1) . (76)
The presence of the term T2 /72 +T,2 /r2 means that the elliptic cylinder

H!I*, located at the origin (p, = py = 0), is manifestly not a blade. The
application of a translation versor, to move the cylinder into general position,
cannot change this property.

A.6. DCGA IPNS elliptic cone

An axis-aligned elliptic cone is an axis-aligned cylinder that is linearly scaled
along the axis. The implicit quadric equation for an z-axis aligned cone is

(@ —pa)? /13 + (y —py)? /1y — (2 = p2)? /12 =0 (77)

where p = pye; + pye2 + p.es is the position of the cone apex, and rg, 7y, 7.
are semi-diameters. The DCGA IPNS bivector z-azis aligned elliptic cone
surface entity K!I* is defined as

2 2 2
z_o(p:T: _ PyTy _ paT. T, T2 To  (p2 Py, p
Klemp(nfe b _nafe)y T 02 oy (i B - )7y (78)

The presence of the term T2 /134T, /r2—T.> /r? means that the elliptic
cone K!I* is manifestly not a blade.
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A.7. DCGA IPNS hyperbolic paraboloid
The hyperbolic paraboloid has a saddle-like shape. Its z-axis aligned implicit
quadric equation is
m2/ri—y2/ri—z/rz=0. (79)
The DCGA IPNS bivector z-azis aligned hyperbolic paraboloid surface entity
M is defined as
M = Tp/ri—Tp/r—T./r.. (80)

The presence of the term T,2/r2 — T2 /72 means that the hyperbolic
paraboloid M is manifestly not a blade.

A.8. DCGA IPNS hyperboloid of one sheet
The hyperboloid of one sheet has an hourglass-like shape. Its z-axis aligned
implicit equation is
x2/r§+y2/r§—22/r3—1:0. (81)
The DCGA IPNS bivector z-axis aligned hyperboloid of one sheet surface
entity X is defined as
Y = Tpe/ri+Te/r,—Te/r?—T. (82)
The presence of the term Ty2/r7 4+ Ty2/r2 — T,2/r? means that the
hyperboloid of one sheet ¥ is manifestly not a blade.
A.9. DCGA IPNS hyperboloid of two sheets
The hyperboloid of two sheets has two dish-like sheets. Its z-axis aligned
implicit quadric equation is
fx2/r§fy2/r§+22/r371:0. (83)
The DCGA IPNS bivector z-azis aligned hyperboloid of two sheets surface
entity = is defined as
E = —Tpefri—Te/r;+Te/r}-T. (84)

The presence of the term —T,2/r2 — Ty2/r? + T.2/r? means that the
hyperboloid of two sheets E is manifestly not a blade.

A.10. DCGA IPNS parabolic cylinder

The implicit quadric equation for a z-axis aligned parabolic cylinder is
2
Yo (85)
Tz Ty
The DCGA IPNS bivector z-azis aligned parabolic cylinder surface entity Bll?
is defined as
BllF = =222 _ ¥ 86
2oy (86)
Inspection of the bivectors T}z /r2 and —T,/r, in Table 1 shows mani-
festly, that the parabolic cylinder BIl# is not a blade.
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A.11. DCGA IPNS hyperbolic cylinder

The implicit quadric equation for a z-axis aligned hyperbolic cylinder is
= — y2/r371: . (87)

The DCGA IPNS bivector z-azxis aligned hyperbolic cylinder surface entity
JIIZ is defined as

T, T,

Jlle — e 88
r2 r% ! (88)

The presence of the term T,2/r2 — T,2 /2 means that the hyperbolic
cylinder J!I# is manifestly not a blade.

A.12. DCGA IPNS parallel planes pair

The implicit quadric equation for a pair of parallel planes perpendicular to
the z-axis is

(= pa1)(® —pa2) = 0. (89)

Each solution, x = p,; and x = p,o, represents a plane. Expanding the
equation gives

$2 - (pxl + pm2)‘r + Pz1Pz2 = 0. (90)
The DCGA IPNS bivector parallel z-planes pair entity IT™? is defined as
HJ—I = T2 — (pxl +px2)Tx + Pe1Pa2T1. (91)

As the construction of the parallel planes pair indicates, the bivector
II* can indeed be factorized as a blade into —(e1+p1€co1)(€6+D2€002), if the
operator equivalence of pjeso1€6 + p2€1€s02 with %(pl +p2)(ex1€6+ €1€002),
as discussed in Section 3.3, is taken into account.

A.13. DCGA IPNS non-parallel planes pair

The implicit quadric equation for a pair of non-parallel planes that are parallel
to the z-axis is

s -L =0 (92)

The DCGA IPNS bivector z-azis aligned non-parallel planes pair entity X!I#
is defined as

> TI2 Tyz
X!z = Fra (93)

The presence of the term T2 /r2 — Ty2/ ri means that the non-parallel
planes pair X!l# is manifestly not a blade.
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A.14. DCGA IPNS parabola

The DCGA IPNS quadvector zy-plane parabola 1D surface entity pl!l*¥ is
defined as

pllvv = 1= A Bz (94)

where the DCGA IPNS 2-blade standard plane II*=? is for plane z = 0, and
the DCGA IPNS bivector parabolic cylinder Bll# is as previously defined and
directly represents a parabola in the zy-plane.

Note that the wedge product of the non-blade entity B!l* of Section
A.10, with the completely orthogonal blade I1*=° = ejeg, cannot not produce
a blade. Therefore, the parabola p!l*¥ is manifestly not a blade.

A.15. DCGA IPNS hyperbola

The DCGA IPNS quadvector zy-plane hyperbola 1D surface entity n!l*¥ is
defined as

plley = 11*=0 A JlI (95)

where the DCGA IPNS 2-blade standard plane II*=Y is for plane z = 0, and
the DCGA IPNS bivector hyperbolic cylinder J!I% is as previously defined and
directly represents a hyperbola in the zy-plane.

Note that the wedge product of the non-blade entity J!!* of Section A.11,
with the completely orthogonal blade IT*=" = esegs, cannot not produce a
blade. Therefore, the hyperbola n/l*¥ is manifestly not a blade.

A.16. DCGA IPNS horned Dupin cyclide

The horned Dupin cyclide is a variation of the Dupin cyclide, formed by
swapping u and c¢ in the implicit surface equation of the Dupin cyclide. The
parameters a, b, ¢, u are defined as

a=R, p=(1/2)(r1+72), c=(1/2)(r1—r2), ¥’ =a>—p*.  (96)

The DCGA IPNS bivector horned Dupin cyclide surface entity I' is defined
as

T =Ty +2T2 (> — ¢®) —4a° T2 —4b*Tyyo +8acuTy + (0> — ¢*) > — 4c* 1?1y .

The DCGA IPNS horned Dupin cyclide I" has the same related center points
as for ®@. The entity ' can be a horned ring cyclide (r1 + r2) < 2R, horned
spindle cyclide (r1 + r2) > 2R, horned (tangent) spheres (r1 + r2) = 2R,
horned ring torus (r1 = r2) < R, horned spindle torus (r1 = r3) > R, or
horned spheres (ry = r9) = R. All DCGA versors can be applied to T, to
transform it into general positions and scale.

Note that the discussion of the non-blade character at the end of Section
3.3.7 applies in particular to the horned Dupin cyclide as well.
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