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Abstract

This is the first part of the total paper. Since the theory of partial differential equations (PDEs)
has been established nearly 300 years, there are many important problems have not been re-
solved, such as what are the general solutions of Laplace equation, acoustic wave equation,
Helmholtz equation, heat conduction equation, Schrodinger equation and other important equa-
tions? How to solve the problems of definite solutions which have universal significance for these
equations? What are the laws of general solution of the mth-order linear PDEs with n variables
(nym > 2)7 Is there any general rule for the solution of a PDE in arbitrary orthogonal coordinate
systems? Can we obtain the general solution of vector PDEs? Are there very simple methods to
quickly and efficiently solve the exact solutions of nonlinear PDEs? And even general solution?
Etc. These problems are all effectively solved in this paper. Substituting the results into the
original equations, we have verified that they are all correct.

keywords: concise general solution; series general solution; exact solutions; transformational
equations; problems of definite solutions.

Abbreviations: concise general solution (CGS); series general solution (SGS); independent
variable transformational equations (IVTEs), dependent variable transformational equations
(DVTESs); symmetric vector partial differential equations (SVPDEs); corresponding scalar equa-
tion (CSE); independent variable transformation vector equation (IVIVE).
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1 Introduction

In the establishment period of PDE theory, because of the general solution of the one-
dimensional wave equation solved by d’Alembert, the mathematicians at that time believed that
the general solutions of PDEs existed universally. Since there was no substantive breakthrough,
with Cauchy’s advice, they had to turn their attention to a variety of problems of definite
solutions.

Using the new defines, laws and methods presented in this paper, the general solutions of
many important PDEs had been solved for the first time, such as the Laplace equation, the
wave equation, the Helmholtz equation, heat equation and so on, the exact solutions of relevant
Cauchy problems have been solved too. In some cases, the general solutions and the exact
solutions of the Cauchy problem for the Poisson equation and the Schrodingerequation have
been solved. The types and numbers of the PDEs whose general solution could be solved by the
new analytic method system are far more than the sum of the other methods can solve, and the
solving process is very clear and concise.

The new theory also further reveals two major flaws and errors in the existing theory:

1. The new theory found that the general solutions of many PDEs have two forms: concise
general solutions and series general solutions, in theory, infinite series solutions of a PDE can
be obtained by its series general solution. The general solution of the one-dimensional wave
equation introduced by mainstream textbooks and professional books is not a general solution
in fact. It is only a special case of real general solution which can deduce the Fourier series
solution. According to the obtained general solutions, we find why the state and the change of
many natural phenomena that can be described by PDEs are both infinite.

2. In the theory of PDEs, almost all of the textbooks and professional books directly or
indirectly declare that the number of the arbitrary functions in the general solution of mth-
order PDEs is m, but no related rigorous proof up to now. In this paper we find a singularity of
general solutions of Helmholtz equation the first time, namely the number of arbitrary functions
in the general solutions is more than 2.

In Chapter 2 of this paper we present three types transformational equations: independent
variable transformational equations (IVTEs), dependent variable transformational equations
(DVTESs), independent variable transformation vector equation (IVTVE), and get a law of par-
tial differential equations solution in various orthogonal coordinate system. The general solution
of vector wave equation in Cartesian, cylindrical and spherical coordinate systems have been



solved for the first time. We point out that the general solutions or particular solutions of vari-
ous symmetric vector partial differential equations can be obtained similarly in any orthogonal
coordinate system, such as vector Helmholtz equation, the magnetic vector potential equation
and so on.

The laws of the general solution of mth-order linear partial differential equations with n vari-
ables have been studied deeply in Chapter 3 (n,m > 2).We have solved some typical nonlinear
partial differential equations general solutions, particular solutions or solitary wave solutions in
Chapter 4 and other relevant chapter, such as Emden-Fowler equation, Klein-Gordon equation,
sine-Gordon equation, Burgers equation, KdV equation, etc. Based on the large number of
results obtained in this book, we find that the general solutions of some PDEs have similarities,
and find the roots of these similarities by the concepts of general equations and restricted equa-
tions.

1. General solutions and exact solutions of Cauchy problem of mathematical physics
equations

In recent decades, for solving partial differential equations (PDEs) many analytic methods
[1-3] and numerical methods [4-6] have been developed rapidly, the solitary wave solutions [7-
9] plays an important role in nonlinear PDEs (NLPDEs), the existence [10, 11], uniqueness
[12, 13|, and stability [14, 15] of the PDEs solution have been well studied. The formulas of
differential equations general solution have the same important value and significance as the
algebraic equations Root Formulas, although the exact or numerical solutions of many PDEs
have been found, species of PDEs which have the general solution are extremely rare yet.

Since mathematical physics equations (MPEs) are very important in PDEs, their progress is
always been noticed especially [16, 17]. In the professional books of MPEs only one dimensional
wave equation [18, 19] and some linear PDEs (LPDEs) with two variables [20] have general so-
lution. Using the new analytic methods proposed in this chapter, the general solutions of many
important PDEs had been solved for the first time, the exact solutions of relevant problems of
definite solutions have been solved too.

1.1. New principles and methods I

We first study the laws of one multivariate function is a composite function of another. In
R™ space (n > 2), assuming u(x1,- -+ ,x,),v(x1, -+ ,x,) are both smooth functions, and u is a
composite function of v

u(xla"' >$n):f(v)7(f1,)7£0)7 (1)

where f is an unary smooth function, according to the laws of differential and total differential

du = f{;dv = f{;vmdxl + fquvxzde +--+ f{;vxndl‘n
= Uy, dT1 + Ug, dTa + - - + Uy, dTp,.

So
Ug, = foUz;- (2)
By (2), we obtain further

Ug;z; = lejvfczxz + fz/;/vgﬁufcwj = fz/zvfciﬂﬁj + f1/)/1)$iva3j' (3)
Higher order laws may be deduced analogously. We set

v(xy, -, xn) = kixy + kozo + -+ kpzp + knga, (4)



where k; are all arbitrary constants(i = 1,2,--- ,n+ 1), then

Vg, = k’i,vwixi = Ug;z; = 0, (Z 7£ ])a (’L,] € {1a 2, 7”}) (5)

By (3) and under the condition of (4), we have

Using mathematical induction we can get

ul™ = B ™ Pl = KPS FPTD (0 < m < 00,0 < p,q < 0), (7)
ulltizin) — pivgin i £ Gy iy e iy = m), (8)
where o dp+qf 5
m) — A eprg) — (m) — 9"
f = dvm’fv = dorre M = ox™’ 9)
wlPe) = PN (i1igiy) _ 0"Mu
T T axfx‘(]lﬂ T1X2 Ty — 8x1118x122 o ax%’n .

By the above laws, we present a new transformational method to solve the general solutions
or exact solutions of some PDEs.

Transformational Method 1. In the domain D, (D C R"), any established mth-order PDE
with n space variables F (X1, -+, Tpy Uy Ugy, -+ Up, s Ugyzg, -+ ) = 0, set v = v(xy,-++ ,2,) and
u = f(v) are both undetermined mth-differentiable functions (u,v € C™(D)), then substitute
u = f(v) and its partial derivatives into F =0

1. In case of working out v(xy, - ,x,) and f(v), then u = f(v(x1,--- ,xy,)) is the solution

of F =0,

2. In case of dividing out f(v) and its partial derivative, also working out v(xyi,--- ,xy,), then
u = f(v(xy, - ,xn)) is the solution of F = 0, and f is an arbitrary unary mth-differentiable
function,

3. In case of dividing out f(v) and its partial derivative, also getting k = 0, but in fact k # 0,
then w = f(v(z1,---,xy)) is not the solution of F' = 0, and f is an arbitrary unary mth-
differentiable function.

In Transformational Method 1 v = v(x1, - - z,) may be an unknown function completely or
has a determinate form with unknown parameters, the solution of f may be an arbitrary or a
certain unary mth-differentiable function, the solution of v and f may not be single and so on.
Here we use Transformational Method 1 to solve three important PDEs.

Example 1.1.
Ugg + Uyy + Uz, = 0. (10)

Eq. (10) is Laplace equation in Cartesian coordinate system. According to Transformational
Method 1, set
u(z,y,z) = f(v) = f(kiz + koy + ksz + ka), (11)

where v = k1x + koy + k3z + k4, k1 — k4 are unascertained parameters and f is an undetermined
unary 2th-differentiable function, by (7)



Uy + Uyy + Uz = (K + K2+ k2 f{2) = 0.
The first case is
® =0, (12)

according to Transformational Method 1 the solution of Eq. (10) is
u= f(v) =kix + kay + kzz + ku, (13)

where k1 — k4 are all arbitrary constants. The second case is

k2 4+ k3 4+ k3 =0=k =+y/—k3 — k2, (14)

where ko and k3 are all arbitrary constants. By Transformational Method 1 the solution of Eq.
(10) is
w= fi(z\/—k3 — k3 + koy + ksz + k) (15)
+fo(—ax\/—k3 — k3 + koy + ksz + ka)

where ko, ks and k4 are all arbitrary constants. Note the ko, k3 and k4 in fi(x —k% — k% +
koy + ksz + k4) may be different with them in fo(—+/—k3 — k:% + koy + k3z + kyq), the k1 — kg in
Eq. (13) may be different with them in Eq. (15), and Eq. (10) is a linear equation, in order to
facilitate writing, the general solution of Laplace equation may be written as

u = fl(I\/—k%—k%+k1y+k22+k3) (16)
+fo(—z\/—k3 — k2 + kay + ksz + k) + kv + ksy + koz + k1o,

where fiand f, are arbitrary unary second differentiable functions, ki — ko are arbitrary pa-
rameters.

Since k1 — kio are arbitrary constants and Eq. (10) is a linear equation, (16) can also be
written as the form of a function series

w= 320 (fri(my /[ =kE, = K3, + vy + o2+ ksy) + fo (- an
\/ _ki - k%z + k4iy + k5iz + sz) + k’h'x + k&;y + ]{92.2 + klOi)a

where f1, and fo, are arbitrary unary second differentiable functions, (1 < s < 00), k1, — k1o,
are arbitrary determined parameters.

We call (16) the concise general solution (CGS) which has the most simple form and
call (17) the series general solution (SGS) which could have infinite arbitrary functions in it.
Theoretically all specific series solutions of Eq. (10) can be obtained by SGS (17).

Example 1.2.
4,2) 1y +kaz+ka)™
(™) 2 ST (™) (18)
_ (1+a(w,yvz))(k1y+kzz+k4)mr( (m))r —0
(kox+ksy+ke)™r Uz — Y

where k1 — kg are arbitrary known constant, a(x,y, z) is an arbitrary known function with 3
variables, by Transformational Method 1, set

u(z,y,z) = f(v) = f(kizy + kexz + ksyz + kax + ksy + kez + k1), (19)

where v = kyxy + koxz + ksyz + kax + ksy + kez + k7, k7 is an undetermined parameter and f
is an unary mth-differentiable function to be determined, then

Uy = fq/;U:r = (kly + koz + k4)f1/]7 (20)



uy = fyvy = (k1z + ka2 + ks) fy, (21)

uy = fove = (kax + k3y + ko) - (22)
According to (20)-(22) and mathematical induction we get

ul™ = (kyy + koz + ka)™ £, (23)

uém) = (kix + ksz + k5)mfém), (24)

ul™ = (kyw + sy + ke)™ f{™. (25)

Then

(m)yr | a(@y,2)(k1yt+kez+ka)™ ( (m)\r  (I4a(z,y,2)) (kiy+kez+ka)™ ( (m)\r
(uz™)" + g(ka-i-}fZZ-ijﬂsgmf (uy )" — (hsathsy ko (U2 )

= (kuy + ko + k)™ (f)7 4 LB () 0 g+ o)™ (f57))"

— QoleaaD (ke tha) ™ () g gy 4 gy (£ = 0

= (kly + koz + k4)mr(f1§m))r — (kly + koz + k4)mr(qum))r =0.

According to Transformational Method 1, the solution of Eq. (18) is
u= f(krxy + koxz + ksyz + kax + ksy + kez + k7), (26)

where f(v) is an arbitrary unary mth-differentiable function and k7 is an arbitrary constants.If
m =1, (26) is the general solution of Eq. (18).

Example 1.3.
ay (uggf))r + a (ué’?))r +...+a, (uggf))r + ap+1 (u%‘%)r =0, (27)

where a;, (i = 1,2,---n+ 1) are arbitrary known constants, » > 1,1 < p+ ¢ = m, the left of Eq.
(27) could be added any number and types of <u§f11g',',',é”,3>r,(i1 +idg + - + i, = m) with any
constant coefficient, since the similar calculation method, for facilitating writing there is only
the ap41 (ugg%)r in Eq. (27).

By Transformational Method 1, set u(x1,---2,) = f(v),v(x1, - 2p) = k11 + koxa + -+ +
knxn+knt1, where k1, ko, - - - ky11 are unascertained parameters and f is an undetermined unary
mth-differentiable function, by (7)

a (ug(ff)> +ay (ugﬁ)) +otay (ugff)) + anta (ug;ii)s)
= (k] + a2k 4+ kT + e KR (A) =0,
The first case is -
(fém’) =0, (28)
according to Transformational Method 1 the solution of Eq. (27) is

u=f V) = Cpo1v™ 4 2™+ L+, (29)

where v(x1, - xy) = k121 + kawo + - -+ + knZp + knt1, k1 — kny1 and ¢ — ¢y are all arbitrary
constants.
Since v contains arbitrary constants ky41, so there is no arbitrary constants ¢ in (29).
The second case is
Ak + agky" 4 .. ank])” + ansa kb KS =0, (30)



if m,r are both odd, then

1
aokS" + agk" + ...+ ank" + appr kS KT\
k= (— , (31)

ai

where ko — k,41 are all arbitrary constants. By Transformational Method 1 the solution of Eq.
(27) is

1
sk + .+ ank + app kS kLT mr

@ ) T + koxo + ... (32)

u=f((—
+ knxn + kn—l—l),

where f is an arbitrary unary mth-differentiable function.
If there is at least one even number among m and r in Eq. (27), then

a2
I <— a2k + gk + .+ anki + an+1k§”"/<>§T> . (33)
ai
By Transformational Method 1, except (29) and (32) another solution of Eq. (27) is
1
e @2k A+ ank] a1 KRS T
u=f(—( @ ) x1+ kowo + ... (34)
+ knzy + knyt)-
In the case of r =1, Eq. (27) becomes linear equation
alugff) + agugg) +...+ anu:(é?) + an+1u§cp2‘§3)3 = 0. (35)
If m is odd, by (29) and (32) the solution of Eq. (35) is
1
u = f ((_a2k2 +"'+a”:1n +an+1k§kg) m;pl -+ ]{;2$2 4+ ...+ knafn + kn+1> (36)

FCm 10" o™ T2 L+ v,

where v = C121 + Cozo + - - - + Cpzy + Cpy1,C1 — Cpy1 are arbitrary constants. If m is even,
by (29), (32) and (34) the solution of Eq. (35) is

S

askD+..+ank™+ant1kEkI\ m
u:f1<<_22 n +123> x1+k2I2+...+knxn+kn+l>

al

(37)

1
a2l ... 4+aplm+an 11513\ m
+fo (—(— 22 “23)"x1+lgx2+...+lnxn+ln+1>

al
FCm—10"" 4 0™ 2 4+ crv
where f; and fo are arbitrary unary mth-differentiable functions, ks — k41 and lo — I, 41 are

arbitrary parameters. In Appendix A we proved that if k1,13 # 0 and k1,1 - 0 in (37), ¢jv can
be described by f1 and fo. If m =2,r =p=¢q =1, Eq. (27) becomes
au® + agul? + ..+ a4, u® + api1ugye, = 0. (38)

xr1 xr2 Tn

According to (37) and (16), the CGS and SGS of Eq. (38) can be get respectively

(( agk% + ... ank% + apt1koks
u=fi —

1
2
" ) x1+k2x2+...+knzn+kn+1>
1

(39)

12+ .. .apl? + aps1lsl
+f2<_<_a22 anly + ansilals

1
2
. ) 1+ loxo + ...+ Ly, + ln+1> + c1v.
1



1
ask? + ...+ ank? + apiiki ki, 2
“:Z(fn((— i T;lln R 13) $1+ki2:ﬂ2+...—|—/€in9}n+/€m+1)

=1 (40)

1
asl? + ...+ apl? + antilili, 2
+f2¢(_(_ = " n nt 13) xl+li2x2+-~+lin$n+lin+1))+clv

a1

Consider the following Cauchy problem of Eq. (38)

U (0, x9,. .. xn) = Z ©i (ki2a;2 + ]{ZZ‘3JI3 + ...+ kin:cn + kin+1) , (41)
=1
Ugy (O,SCQ, ce .Tn) = Zd)l (k:i2$2 + ki3fL‘3 + ...+ kinﬂfn + kin+1) , (42)
=1

where 1 < s < 0o, 71 sometimes equal to time ¢. In (40), set ¢; = 0,k;; =1;;, (i =1,2,---5,j
2,3,---n+ 1), by further calculation which is in Appendix B, the exact solution of Eq. (38) in
the conditions of (41) and (42) is

U= % Yoisi(gilkixt + kigxo 4+ .o+ ki an + ki)
+@i(—kiyz1 + ki + o+ KT + Ky

kiy w1+kiyxot.. tkip onthi (43)
1
e (&) dE,)
—kiyz1+kigwot. ki entki,
where )
kiy = (= (agk? + ...+ ank? + antikiykiy) Ja1)?. (44)

According to the above three typical cases, we know that the solutions of some linear or
nonlinear PDEs can be obtained by using Transformational Method 1.

1.2. 1D wave equation
1D wave equation
Ut — CLqum =0, (45)
is the first PDE studied deeply. Almost all current textbooks and professional books have
pointed out that the general solution of Eq. (45) is
u=f1(x+at)+ fo(x—at). (46)

Fourier series solution of Eq. (45) is

S

u = Z(An cos(

=1

nmwat nmat nmwx

) + By, sin( )) sin(

)- (47)

By (46) we cannot get (47) obviously, there is no answer why the particular solution (47) cannot
be got by the general solution (46).

Eq. (45) is a special case of Eq. (38), according to (39) and (40), its CGS and SGS can be
get respectively

u=fi (kliL' + kiat + kz) + fo (/{31' — ksat + k4) + ksx + kgt + kv, (48)

w= 71 (fr; (ki,x + kyat + ko) + fo, (k3 v — k3 at + ka,))

4
+]<75:L’ + k‘ﬁt + ]{77, ( 9)



where fi, f1,, fo and fo, are arbitrary unary second differentiable functions, k; — k7 are arbitrary
parameters, ki, — k4, are arbitrary determined parameters, (1 < s < 00). Of course, the general
solution of Eq. (45) can also be written as

u = fi (kﬁll‘ + kiat + k‘g) + Z f2¢ (k‘glﬂf — k‘giat + ]{342) + ksx + kgt + kr (50)
=1

and so on, (50) is also a SGS, but in this paper we will not discuss the general solutions in
special forms.

By the above results we can see that (46) is a special case of (48) and (49), and is not a
general solution of Eq. (45) in fact, so using (46) we cannot get the Fourier series solution.

Theoretically every specific series solution of Eq. (45) can be obtained by the SGS (49), as
a case, we will obtain the Fourier series solution (47).
Set
f1,, (k1@ + k1, at + ko)) = Cp sin(ky, x + k1, at + ka,), (51)

fa, (ks,x — k3 _at + ky,) = Dy cos(ks, v — ks, at + ky, ), (52)
So

w=3 7 (f1, (ki,z+ ki, at + ka,) + fo, (k3,x — k3,at + ka,,))
=7 (Cysin(ky,x) cos(ky,at) cos kg, + cos(k1,x) sin(ki, at) cos ka,
+ cos(ky, x) cos(ky, at) sin ko, — sin(ky,,x) sin(ky, at) sin ka,,)
+D,,(cos(ks, x) cos(ks, at) cos k4, + sin(ks, x) sin(ks, at) cos ka,,
—sin(ks, ) cos(ks, at) sin ky,, + cos(ks, x) sin(ks,at) sinky,,)).

Set ki, = ks, = kn, then

u= Y7 ,((Cycosks, — Dysinky,)sin (k,z) cos (kyat)
+ (Cy, cos kg, + Dy sin ka,,) cos (knz) sin (kpat)
+ (Cy sinka, + Dy, cos ky,,) cos (knx) cos (knat)
+ (—=Cpsinkg, + Dy, cos ky,, ) sin (kyx) sin (kpat))

(53)

Set
Crcosks, + Dpsinky, = Cpsinky, + D, cosky, = 0.

We have

2 1
kg, = (m—g)w — ko,

Set k4, = 7/2 — ka,, we can get C,, = —D,,. Substituting the above results into (53)

u=>71((Cycosks, — Dy sinka, ) sin(k,x) cos(knat)
+(—=Cpsinky, + D, cosky, ) sin(k,z) sin(knat))
=7 1(2Cy cos kg, sin(knx) cos(knat) — 2C,, sin ko, sin(kpx) sin(kpat)).

Namely

u= Z 2C,(cos ko, cos(kpat) — sin ky, sin(kpat)) sin(k,x). (54)
i=1
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Since Cy,, ky, and kg, are all arbitrary parameters, set

nm

kn
l

, 20y, cos ko, = Ap, —2Cy, sinky, = B, (55)

Then (54) may be translated into (47). (46) was first discovered by d’ Alembert, then Daniel
Bernoulli discovered an infinite series solution

> nmw nmwat
= E  Sin(—— . 56
u i:1a sin( i ) cos( 7 ) (56)

The relationship between (46) and (56) led to a well-known controversy in the history of
mathematics [21], many famous mathematicians have been involved in this drastic and lengthy
debate, even after discovering the Fourier series solution (47), the relationship between (46) and
(47) is still unclear, now the problem is finally solved successfully, (46) and (47) are two different
closed solutions, not the general solution, only the form of (46) is relatively close the general
solution.

1.3. 2D wave equation

The form of 2D wave equation in Cartesian coordinate system is
Ut — AUy — aQuyy =0. (57)

Eq. (57) is an especial case of Eq. (38), by (39) its CGS can be obtained

w=fi (kzlm + hay + aty/RT+ R + ks

tfo (kaz + ksy — at /BT + k2 + kzﬁ) + kv + kgy + kot + k1o
_ kix kay
=9\ Ve T g T 90)

kix ksy o
+h <\//€i+/€?, + \/ki"rk??, at + ho) + k7$ + kgy + kgt + klO
=g (zcosf+ysinb + at + go)
+h (zcosp + ysing — at + hy) + krx + ksy + kot + k1o,

where f1, fo, g and h are arbitrary unary second differentiable functions, k1 — k19, ¢, ©, go and hg
are arbitrary parameters. g(xcosf + ysinf 4 at + go) is a parallel wave with the speed a, the
angle between z axis and spread direction of g is # which is arbitrary. The SGS of Eq. (57) is

w(z,y,t) = >, (gi(x cosB; + ysinb; + at + gio)+

hl(x cos p; +y sin p; —at + hzo)) + k7x + kgy + kot + k‘lo, (59)

where g; and h; are arbitrary unary second differentiable functions, 60;, ¢;, g;o and h;y are arbi-
trary determined parameters.

A research hotspot is using numerical methods to study the 2D wave equation [21]. Consider
the following initial value problem of Eq. (57)

U(JUa:%O) = Zz Pi (ki1x+ki2y+ki3)7 (60)
Ut (377 Y, 0) = Zz wl (kil'r + kizy + kis) .
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Similar to the solving method of (43), the exact solution of Eq. (57) on the conditions of (60)
can be got

u= 3> (pi(kix + kiyy — aty[k? + k2 + ki)

+oi(kiy @ + kiyy + at\ [ k2 + k2 + ki) (61)

/kilx+k¢2y+at k§1+k§2+ki3
Y (&) d&i)-
kil :E+ki2 y—at,/ kiZl +ki22 +k¢3

1

+7
2 2
ay /l~c%-1 +ki2
1.4. Acoustic wave equation
The form of acoustic wave equation is

pe—cgAp=0 (62)

where A is the Laplace operator, p is the sound pressure, and ¢ is the sound speed. Eq. (62)
is a special case of Eq. (38), according to (39) its CGS in Cartesian coordinate system is

p=fi (kla? + koy + ksz + cot /K3 + k3 + k3 + k4)
+fo (ksx + key + krz — cot\/k2 + k§ + k2 + k8> + kox + k1oy + k112 + k1ot + k13

_ kix kay ksz k4
= + + + cot + — i —
g VIR RE | Rrka kg Rk O ki

+h ksx key krz — cot + ks (63)
VEIHkGHRZ  \REHRG AR K2 HRGHRD VREHRE k2

+k9x + kloy + ]{,'112’ + klzt + k13

= g(xsinf cos p + ysinfsin p + z cos O + cot + go)

+h(zsin ¢ costh + ysin ¢siny + z cos ¢ + cot + hg)

+kox + k1oy + k112 + k1gt + ki3,

where f1, fo,g and h are arbitrary unary second differentiable functions, ki — k13,0, @, ¢, 1, go
and hg are arbitrary parameters.

g(xsinf cos v + ysinfsin p + z cos @ + cot + go) is a parallel wave with the speed cp, 0 is the
angle between z axis and spread direction of g, ¢ is the angle between z axis and the projection
in xy plane of spread direction of g. The SGS of Eq. (62) is

p= >, gi(xsinb;cosp; + ysinb;sin p; + z cos b; + cot + gio)
+ >, hi(x sin ¢; cos ¢; + ysin ¢; sin; + z cos ¢; — cot + hip) (64)
+kox + k1oy + k112 + k1ot + ki,

where g; and h; are arbitrary unary second differentiable functions, 0;, p;, ®;,%,9:0,hi0 are arbi-
trary determined parameters.
Consider the following initial value problem of Eq. (62)

p(2,y,2,0) = @i (ko + kiyy + kigz + ki) | (65)

2

pr(2,y,2,0) = > i (ko2 + kiyy + kigz + ki) - (66)
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Similar to the solving method of (43), the exact solution of Eq. (62) on the conditions of (65)
and (66) is
p=3u(@ilkiw + kiyy + kiyz + coty /K2 + k2 + K2 + ki)
+oi(kiyx + kiyy + kiyz — cot kizl + k‘i22 + k:i23 + ki)
. ) /*kila:+ki2y+ki3z+cot k§1+k$2+kf3+ki4
coy/k2 +kZ K2 ki1x+ki2y+ki3z—cot\/m +hi,

Nonlinear acoustic wave equation is a hot area of current research [22, 23], the solving method
of nonlinear PDEs will be studied in our other papers.

Pi(§)ds)

1.5. Laplace equation

Laplace equation is importantly used not only in classical electrodynamics, thermodynamics
and fluid dynamics etc., but also in the modern theory of the invisible [25, 26]. In recent decades
a research hotspot is using many numerical methods for solving Laplace’s equation in various ge-
ometries and boundary conditions, such as the moment methods [27], quasi-reversibility methods
[28, 29], finite difference methods [30] and so on.

According to the previous calculation results, the CGS and SGS of uzy + tyy + ., = 0 are
(16) and (17) respectively. Assuming Eq. (10) satisfies the following boundary conditions

u (07 Y, Z) = Zf:l Pi (khy + kizz + kis)

s 68
um (07y7z) :Zizl wl (k11y+k12z+k23) ( )
According to (43) and (44), the exact solution of Eq. (10) on the conditions of (68) is
U= % Zf:l(@i(x _kz'21 - kz‘22 + kiyy + ki z + ki)
2 2
+<pi(—x _kil — kig + kily + kiQZ + /67;3) (69)

1 /:E —k?l _ki22 +kily+ki2z+ki3

+,/7k2 —k2 /12 12
i1 ig J —X _kil _kl2+k11y+k122+k13

1.6. Basic principles and methods 11

Y(&i)d&;:)

v(zy,---x,) and f are both undetermined in Transformational Method 1, to solve some
PDEs we may be required to set f pending and v(z1,---x,) known, so put forward Transfor-
mational Method 2.

Transformational Method 2. In the domain D, (D C R"), any established mth-order PDE
with n space variables F(T1, -+, Tp, Uy Ugy, s Ug, y Ugizg, -+ ) = 0, set v =v(x1,--- ,z,) known
and uw = f(v) undetermined (u,v € C™(D)), then substitute u = f(v) and its partial derivatives
mto FF =10

1. In case of working out f, then u = f(v) is the solution of F' =0,

2. In case of dividing out f and its partial derivative, also getting 0 = 0, then u = f(v) is
the solution of F' =0, and f is an arbitrary unary mth-differentiable function,

3. In case of dividing out f and its partial derivative, also getting k = 0, but in fact k # 0, then
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u = f(v) is not the solution of F' =0, and f is an arbitrary unary mth-differentiable function.

We will research the application of Transformational Method 2 later in this book. Through
the comparison, we can find that the traveling wave method and the solitary wave method are
the concrete applications of Transformation Method 1, 2.

Now we study another important compound law of multivariate functions. In R™ space
(n > 2), assuming u, v and g are smooth functions, set

u($1,~- ’xn):g(xlv"' ,In)f(v),(f{,#()), (70)
where v = v(x1,---x,), f is an unary smooth function, then

du =ug, dxy + Uug,dre + ... + Uy, dx, = fdg + gdf = fdg + gf;dv
= (fg0 + 9fva, ) dwr + (Fus + 9F 1002 ) duz o+ (S90, + 9Fs0s, ) dvn.

So
Uy, = f.gri + gf’l)vxi' (71)
By (71) we could obtain
u$i$]‘ == fg.l’le + gCCz le)v$j + ng f'zl)vl‘1 + gf'[l)lvxiv$j + gle;vazia:j . (73)

Higher order law may be deduced analogously.
According to the above laws we present Transformational Method 3.

Transformational Method 3. In the domain D, (D C R™), any established mth-order PDE
with n space variables F (1, -, Tp, Uy Upyy -+ s Uz, , Ugyzg, ) = 0, setting f(v),g(z1,- - xp)
and v(x1, -+ ,xy) are all undetermined function, g,v € C™(D), then substitute u = gf(v) and
its partial derivatives into F' =0

1. In case of working out f,g and v, then u = gf(v) is the solution of F =0,

2. In case of dividing out f and its partial derivative, also working out g and v, then u = gf(v)
is the solution of F' =0, and f is an arbitrary unary mth-differentiable function,

3. In case of getting k =0, but in fact k # 0, then u = gf(v) is not the solution of F' = 0.

In Transformational Method 3 v(xy,---x,) and g(z1, - - - ) may be unknown completely or
have definite forms with unknown parameters, the solution of f,v and g may not be single. To
solve some PDEs we may be required to set f(v),v(z1,---x,) pending and g(z1, - - - z,) known,
so put forward Transformational Method 4.

Transformational Method 4. In the domain D, (D C R™), any established mth-order PDE
with n space variables F (21, Tpy Uy Ugy, Uy, s Ugiag, -+ ) = 0, setting g(z1,- - xy) is known
and f(v),v(x1,- - xy) are undetermined, g,v € C™ (D), then substitute u = g f(v) and its partial
derivatives into F' = 0

1. In case of working out f and v, then u = gf(v) is the solution of F =0,

2. In case of dividing out f and its partial derivative, also working out v(xz1,---x,), then
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u = gf(v) is the solution of ' =0, and f is an arbitrary unary mth-differentiable function,
3. In case of getting k =0, but in fact k # 0, then uw = gf(v) is not the solution of F = 0.

To solve some PDEs we may be required to set g(z1, - - - ), f(v) undetermined and v(z1, - - - z,)
known and so on. The forms of these laws are similar to Transformational Method 3-4, we will
not present here.

1.7. Poisson equation

Consider the following Poisson equation
Au=c(x,y,2). (74)

Supposing

C(:U,y,z):T(v),v(x,y,z):k1x+k2y—|—k32—|—k47 (75)
¢(x,y,z) is known in practical problems, so v(z,y,2) = kiz + koy + k3z + k4 is known too.
According to Transformational Method 2, set u = f(v), f is an undetermined unary function,
by (7), then

Au=c(z,y,2)

— (K + K +K3) f, =7 (v)
[ r(v)dvdv
+C C

k2+k2+k2 e

where C) and Cy are arbitrary constants. So particular solution of Eq. (74) is

:>u(a;,y,z):f(v)

) dvdv
u(x,y,2) = ££+k2 +k:2 + Civ + Cs. (76)

According to the general solution of Laplace equation, the CGS of Eq. (74) may be get

u(z,y,2) = f1 (x\/—l% — l% —|—l1y—|—l22—i—13> + fo <—:1:\/—l?1 — lg +l4y+l5z+l6)

N [ 7 (v) dvdv

PRk k:2 2 + 7z + lsy + loz + lyo,

(77)

where f; and fo are arbitrary unary second differentiable functions, since [y — l19 are arbitrary
constants, (77) can be written as

w(z,y,2) = Z (f“ ( w12 =2+ Ly + Ly + 11-3) s (—x, [—12 — 12 4+ Ly + Lz + zi6>>

f f v) dvdv
mﬂ z+lsy +loz + 1o (1< s<00),

(78)
where f;, and f;, are arbitrary unary second differentiable functions, l;, — l;, are arbitrary de-

termined constants.

Currently, using numerical methods to analyse Poisson equation is a hot research area [31],
under the condition of (75) we set

w(0,y,2) = p(kay + ksz + ka) + Y _ @i (liyy + linz + i), (79)
=1
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ug (0,y,2) = k1p (koy + kaz + ka) + > _ i (L y + linz + 1iy) (80)
i=1

where @;,1; and p are known functions, and

) dvdv
(k:lx + koy + k3z + k:4) “££+ k:2 n k2 + Crv + Cs. (81)

In (78) set Uiy, = Ui, ,liy = lig,liy = lig and lyz+13y+1lgz+110 = C1v+Ca, similar to the calculation
of (43) we get
fil (lily + li2z + li3) + fiz (li1y + lizz + li3) = @i (lily + lizz + li3) )

le(lly—I_llQZ_‘_l’Lg f22(11y+l7,22+113)

i1 y+l7,2 Z+l23
T / o Vi(&)d&i + fiy (Liyyo + liyzo + liyy — fia (liyyo + liyzo + i)
—_— zlyO 7,2Z0 i3

By the further calculation, the exact solution of Eq. (74) on the conditions of (75), (79) and
(80) is

u(x,y,2) =p (ki + koy + kzz + ka)

s

1 1
+ Z(igoi (:m/—l?l — 12 +1lyy+ i,z + li3> + 5 (—x,/—l?l — 12 +1lyy+ i,z + li3>

=1
—12 12 +llly+l¢22+li3f
/ i (6) dey)
22

12 +lzly+li2 2+l
(82)

2D wave equation and acoustic wave equation which we studied previously are homogeneous
equations, the general solution and the exact solution of the Cauchy problem for their non-
homogeneous equation can be obtained similar to the Poisson equation.

1.8. Helmholtz equation

Before research Helmholtz equation, we first consider a PDE as follows

A1 Ugg + A2Uyy + A3Uzz + A4Ugy + A5Uy, + AUz = A7, (83)
where a; = a;(z,y, z,u), (i = 1,2,---7), according to Transformational Method 1, set
u(z,y,z) = f(v) = f(kiz + koy + k3z + k4) (84)

where k1 — k4 are parameters to be determined, f is an undetermined unary function, then

A Ugy + A2Uyy + A3Uzz + A4Uzy + A5Uy, + AUz
= kjaif, + k3asf, + k3asf, + kikaaf, + koksasf, + kiksasf,
= ar.

Namely
1" ar

fo = k%cn + k%ag + k%ag, + k1koay + koksas + kiksag
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If k%al+k§a2+k§a3+kflzza4+k2k3a5+k1kga@- can be converted into g(v) or h(f), it can be further com-
puted,set
a; (z,y,z,u) =a; (v),(1=1,2,...7) , (86)
So the particular solution of Eq. (83) on the condition of (86) is
ardvdv
(z,vy, + Civ + Oy, 87
o // k%al + k%ag + k%ag + k1koay + koksas + k1ksag ! 2 (87)

where C7 and C5 are arbitrary constant, k; — k4 are determinate parameters. For instance

Uzz + (k12 + koy + k3z + ka) " uyy + (k1z + koy + k3z + ka)"u., = sin (kix + kay + k3z + ka) .

(88)
According to (87) its particular solution is
sinvdvdv
(z,y, 2 // K2t K2om + Ko + Crv + Oy,
where v(x,y, 2) = k1x + koy + k3z + ky4. Set
a; (z,y,z,u) =a; (u),(i=1,2,...7). (89)
From (84)-(85) we have
f// . ag
v k‘%al + k‘%az + k‘%ag + ki1koay + koksas + ki1ksag
_1
ardf ’
—ov=C1 % Cy + 2/ df,
! / ( 2 k:%al + k%ag + k:%ag + k1koay + koksas + k1k3a6) !
where k1 — k4, C1 and Cy are arbitrary constant. Namely
a1 (u) Ugz + a2 (0) Uyy + a3 (U) Uzz + a4 (W) Uzy + a5 (W) Uy + a6 (©) Uze = a7 (u). (90)

The particular solution of Eq. (90) is

ardu -
v=C1 % Coy + 2/ du. 91
! / < 2 k%al + k‘%ag + k§a3 + k1koay + koksas + k1k3a6> ( )

The solving method of Eq. (83) can be extended to any similar PDEs with n space variables.
Emden-Fowler equation [32, 33], Klein-Gordon equation [34, 35] and sine-Gordon equation [36]
are special cases of Eq. (90), which are the hotspots of current research.

(NI

Consider the following PDE
a1 Uzy + A2 Uy + azu,, + k‘QU =0 (92)
It’s a special case of Eq. (90), according to (91)

_1

k2udu 2

=C1 £ Cy —2 d
v ! /< 2 /k%al—&-k a2+k3a3> Y

\/k:%al + k3as + k%agarcsin (Csu)
k
1 +k(v-C
S i ( L0 )

\/k a1+k a2+k3a3

— 4Cysin Cs + k (kix + koy + k32) .
\/k%al + k2 509 + k3a3

=C1 =+
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Since C4 is an arbitrary constant, so the particular solution of Eq. (92) can be written as

(93)

Cs+ k (k‘l.’E + koy + k‘gz)
\/k:%al + k%ag + k:%ag ’

u(z,y,z) = Cysin <

where k1 — k3,C4 and C5 are arbitrary constant. We use Transformational Method 3 to obtain
the general solution of Eq. (92), set

u(@,y,2) =g (@,y,2) h(w) =g (x,y,2) h (hx + 2y + I3z + 14) (94)

where w(z,y,z) = lix + loy + I3z + l4,l1 — l4 are undetermined parameters, h(w) and g(z,y, 2)
are undetermined second differentiable functions, according to (72) and (94) we get

Uyy = hgyy + 2lagyh,, + l%ghw,

Usr = hg.. + 2l3g.h,, + 2gh., .

So
A1 Ugy + A2Uyy + A3Uzx + kQU
= a1hges + 20111 gohy, + a113ghy, + azhgyy + 2a2l2g,h,
+ azl3gh,, + azhg.. + 2a3l3g.hy, + aslighy, + k2gh.
Namely
(a1l3 + asl3 + asl3) ghay +2 (a1l1ge + azlagy + aslzg:) hoy + (a193s + a2gyy + asg.. + k*g) h = 0.
(95)
Set h(w) an arbitrary unary second differentiable function, according to (95) we obtain
_ l2 _ l2
all% + aglg + CLgl% =0= ll ==+ w, (96)
aq
a1l gz + a2lagy + aszlzg. =0, (97)
W19z + a29yy + a392: + k29 = 0. (98)
By (93) the particular solution of Eq. (98) is
. [ Cs+k(krx + koy + ksz
g (z,y,2) = Cysin | = 2“ 2 2” (99)
Substituting from (99) into (97) we get
ali1ge + aslagy + aslsg.
B a1l1Cakk1 + aglaCukks + azlsCurkks cos Cs+ k (k1a: + koy + kgz) —0
\/k:%al + k%CLQ + k‘%a?, \/k%al + k%az + k§a3
= a1l1Cskk1 + agloCykks + aslsCykks = 0.
Namely
—agkals — asksl
ki = azR2t2 — asg 33 (100)

aily
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Then

u(z,y,2) =g (x,y,2) h(w)
— sin 05 +k (leL‘ + kzy + ]CSZ)
\/k:%al + k%ag + k:%ag

) h(liz+ly+ 132+ 14)

Coarly — k (askals + asksls) @ + kaily (kay + &
_ sin | Gl Z klazholy + ashsly) o+ karh (kay £ 532) ) ) g tes o1,)

\/(a2k212 + asksls)? + (a2k3 + azk?) o212

So the general solution of Eq. (92) is

s —k (agkglg + a3k3lg) x + k’\/—alan% — a1a3l§ (k’zy + kgz)

u = sin
\/(CLQleQ + CL3]€3[3)2 —aq (agk% + agkg) (agl% + a3l§)

02 2
hy Mz+l2y+lgz+l4

ai
(101)

lis — k (agkialio + askisliz) © — ky/—a1a2l}y — arasl?y (k12y + k132)

+ sin
\/(a2k12l12 + &3k13l13)2 — a1 (azk?%z + agk‘%g) (agl%Q + a31%3)

2 2
—azliy — azlis

ha x+lipy+lizz+la |,

ai

where hy and hs are arbitrary unary second differentiable functions, ko,ks3,k12,k13,lo — I5 and
l19 — l15 are arbitrary constants.

Consider the following 3D Helmholtz equation
Uz + Uy + sz + k*u = 0, (102)
According to (101) we can get the general solution of Eq. (102) is
ls — k (kaly + ksl ky/—13 =13 (k k
u—sin | B Uelet kely) 2+ 2 =l (hay +h2) ) ) <\/—l§—l§x+l2y+l3z+l4>
\/(k2l2 +kaly)® — (K3 + K3) (13 +83)

Lis — k (kialia + kislis) @ — ky/ =13y — U35 (k12y + k132)
\/(k‘lzllz +kislis)” — (K, +kfs) (1 +135)

ho (-V —13y — sz + ligy + ligz + 514> ;

Consider the following 2D Helmholtz equation

+ sin

(103)

Uz + Uy + K2u = 0. (104)
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By (101) the general solution of Eq. (104) could be got

Ce— k (agkglg + a3k3l3) x + k\/—a1a215 — a1a3l§ (kzy + /4732)

u = sin
\/(a2k212>2 — (agk%) (agl%)
T
hy 92 o by + 1,
ap
4 sin Cs — k (agkialia + askizliz) © — ky/—a1aal3y — ara3l3; (kioy + k132)
\/(a2k12l12)2 — (agkdy) (a2l3y)
o l2 o l2

a1

The denominator of the above equation is equal to zero, so we can preliminarily judge that Eq.
(104) has no general solution.

For the 1D Helmholtz equation uzx + k%u = 0, according to (101) we can get that the de-
nominator is equal to zero, so it can be judged preliminarily that 1D Helmholtz equation does
not have any general solution.

Currently analysing the Helmholtz equation is mainly used numerical methods [37-40]. Here
we consider the following boundary value problem of Eq. (102)

u(0,y,z) = sin (\/ﬁk (y + 22)) oy+=2), (105)

ugz (0,9, 2) =/ —2sin (\/ik (y + 22)) ¢ (x +y) + 3kicos (\/5]4: (y + 2z)) o(xr+y), (106)
where ¢,¢ are known function, comparing (103) with (105) we obtain
ky=kip=l=l3=la=lg=1 ks =kiz=2,la =lha=Cs=Cs=0.

Namely
u =sin (3kil’ +V2k (y + 22)) h (V=22 +y+2z)
(107)
+ sin (3ki:c —V2k (y + 22)) ho (—V =2z 4+y+2).
Then
u(0,y,2) =sin (\/ik (y + 22)) hi(y + z) — sin (\@k (y + 22)) ho (y + 2)

:sin<\@k(y+2z))¢(y+z):>h1(y—|—z)—h2(y—|—z):g0(y+z),

ug (0,y,2) = v/ —2sin (\@k (y + 22)) (hll (y+2) + hy (y + z))
+ 3kicos (\@k (y + 2z)> (h1 (y+2)+ ha (y + 2))
= \/—2sin (\/§k (y+ 22)) ¢' (x +y) + 3kicos (\@k (y + 2z)> o (x+y)

=h(y+2)+ha(y+z2)=9(+y).

Namely
hi(y+2)—ha(y+2)=¢y+z) (108)
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hMy+z)+ha(y+z) =¢(x+y) (109)
Then ]
hi(y+z)=35 ((y+2)+ely+2)
1

=h (V-2z+y+2z) =3 (p(V-2z+y+2)+o(V-20+y+2)),

1
ha(y+2) =35 (¢(y+2) —wly+2))
1
= ho (—\/—2x+y+z) =5 (gi) (—\/—2x+y+z) —p (—\/—2x+y+z)) .
So the exact solution of Eq. (102) on the conditions of (105) and (106) can be get

u :%sm (Skia: +V2k (y + 22)) (0 (V=22 +y+2)+¢o(V-20+y+2))

110
—i—%sm<3kix—\/§k‘(y+2z)>(¢(\/—72x+y+z)—g0(\/—72:n+y+z)). o)
1.9. heat equation and diffusion equation
Consider the following PDE
apUt + A1 Ugy + A2Uyy + a3, = 0, (111)

where a; are known constants. For solving its particular solution, by Transformational Method
1 we set

w(t,z,y,z) = f (v) = f(kot + k1z + koy + k3z + ka) (112)

where v(t, z,y, z) = kot + k1x + kay + ksz + ka,ko — k4 are parameters to be determined, f is an
undetermined unary second differentiable function. By (7)

1"

apUt + A1 Ugy + G2Uyy + A3Uz, = aOkOfv =+ (alk% =+ G'Qk% + a’3k§) fv = 0.

Set w = f, then

aokof, + (a1k? + ask3 + azk3) f, = 0= (ar1k? + azk? + azk?) w, = —agkow

—agkgu 2 2 2 —agkgv
= = k76a1k%+a2k§+a3k§ = f ('U) _ —k7a1k1 + CLQ:ICQ + a3k3ea1k%+a2k§+a3k§ + kﬁ'

apko

So the particular solution of Eq. (111) is

—agkqg(kgt+kiz+koy+ksz)

u(t,z,y,z) = kse a1hi+agks +agk3 + kg, (113)

where kg — kg are arbitrary constants.
In order to obtain the general solution of Eq. (111), according to Transformational Method
3 we set

u(t,z,y,z) = gh(w) =gt z,y,2z)h(lot + iz + oy + 132+ la) (114)

where w(t, x,y,z) = lot + lix + lay + I3z + 4, lp — 14 are parameters to be determined, h and g
are undetermined second differentiable functions. By (71) and (72) we get

Uy = logh;u + hg,
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Uao = 13ghy, + 201 90hny, + hgaa,
Uyy = B3ghy, + 2lag,hy, + hgyy,
U, = B3ghl, + 2l3g.hty + hg...
Then
Aot + A1Uzg + A2Uyy + A3U2,
= agloghy, + aohg: + a1l2ghy, + 2a111gzhy, + a1hges + a2l3gh., + 2a2l29yh/w + azhgyy
+ asl3ghy, + 2a3l39:hy, + ashgs..

Namely
(all% + aglg + aglg) ghy, + (aolog + 2a1l1 9. + 2a2l2gy + 2aslzg:) hy, (115)
+ (a0t + 19z + a2gyy + a3gz2) h = 0.
Set h(w) an arbitrary unary second differentiable function, according to (115) we get
—agl? — asl?
a2 +agld+aslB =0= 1 =+ 22— 983 (116)
ay
aol()g + 2a1llgx + 2a2l29y + 2a313gz = 0, (117)
aogt + a19zz + a2Ggyy + 439z, = 0. (118)
By (113) the particular solution of Eq. (118) is
—aqgkg(kgt+kiz+koy+ksz)
g (t7 x? y? Z) = k5€ alk%+a2k%+a3k§ —"_ k67 (119)
Set k¢ = 0, and substituting from (119) into (117), then
aplog + 2a1l1g: + 2a2l2gy + 2a3l3g.
—agkg(kgt+kiz+koy+ksz) —aqgkqg(kgt+kixz+koy+ksz)
— aplokse  “RireriEresk]  _9q kikee a1k taakirasid alllkl;- a2lzl;2 + aglskg _o
arliky + aslaks + aslzks
= lo = 2]{?0 5 5 5
We have Liki + aslaks + aslsk
A101R/1 T G202R2 T G303R3
lop = 2k 120
0 0 alk% + agk‘% + agk‘g ( )
Therefore

—agkqg(kgt+kiz+koy+ksz)
w(z,y, z,t) =g (@, y,z,t) h(w) = kse  “Fitokdtasts b (lot + Lz + lyy + I3z + 1y)
—aqgkg(k kixz+k kgz)
QR Ees oo R (2% (arlik1 + azloks + aslshks) t
alk:% + agk% + a3k§

=€

+l1$+l2y+l32+l4> .
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So the general solution of Eq. (111) is

—aqgkqg(kgt+kiz+koy+ksz)
aq k%+a2 k%+a3 k%

u==e€

2ko (kl \/—a1 (GQZ% + a3l§) + asloks + a3l3k3> t 7@2@ _ agz%
Y i’ st

h T+ loy + I3z + 1
! alk% + agkg + agk% a1 2y 3 4
—agk(k1gt+k112+k12ytk32)
. 0 lff)lk%lf:tg};%Q:a;iy%: 13 h2(2k10(—k11 \/—al(aglfg + a3l%3) + asliokia + asliskis)t

_ l2 _ l2
T2 T 95 12@ 9545, + lioy + lizz + l1a)
1

(121)

where hi and hs are arbitrary unary second differentiable functions, kg — k3,k10 — k13,lo — 4 and
l19 — l14 are arbitrary constants.

The form of 3D heat equation and diffusion equation is
U — @ (Ugg + Uyy + Uss) = 0, (122)

According to (24) we can get the general solution of Eq. (122) is

ko (kot+kiz+koy+ksz) _J2 _ 2
st (2% (V=B =Bk + lokz + l3k3>t+ BBt iy 1as 41

ki + k3 + k3

u =€

kig(k1ott+kiiz+kioytkizz)
2 12 112 Va2
Te (k11+k12+k13)a

2k10 (-x/ —13y — I3k11 + Lok + l13k13>
ho t— 1/ *Z%Q — l%gﬂf 4+ l19y + l13z + 114

ki 4 Ky + ki

(123)
The form of 2D heat equation and diffusion equation is
By (121) the general solution of Eq. (124) could be got
ko(kgt+kiz+koy) 3
T Zaa)e 2ko (iloky + ok
uw=e¢ (Fi+43)e> ha ( : (Zkg _i 22 2 z)t +ilaz + Iy + l4)
k1g(k1gtt+k1124+k12Y) ' ’ (125)
(k2, +42, )a2 2k10 (—iliok1y + lik12) | .
+e 117712 ho 5 3 t —ilox + Loy + 14
ki1 + K1y
The form of 1D heat equation and diffusion equation is
U — gy =0 (126)

According to (121) we have

ko (kgt+kyz)

u=_Ce M (127)
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Therefore, it can be preliminarily determined that Eq. (126) has no general solution.

Nonlinear problem [41-44] and numerical methods [45-47] are the research hotspots of the
heat equation, here we consider the following initial value problem of Eq. (122)

atytz

u(z,y,2,0) =e o2 (apl (\/—72x +y+ z) + o (—\/356#—3/—# z)) (128)

Comparing (123) with (128) we get

k k
k1 =ko=ks= 34 k11 = k12 = k13 = %47l2 =l3=lia=l3=1,l5=15=0
So
z+y+z+3t

u(z,y,2,t) =€ o (129)

(m (V=2r+y+z+ (4+2V=-2)t) + ha (V220 +y+ 2+ (4 —2V-2)1))
Then

u(z,y,2,0)

$+y+z

2 (o1 (V=22 +y+2) + o2 (V=21 4y +2))

(h (V=2z+y+2z)+hy(—V-22+y+2))
:>g01(\/—7x+y+z)+<p2(—\/—7x—l—y+z):hl(\/—ix+y+z)+h2(—\/—72x—l—y+z)
=0 (V-2r+y+z+ (@d+2vV=-2)t) =h (V22 +y+ 2+ (4+2V-2)1)

2 (V22 4+y+z+(4—-2V-2)t) =hy (—V-"2z+y+ 2+ (4—2V-2)1)

Namely
h(V=2e+y+z+(4+2vV-2)t) =1 (V22 +y+2z+ (4+2V-2)t)
ho (V=2 +y+z+4+ (4—2V=2)t) =2 (—V-"22+y+ 2+ (4 —2v/-2) 1)
So the exact solution of Eq. (122) on the conditions of (128) can be get

u(x,y,z,t)

= T (o1 (VERry  a (44 2V72) 1) + o (—VBr y + 2+ (4 - 2V72) 1))
(130)

1.10. Schrodinger Equation

Linear [48-50] and nonlinear [51, 52] stationary state Schrédinger equation are the focus of
current research, Consider the following linear equation

%Au — (V(z,y,2) — E)u=0, (131)

where m is the mass of the described particle and 4 is the reduced Plank constant, by Transfor-
mational Method 2, set

u(x,y,z) = f(v) = f(k1x + koy + k3z + k4) , (132)
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V(z,y,z2) —E=a()=a(kix+ koy+ ksz+ ky), (133)

where v(x,y, z) = k1x + koy + k3z + k4, k1 — k4 are known parameters, V(z,y,2) — E = a(v) is
a known function, f is an undetermined unary second differentiable function, then

72 h? "

%Au— (V(z,y,2) — E)u = o (k:%—}—k%—i—k%) fo —a(®)f=0

= fi +b(v) f=0.

Namely
4 b)) f=0. (134)

where
—2ma (v)  2m(V (z,y,2) — E)

TR+ R+

b(v) (135)

If b(v) is some special function [53], Eq. (134) has a particular solution and its general solution
may be obtained by the law of second-order linear ODEs (LODESs), such as
b(v) =—c (cv2" + nv”_l) , (136)

h2 k2+k2+k2
1% (:L', Y, z) =a (’U) + FE = ¢ ( 12m 2 3) (CUQn + ’I’L’Un_l) + E, (137)

where ¢ is an arbitrary constant, the particular solution of Eq. (134) under the condition of
(137) is

(o) = contl . c(kyx + koy + kaz + kg)" !
= eX = X .
Pl P n+ 1

So the particular solution of Eq. (131) under the condition of (137) is

(138)

c(kix + kay + ksz + k4)n+1
u(z,y,z) = exp :

n—+1

For getting the general solution of Eq. (131) under the condition of (137), according to Trans-
formational Method 3, we set

u ($, Y, Z) =9 (‘T’ Y, Z) h (w) =g ($, Y, Z) h (llx + l?y + 132 + l4) ) (139)

where w(x,y, z) = lia+loy+132 414,11 — 4 are parameters to be determined, h(w) and g(z,y, 2)
are undetermined second differentiable function, by (129) and (72) we obtain

Usw = hgao + 201 gahy, + Lghy, (140)

Uyy = hgyy + 2lggyh;j + 12gh,,, (141)
Uy = hgasr + 2l3g:h, + BBgh,. (142)
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Then
hQ
%Au —V((z,y,2) — E)u
K2 K2 / K2 K2 h? / K2 9 K2
= Q—hgm + fllgxhw —|— l gh + mhgyy + Elwth + %ZQghw + %hgzz
K2 h2 9
7l3gzh + mZBQh’w + (V(l’,y, Z) - E)gh =0.
We have
h2 2 2 2 1" hz I
o (15 +15 +13) ghy + — (lige + lagy + 1392) hy,
m m
h? 72 12 (143)
+ (mgaﬁw + %gyy + %gzz + (V (.’L’, Y, Z) — E) g) h=0.

Set h(w) an arbitrary second differentiable function, by (143) we get

BAB+E=0= 11 = +/-13 13, (144)

1192 + lagy + 13g. = 0, (145)
K2 K2 K2
%ga:ac + %gyy + %gzz + (V(z,y,2) — E)g = 0. (146)

By (138), the particular solution of Eq. (146) on the condition of (137) is

(147)

c(k1z + koy + ksz + k‘4)"+1
g(z,y,2) =exp .

n+1

Substituting from (147) into (145) we get

k k k k n+1
licky (kx4 koy + kg2 + k)" exp (C( 18+ Koy + k2 + k) )

n—+1

c(k k k a)" L
+ locka (k12 + koy + k3z + kq)"exp ( 12 + kay + k32 + ka) )

n+1

c(k k k fea)" L

+ I3cks(k1z + koy + k3z + kq)"exp (k12 + koy + k3z + k) ) _ 0
n+1

—k2l2 kals

— = 312

—k1k213 + /=R — KRG — KRG

:l —
2 k2 + k2

Namely

—kkols + /—kNZ — k2k212 — K2K212
k3 + k3 '

ly = (148)
Then

c(klx + ka + ng + k4)n+1
n+1

u(a:,y,z) Zg($,y,z)h(w) :eXp< )h(l1$+12y+132+l4)
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So the general solution of Eq. (131) on the condition of (137) is

c(k‘lx + k’QQ + k‘32 + k‘4)n+1
v P n+ 1

<h1 (\/ —lg - l%:r + oy + I3z + l4> + ho (—\/—Z%Q — 1%39: + loy + li32 + l14>) )

where hy and ho are arbitrary second differentiable unary function, k1 — k4 and c are determinate

—kikalistlisy/—ki—kIk3—k3k3

ki+k3

(149)

parameters, l3,l4,l13 and l14 are arbitrary constants,lio =

Time dependent Schrodinger equation is always the focus of research [54-59], in addition,
the related nonlinear equation [60, 61] and the time fractional Schrodinger equations (TFSEs)
[62, 63] are the deeply researched field. Consider the following linear equation

. h?
Zhut—}-%Au—V(a:,y,z,t)u:O. (150)
According to Method 2, set
u (1'7217 Zat) = f (U> = f (klx + k?y + k3z + k4t + k5) ) (151)
V(z,y,2,t) =a() =a(kix+ koy + k3z + kat + k5) , (152)

where v = kjx + koy + ksz + kqt + ks, k1 — ks are known parameters, V(z,y,z,t) = a(v) is a
known function, f is an undetermined unary second differentiable function, then

ihug + 271; Au—V (z,y,zt)u=ihksf, + Z (K + K2+ k2) f, —a(v) f=0.
Namely , )
fo +Efy+0(v) f =0, (153)
where
k= i2mky b(w) —2ma (v) (154)

h(k2+ k2 +k2) CEEY)

If b(v) is some special function [53], Eq. (153) has a particular solution and its general solution
may be obtained by the law of second-order LODES, such as

b(v) =c(—cv™ + k" +no"1).

The particular solution of Eq. (153) is

cvn—‘rl
7 () = exp (‘n+1> |

Namely
o h2 k2 4 k2 +]€2
Vi(z,y,2,t) =a(v) = ‘ ( 12m 2 3) (—cvzn + ko™ + nv”_l) ) (155)

The particular solution of Eq. (150) on the condition of (155) is

(156)

c(krx + koy + kaz + kgt + ks)™ 1
n+1 '

u(z,y,z,t) =exp (—
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By

fo + (@ @) +h@) o+ (9(0)h(0) +g,) f =0. (157)
The particular solution of Eq. (157) is

f(v) =exp (— /g(v) dv) . (158)

Set h(v) = —g(v) + k, where g(v) is an arbitrary unary first differentiable function, then

b () =~ () + kg (v) + g, (159)
Namely
2 2 2 2
V) —a) = IR () kg0 - ). (160

The particular solution of Eq. (150) on the condition of (160) is

u(z,y,z,t) = f(v) =exp (—/g(v) d’u) . (161)

For getting the general solution of Eq. (150) on the condition of (155), according to Trans-
formational Method 3, we set

u(,y, z,t) = g(2,y,2,t) h(w) = g (2, y, 2, ) h (ha + lay + I3z + lat +15) (162)

where w = lyx + loy + I3z + l4t + 5,11 — l5 are parameters to be determined, h and g are
undetermined second differentiable functions, by (71)-(72) and (162)

2
ihut—i—h—Au—V(l‘,y,z,t)u
2m

! h2 1" h2 I h2 h2 1" h2 !
= ihlyghy, + ihhgy + ——13ghy + —11gzhy + ——hges + ~—13ghy, + —l2gyhy,
2m m 2m 2m m

h? h? h?
+ 5 —hgyy + m

l2 h//
291 39y +

! h2 hQ 1
— lsgh,, + —hg., — Vgh— (12 + 12 +12) gh
o 39 w+2m9 Vg 2m(1+2+3)9w
h h h / K2 K2 h2
+ N0 ilag + —lige + —logy + —139: | hy + | thgt + m— 2w + =—Gyy + =—9.. — Vg | h=0.
m m m 2m 2m 2m

Namely
2

I3 " h h h ,
— 3+ +13) gh, +h (z’l4g + —ligs + —logy + l392> h.,
2m m m m (163)

K2 K2 K2
+ <Zhgt + %Qm + %gyy + %gzz - Vg) h = 0.

Set h(w) an arbitrary second differentiable function, by (163) we get

B+B+15=0=1; =+\/-13-13, (164)

h h h
ilag + —l1gz + —lagy + —l3g. =0, (165)
m m m
2 h2 h2

ihgs + %gzx + %gyy + %gzz —Vg=0. (166)



28

By (156) the particular solution of Eq. (166) on the condition of (155) is

(167)

( c(kiz + koy + kg2 + kat + k5)”+1>
g(xvyvzat):exp - .

n+1

Substituting from (167) into (165) we get

) (k1:c + koy + ksz + kgt + k5) ntl
1lgexp "

h
— —lycky(k1z + koy + ksz + kat + k5)"exp
m n+1

h
— %120162(%:13 + koy + ksz + kat + ks)"exp

c(kix + koy + ksz + kat + k )n+1
n-+1

h
— —lscks(k1z + koy + ksz + kat + k5)"exp
m n+1

( c(kix + koy + ksz + kat + ks )n+1>

c(kix + kay + ksz + kat + ks )"H) 0

A
== _EC (lik1 + loka + I3ks) (kax + koy + ks + kat + ks)".
Namely
h
Iy = —EC (k1 + lokg + I3k3) (k1 + koy + k3z + kat + ks)™. (168)

Since [4 is a constant and is not a function of z,y, z and ¢, if (167) is the particular solution of
Eq. (166), by (168) n must equal 0, then

— ch? (K} + k3 + k3)

2m

12 (1.2 2 2
(—cv™ + ko™ +no" ) = ch? (KT + K5 + K5) (—c+k). (169)

2m

V=

Since k; — ks,k and ¢ are determinate constants, so V(x,y, z,t) is an determinate constants too,
namely

h
Iy = _76 (l1/€1 + loks + l3k‘3) (170)

Then

c(kyx + koy + ksz + kgt + ks)™
n+1

u—gh—exp(— )h(llx+lgy+lgz+l4t+l5).

So the general solution of Eq. (150) in the condition of (169) is

c(kix+koy+ksz+kat+ks)

uU=-e
(hl (\/ —13 — Bz +ly + I3z 4+ lst + l5> + ho <—\/ —13y — 1132 + Loy + lizz + Lt + 115>>
(171)
where hi and ho are arbitrary unary second differentiable functions,l14 = —% (li1k1 + lLigka + lisks),

lo,1l3,15,112,113 and l15 are arbitrary parameters.

Consider the following initial value problem of Eq. (150) on the condition of (169)

u(z,y,2,0) = e*t¥H= (gpl (\/—721: +y+ 2) + 2 (—\/j2x +y+ z)) , (172)
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ut (z,y, 2,0)
="V (o1 (V=22 +y+2) + o (V22 +y+2)) (173)

—I—%e’”y+z ((2+\/TQ) o (V=2z+y+z2)+(2-v-2) ©s (—mx+y+z)>.

Comparing (171) with (172) we have
1
k1:k2:k3:—g Jde=l3=li=hs=1 ks =15=115=0.

By further calculation which is in Appendix C, the exact solutions of the initial value problem
is

h
u ="V (o) (V=22 + y + 2 + — (2 +V-2)t)
m (174)

+ oo(—vV =2z +y+ 2+ %(2 —V/=2)1)).

When V(z,y, z,t) is a constant, Eq. (150) is also an important case of the diffusion equa-
tion with a source [64], its general solution and the exact solutions of the Cauchy problem are
applicable to the diffusion equation.

1.11. Singular general solution of the Helmholtz equation

For the 3D Helmholtz equation
Au+ k*u = 0. (175)

By (93), its particular solution is

(176)

Cs +Ek(k k k
u(w,y,Z)=C4sin< 5+ k (kiz + kay + 3z)>’

VkE+ kS + k3

where k1 — k3,Cy and Cs are arbitrary constant. Similar to the solving method of (101), by
(176) and Transformational Method 3 the SGS of Eq. (175) is

— k (kalo + ksl k/—13 — 13 (k k
w—sin | Comkklatksl)zt byl — 1y (hay £ hs2) | ) <,/—z§—z§x+l2y+zgz+z4>
V Uralz + kals)? — (K +43) (13 +13)
Cs—k (klgllz + klgllg) T — ky/ —Z%Q — l%?) (klzy + k‘lgz)
\/<kl2l12 +kisliz)® — (K, + k) (B +15)

ha (—\/ —12, — Bz + lioy + lisz + ll4> ;
(177)

where h1 and ho are arbitrary unary second differentiable functions, ko, k3, k12, k13,12 — l4, 112 —
l14,Cs and Cg are arbitrary constants.
According to [65]

+ sin

u = (kycoshax + kosinhax) (kzcoshfy 4 kysinhBy) (kscoshyz + kesinhyz), k? = —a? — % — 42,

(178)

where k1 —kg are arbitrary constants, (178) is a particular solution of Eq. (175). Other particular
solutions of the Helmholtz equation can be referred to [65, 66].

Here we shall use (178) and Transformational Method 3 to obtain a new solution of Eq.
(175), and shall analyze the relationship between it and (177).
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According to Transformational Method 3, we set
u (iL‘, Y, Z) =9 (JZ‘, Y, Z) h (’U)) =g (iL‘, Y, Z) h (llaj +loy + 132+ l4) ) (179)

where h(w) and g(z,y,z) are undetermined second differentiable functions,w (z,y,z) = iz +
loy + I3z + 14,1 — l4 are undetermined parameters, by (179) we have

Uge = hgza + 2 gshy, + Bghy, (180)
tyy = hgyy + 2agyhe, + B3ghy, (181)
Usy = hgar + 2039y, + 12gh,,. (182)
So
A+ kKu
= hgux + 20192l + 12ghe, + hgyy + 2lagyhe, + 3ghy, + hg.. + 2l3g.hy, + 2gh,, + k*gh = 0.
Namely

(12 + 13+ 13) ghy + 2 (Ige + lagy + 1392) hy + (Gz + Gyy + goz + k2g) h = 0. (183)

Set h(w) an arbitrary unary second differentiable function, according to (183) we obtain

BHB+E=0=1=+/-13-12 184
3 2 3

1192 + l29y +139. =0, (185)
Gz + Gyy + G2z + k2g = 0. (186)
By (178), a particular solution of Eq. (186) is

g = (kicoshax + kesinhax) (kzcoshBy + kysinhfy) (kscoshyz + kgsinhyz), k* = —a? — % —~2,

(187)
Substituting (187) into (185)
l192 + l2gy + 139-
= aly (kacoshax + kysinhax) (kscoshBy + kysinhfBy) (kscoshyz + kgsinhyz)
+ Bla (kicoshax + kosinhax) (kycoshBy + kssinhfBy) (kscoshyz + kgsinhyz)
+ 7l3 (k1coshax + kgsinhax) (kscoshfBy + kgsinhBy) (kgcoshyz + kssinhyz) = 0,
we get
—Bla —~l
by = ho ks = ka by = by, = 200 (185)
Since

—Bly — Al
llzi\/—lg—@:iﬁz i

2
l 2.2
:><\/k2+’y2l2—5732> +<k2+52— i >l§:o
Y

k2 + k? 472

Byls 2 2 52’72
= VE+y - ———==0,k"+ " — 55— =0
R N

l
=l = s B=4vV—-k2—~2,a=0.

TR



31

For a = 0, we have

—plz

ks = ka, ks = ke, I3 = 5 kP =—p% =7, (189)
and
Re-f ==t/ R P h=t/B-B=2 —zg—ﬁjég:i’?
Namely

BtV R 2 a=0,i = +72 (190)
Y
We set w = /—k? — 42 then

u(z,y,2) = g(z,y,2) h(w)
= (kgcoshax + kisinhax) (kscoshBy + kasinhfy) (kscoshyz + kgsinhyz) h (lhx + lay + 32 + 14)
= (coshBy + sinhBy) (coshyz + sinhyz) h (liz + loy + 132 + 1s) = eV h (lyx + loy + I3z + 14) .

So

u(z,y, z)
= Y% (hy(kz + vy + wz + C1) + ho(—kz + vy + wz + Ca) + hy(kx + vy — wz + C3)
+ ha(=kx + vy —wz + Cy)) + e YT (hs(kx + vy + wz + C3) + he(—kx + vy + wz + Cg)

+ hy(kx + vy —wz + C7) + hs(—kx + vy — wz + C3))

(191)
where h1—hg are arbitrary unary second differentiable functions, C'; —Cyg are arbitrary constants.
Substituting (191) into Eq. (175), we find the necessary to set hy + hy = Cy and h7 + hg = Ciy,
where C9 and C¢ are arbitrary constants, so the verified new general solution of Eq. (175) is:

u(x,y,z) =e“YT7% (hg (kx + vy — wz + C3) + hy (—kx + vy — wz + Cy) + Co)
+ e (hy (kx + vy + w2z + Cs) + he (—kx + vy + wz + Cg) + C1p) -

In order to facilitate the writing and application, we rewrite the above equation

u(x,y,2) =e*YT7% (hy (kx + vy — wz + C1) + ha (=kz + vy — wz + Ca) + Cs)

192
+ e YT (hy (kx + vy + w2z + C3) + hy (—kx + vy + wz + C4) + Cs) . (192)

where hi —h4 are arbitrary unary second differentiable functions, C; —Cg are arbitrary constants.
Note that the number of arbitrary functions in (192) is four! Namely the number of arbitrary
functions in the SGS of 2th-order linear PDE (LPDE) is more than 2!
For the modified Helmholtz equation

Au —k*u = 0. (193)
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Similar to the calculation of (101), the SGS of Eq. (193) is

C1 — ik (kaly + ksls) x + ik+/ —l% - l% (kay + k3z)
\/(k212 + kals)” — (k3 + k3) (13 +13)

h1 (\/ —Z% — l%x + oy + I3z + l4>

Cy + ik (k12l12 + k13l13) T — 1ky/ —Z%Q — l%3 (kuy + k‘132)
\/Uﬁ?ll2 +kizliz)® — (b, + ks) (B +135)

ha (\/ —12, — 1332 + lioy + l132 + 114)

Cs — ik (kaalog + kaslog) @ — ik/—134 — 135 (kooy + ko32)
\/(kzzlzz + kaslas)? — (K3, + k25) (13, +13,)

hs (—\/ —135 — 1332 + looy + logz + 524)

Cy+ ik (kgglgg + k3slsz) x + iky/ —lgg — l§3 (ksoy + k332)
\/(7%2132 +kaslzs)? — (K3 + K3s) (135 + 13)

hy (—\/ —l§2 — l§3l’ + l30y + l332 + l34> ,

where h1—h4 are arbitrary unary second differentiable functions, ko, k3, k12, k13, k22, k23, k32, k33, lo—
ly,l1o — 114, loo — log, l30 — l34 and Cy — C4 are arbitrary constants. Note that the number of ar-
bitrary functions in (194) is four, the SGS of Eq. (193) which similar to (192) is more complex.

According to the above calculation, we propose a new problem: Comparing (192) with (177),
whether they are independent of each other? How to prove?

In the theory of ordinary differential equations (ODEs), it has been proven that the number
of the arbitrary constants in the general solution of mth-order ODEs is m [67, 68]. In the theory
of PDEs, almost all of the textbooks and professional books directly or indirectly declare that
the number of the arbitrary functions in the general solution of mth-order PDEs is m [20, 64, 69,
70], but no related rigorous proof up to now, so the above problem is very important, it relates
to how many arbitrary functions in the SGS of mth-order PDEs. By the law of superposition,
if (192) and (177) are independent, the number of arbitrary functions in the SGS of Eq. (175)
is six.

Because the concise general solution of a PDE may not be the only, we can use symbols
G express these different solution, where n is the number of arbitrary functions and m is the
number of discretionary parameters in the corresponding concise general solution.

u = sin

+ sin

(193)

+ sin

+ sin

2. Principles of transformational equations

We presents five new concepts and five new theorems in this chapter, using Theorem 1 if the
solution of a PDE is known, the solutions of its various independent variable transformational
equations (IVTEs) can be obtained directly. According to Theorem 2 we can use two solvable
equations to obtain a new solvable PDE. By Theorem 4 and 5, the general solutions of the vector
wave equation in cartesian, cylindrical and spherical coordinate systems have been solved for
the first time. We point out that the general solutions or particular solutions of various symmet-
ric vector partial differential equations can be obtained similarly in any orthogonal coordinate
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system, such as vector Helmholtz equation, vector Laplace equation and the magnetic vector
potential equation and so on.

2.1. The principle of independent variable transformational equations

Many MPEs’ solutions under non-Cartesian coordinate system have been investigated deeply
[71-73]. One PDE in different coordinate systems has different forms, such as the Laplace
equation in spherical coordinates and cylindrical coordinates are written as

1 0 [ ,0u 1 0 (. Ou 1 9w
ﬁa <T 8’,"> + ’,”QSine% (Slngae> + ’,"2511’12087802 - 07 (195)

10 ou 1 0% 03
— JR— _— — = U. 1
ror <T8r> + r2 002 + 022 0 (196)

Here we begin to study the relationship law of the PDEs’ solutions in different coordinate
systems. First, we define independent variable transformational equations (IVTESs).

Definition. In the domain D, (D C R"),(n > 2), set z; are independent and y; are indepen-
dent too, (i = 1,2,---n), by x; = x;(y1,y2, " Yn),¥i = yi(r1, T2 xy), which are known,mth-
order PDE F'(z1,...%n, U, Ugy, .. . Ug, , Uz 2y, - - -) = 0 is converted into another mth-order PDE
G (Y1, Yny Uy Uy s+ o Uy, Uyrys,---) = 0, then G =0 is called a IVTE of F' = 0.

Since the concrete forms of x; = x; (y1,92,.--Yn),¥i = ¥i (x1,x2...x,) are infinite, so every
PDE has infinite IVTEs. In the orthogonal coordinate system theory the forms of IVTEs are
always obtained by the metric and exterior calculus method, in fact, they could also be get
by known z; = x;(y1,...yn) and y; = y;(x1,...2,),such as the Laplace equation in cylindrical
coordinates, using

x =rcosf ,y =rsinf ,z = z. (197)

We obtain

r=+z2+y?,0= arctan% \ 2= 2, (198)

and further

x y
ry = ——=——= =cosl ,ry = ————— =sinf ,r, =0
/22 + 42 /22 + 42
—y —sinf T cosf
T x2+y2 r » Yy $2+y2 r y Yz ) ~T Yy
sinf
Uy = UpTg + UgOy + Uy 2y = Upcost — ug—
r
. sinf cosf sinf
Ugy = UpprTCOSO — u,8in60, — uegﬁwT — ug Tﬁx + uy T—zrx
9 sin%6 sin?6 sinfcos
= Upr-cos“0 + u, + ugg 2 + 2ug 2
) cosf
Uy = UpTy + ugly + Uz 2y = upsingd + ug——
,
) cosf sinf cosf
Uyy = UppTysing + u,cosfl, + uegeyT — Uug TGy — ug T—er
.9 cos26 cos26 sinfcosf
= UppSin“O + u, 2

Ugo — 4Ug
r2 r2
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Then
Ugy + Uyy + Uz
9 sin?6 sin26 sinfcosf . 9 cos0 cos?6
= UppCcos“0 + u, . + ugg 2 + ugT + Uypsin“O + u, Ugy 2
5 sinfcosf n . 1 n 1 4 10 ou n 1 9%u N 0%u
—Ug——— F Uy, = U —Ur + —=u Upy = —— | 77— —_—— + —.
02 = T T el =7 ror \U or r2 002 = 0z2
Namely

Mo (o0 10t o
v vy = ror U or r2 002 = 0z2°

Using the definition of IVTEs we present Theorem 1.

Theorem 1. In the domain D, (D C R™) ,if the solution v = f(x1,---x,) of a mth-order PDE
F(z1, Tp, Uy Uy, -+ Uy, Ugyzgy -+ ) = 0 s known, then the solution of its IVTE G(y1, - - Yn, u,
uylv"'uyn’uylyz’"') =0isu= f(xlaxn) Ig(y1,~--yn)-

Proof. USing Ty = xi(ylv T yn) and Yi = ?/i(ﬂfh o 'xn)’ G(y17 U Yn, Uy Uyt Uy Uyqygy © ) =0
could be converted into F(z1,: - Tn, U, Uz, Usp, , Uz 2y, - ) = 0, because the solution u =
f(z1,---x,) of F = 0 is known, so u = f(x1,---x,) is the solution of G = 0 too, by z; =
(Y1, Yn), u = f(x1,- - x,) may be varied into u = g(y1, - yYn)-

According to Theorem 1, if the solution of a PDE is known, the solutions of its various
IVTEs can be obtained directly, as in spherical coordinates

x = rsinfcosp ,y = rsinfsing , z = rcosf. (199)

By the general solution (16) of Laplace equation in the Cartesian coordinate system, its general
solution in the spherical coordinate system can be got directly

u(r,0,p) =f1 (rsin&coscp\ | —k? — k3 + kyrsinfsing + korcos + k:g)

+ fo (—rsinﬁcosgu [ —k3 — k2 + kyrsinfsing + ksrcosd + k6> (200)

+ krrsinfcosy + kgrsinfsing + kgrcost + kqp.

Using (197) the general solution of Laplace equation in the cylindrical coordinate system is

u(r,0,z) =f1 (rcos&w [ —k? — k3 + kyrsind + koz + l-cg)
+ fo <—7‘cos€y [—k2 — k:g + kyrsing + ksz + k:6> (201)

+ krrcosf + kgrsind + kgz + k1o.

All the solutions of PDEs obtained in this paper, we can use them to obtain the solutions
in all orthogonal coordinate system by Theorem 1, exact solutions of Cauchy problems can be
similarly analysed yet.

2.2. The principle of dependent variable transformational equations

First, we define the dependent variable transformational equations (DVTEs).
Definition. In the domainD, (D C R") ;set v = h(Z1, Tn, U, Uy, - - - Uz, , Ugy 2, - ), SO & PDE
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F(z1, Tp, U, 0gy, Vg, Vgyzg, - - ) = 0 may be converted into G(x1, - - - Ty, Uy Ugy , + * * U,y Ugy s

-++) =0, then G =0 is called a DVTE of F' = 0.
Using the definition of DVTE we present Theorem 2.

Theorem 2. In the domain D, (D C R™) ,if the solutionv = f(x1,---x,) of a PDE F(x1,- - Tp,

VyVgyy Uy Ugyzs -+ - ) = 008 known, setv = h(z1, - Tp, U, Ugy, -+ Uz, , Uz g, -+ ), then the so-
lution of its DVTE G (1, -+ Ty, Uy Ugy -+ Uz, s Uz zgy - -+ ) = 0 is the solution of h(xy, -+ X, u, Uy, ,
U gy ) = (@1, Tn).

Proof. Set v = h(z1, - Tp, U Uz, Uz, Upyzgs -+ ), then G(Y1, - Yn, U, Uy, - - Uy, Uyyyoy - )
= 0 could be converted into F'(z1, - Tp, vV, Vgy,- " Vs, Uzyzy, - - - ) = 0, because the solution v =
f(x1,---xy,) of F =0 is known, so if the solution u = g(z1, - zp)ofh(z1, - Tp, U, Ug,, - - Usgp, ,
Ugyaq, ) = f(x1,---x,) can be solved, then u = g(x1,- - x,) is the solution of G = 0 yet.

Essentially, Theorem 2 uses two solvable equations to obtain a new solvable PDE, the two
solvable equations are
F(x1,...Tn, 0,05, ... Uy, Ugyzgs - --) = 0, (202)

R(X1, . Ty Uy Uy sy v Ugy)y Ugyans - --) = [ (T1,T2...2n) = 0. (203)
The new solvable PDE which is the DVTE is
G (1, Ty Uy Ugy s Uz s Ugyzs - - -) = 0. (204)

Eq. (202) may be a solvable PDE or ODE, Eq. (203) may be a solvable PDE, ODE or function
equation, so the concretely using methods of Theorem 2 may be infinite. Actually, Transforma-
tional Method 1-4 are specific applications of Theorem 2. Here we use Theorem 2 to get the
general solution of two linear PDEs first, in Chapter 4, we’ll use it to solve the general solution
of two nonlinear PDEs.

Example 2.1
Ugy + a(T,y) ug + b (2, y) uy + (az (z,y) + b(z,y) a (2, y))u=c(z,y), (205)

where a, b, ¢ are any known binary functions, Eq. (205) is a second order linear hyperbolic PDE,
due to
ve +b(z,y)v=c(z,y), (206)

the general solution of Eq. (206) is [74]:

v(a,y) = HrnE (@ (y) + / c(z,y)el b(m’y)dxdw> ; (207)

where ¢(y) is an arbitrary unary function, by Theorem 2 we set
v(z,y) =uy+a(z,y)u. (208)

According to (207) we get

o= e o1+ oty

= ¢~ Jal@y)dy <¢ (2) +/ (e—fb(m/)tm <<p (y) + /c(x,y) el b(wvy)dfcdx>> et a(amy)dydy) 7
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where ¢(x) is an arbitrary unary function, by (208) we could get that Eq. (205) is a DVTE of
Eq. (206), according to Theorem 2, the general solution of Eq. (205) is

u = e_fa(xvy)dy <¢ (x) +/ (e_fb(xvy)dx <SO (y) + /C(x’ y) ef b(x7y)dxd$>> ef a(x,y)dydy> .

(209)
Example 2.2
Aylgy + Ay + aybuy + azbuy + (ayby + azby) u =0, (210)
where a,b are any known binary functions, due to
Ay Uy + azvy =0, (211)
the general solution of Eq. (211) is [74]:
v=yg(a(z,y)), (212)
where ¢ is an arbitrary unary first differentiable function, by Theorem 2 we set
v(z,y) =uy +b(z,y)u. (213)

According to (207) and (212) we get

u(a,y) = e Db (cb (z) + / v(z,y)el “(”’y)dydy>

= ¢~ aw)dy (cb (x) + / g(a(x,y)el b(x’y)dydy> :

where ¢(x) is an arbitrary unary function, by (213) we could get that Eq. (210) is a DVTE of
Eq. (211), according to Theorem 2, the general solution of Eq. (210) is

u(z,y) = e Vv <¢> (z) + / gla(z,y)el b(x’y)dydy> - (214)

The definition and rule of DVTEs can be extended to ODEs.

Definition. In the domain D, (D C R'),set w = h (z,y,v,y",. ..y(m)),so an nth-order ODE
F (z,w,w' v, ... w(”)) may be converted into an n+mth-order ODE G (z,y,v/,v", ... y(m+")) =
0 then G = 0 is called a DVTE of F = 0.

Theorem 3. In the domain D, (D C RY),if the solution w = f(z) of an ODE F(z,w,w’,w",. ..
w™) = 0 is known, setw = h(z,y,y,y",...y™) ,then the solution of its DVTE G (x,y,v,y", . ..
ym )Y =0 | is the solution of h (z,9,9.y",. ..y(m)) = f(x).

For the theoretical system’ completeness we present Theorem 3, the proof method of Theo-
rem 3 is similar to Theorem 2. In fact, some ODEs have been solved by Theorem 3 [53], so here
we will not study and example.

2.3. General Solutions of Vector Equation in Various Orthogonal Coordinate Sys-
tems
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In R™ space (n > 2), the expression of a vector function u is
U= uie1 + ugey + ...+ upen, (215)

where u; = ui(z1,x2, - xp), i = (1,2,---n), Suppose u satisfies the PDE

ou ou  O%*u
Flay,. . zpu - 22 ..l =0 21
<$1, T, W 81'1 8$n 8%18%2 > 0 ( 6)
If Eq. (216) satisfies
Flz Ty, U @ @ 782u
1y--Tp, ,axl,...axn,axlan,...
(217)

- 7 1 ny U, 81’17 axn) 8m18x2’ %

7

That is, only the dependent variable u; in the ith component equation, and the form of each

. 524 .
component F; (3:1, e T, U, g—;‘i, ... g;‘:l, 33115;2 .. ) in Eq. (217) are the same, we call the vector

PDEs as the symmetric vector partial differential equations (SVPDEs).
By Maxwell equations we can get the vector wave equation which represents the electromag-
netic wave spreading in the vacuum [75]

1 9%u
c? Ot?

where ¢ is the speed of light, u is the electric-field strength E or magnetic induction B, in
3-dimensional space

Au =0, (218)

U = Ugey + Uyey + Uz, (219)

1 0%u 1 0%uy 1 32uy 1 0%u,
tum G = (b= 5 e (2, = 55 e (B - 555 e =0. 20
the form of each component F; (a:, Y, 2, Us, %, . %, %, .. ) in Eq. (220) are the same, so Eq.

(218) is a SVPDEs. Another example is that time harmonic electromagnetic waves distribution
in space satisfies the vector Helmholtz equation

Au+ E*u =0, (221)

where k is a constant related to the medium and the frequency of electromagnetic wave, u is
the electric-field strength E or magnetic induction B, for

Au+ k*u = (Auy, + Kuy) e + (Au, + kuy) ey + (Du, + k*us) e, = 0. (222)

the form of each component F; in Eq. (222) are the same, so it is a SVPDEs too. A vector PDE
may be a SVPDE in a certain orthogonal coordinate system and may not in other orthogonal
coordinate system, such as the form of vector Helmholtz equation in the cylindrical coordinate
system is [20]

(Aur——r—i—k u,,)er—i— (Au@—TQ—i—T2 20 + k*ug eg—i—(Auz—i—k uz)eZ:O.
(223)
Obviously Eq. (223) is not a SVPDE.

Any a n-dimensional SVPDE F = 0 can be decomposed into n independent equations
F;=0,(i =1,2,---n), we call F; =0 the corresponding scalar equation (CSE) of F' = 0,
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due to each F; in F' = 0 has the same form, so every SVPDE has a unique CSE. The CSE of
Eq. (218) is:

1 62ui
Au,; — 22 = 0 (224)
The CSE of Eq. (221) is
Au; + Eu; =0 (225)

Here we propose a new theorem based on the above two new definitions.

Theorem 4. If there are m arbitrary functions in the general solution of the CSE F; = 0,
then the number of arbitrary functions in the general solution of the n-dimensional SVPDE
F=01imn

Proof. Because a n-dimensional SVPDE F' = 0 can be decomposed into n independent equa-
tions F; = 0,(i = 1,2,---n), and each F; = 0 has the same form, so the numbers of arbitrary
functions in the general solution of every F; = 0 are all m, according to Eq. (215) we can obtain
the number of arbitrary functions in the general solution of F' = 0 is mn.

Now we begin to analyze the solution law of vector PDEs in various orthogonal coordinate
system. By exterior differential and the form in Cartesian coordinate system, the form of a
vector PDE in various orthogonal coordinate systems can be calculated [20]. In this paper, we
propose a new simple method which can not only easily calculate the form of a vector PDE in
any orthogonal coordinate systems, and can directly get its solutions in all kinds of orthogonal
coordinate systems by the solution of any an orthogonal coordinate system, therefore it has
great advantages.

According to the definition of different orthogonal coordinate system and the magnitude of
every unit vector is equal to 1, we can write out the mathematical relationship between the unit
vectors of different orthogonal coordinate system, such as the relation between the unit vector
er,eg, e, of cylinder coordinate system and the unit vectors e., ey, e, of Cartesian coordinate
system, for

e, = costle, + sinfley, eg = —sinfle, + cosbey, e, = e.. (226)

By Eq. (226) we can get
ez = cosble, — sinfleg, e, = sinfle, + cosbleg, e, = e.. (227)

For the spherical coordinate system
From Figure 1.1 we get

e, = sinfcospe, + sinfsingpe, + cosbe, (228)
e, = —sinpe, + cospe, (229)

According to Figure 1.2
ep = cosficosype, + cosflsinpe, — sinfe,. (230)

By further calculation we have
ex = cosypsinfe, + cospcosbey — sinpe,, (231)

ey = singsinfe, + sinpcosfeg + cospe, (232)

e, = cosbfe, — sinfey (233)
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Figure 1.1: Figure 1.2:

By the functional relationship between the unit vector in different coordinate systems, the
function relation of dependent variable components in diversified coordinate systems can be
deduced, and the form of a vector PDE in various coordinate systems can be got too, such as
the cylindrical coordinate system

U = Ugey + Uyey + Uze, = Uy (cosbe, — sinfey) + uy (sinfe, + cosbey) + u.e,

234
= (ugcost + uysing) e, + (—uysing + uycosf) eg + u.e, = ure, + ugeg + u.e, (234)
From Eq. (234) we get
Up = UgcOsH + uysing, up = —u,sing + u,cosd (235)
By Eq. (235) we can obtain
uy = cosbu, — sinfug, u, = sinfu, + cosbuy (236)
So
Au = (Auy) ey (Auy) ey + (Auy)e,
10 0 1 02 0? . .
= <<r o <T(‘)r) + 2982 + 822> (cosfu, — s1n9u@)> (cosbe, — sinfley)
10 0 1 02 02
+ <<r o (T&r> + 2902 + 62> (sinfu, + cos@ue)> (sinfe, + cosfley)
+ (Auy) e,
2sinfcosf ou cos?0u 2c0s20 du sinfcosfu
_ 2 T T . 0 0
= (COS QAUT — T% — T — SlnHCOSQAUQ — T% T
2 . , 2 . 2 . 2 .
+sin20Au, + smf;os@ 8;0 smrﬁu + sinficost Ay — s;r; 0 % B smﬁ(;(;seue)eT
2sin?6 Ou, sm@cos&ur 2sinfcost Juy sin20ue
+ (—sinfcosd Au, + 2 o T 2 + sin?0 Auy + 2 a0 2
2c0s26 du, sin@cos@ur 2sinfcos Ouy  cos2Ouy
+ sinfcosd Au, + —— 2 o 2 + cos?0 Ay — —2 a9 2 )eq
+ (Au,) e,
Namely

Au = (Aur o 28%9) er + (Aue _ 9y 28W> eo + (Au,) e, (237)
r2 o
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Similar to the independent variable transformational equations (IVTE) presented in [10],
essentially the vector PDE in different coordinate systems are the IVTE each other. Therefore,
we propose the concept of an independent variable transformation vector equation (IVITVE).

Definition. In the domain D, (D C R™)(n > 2),set x; are independent and y; are independent
tOO?(i - 17 27 T n)7by Ty = Iy (yl; Y2, ... yn) Wi = Yi (x17 2, ... wn) ’ e:vi = fi(yla Y25+ - - Yn, ey17€y27

...ey,) and ey, = ;i (x1,%2...Tn,€x,,Cqy,...€z,) Which are known, mth-order vector PDE

Flxz,...zp,u, %7‘"%7 8:5125;2"") = 0 can be converted into another mth-order vector
ou ou 9%u _ — 0 —

PDE G (yl, e Uny Uy s By Ty ) = 0,then G = 0 is called a IVTVE of F = 0.

According to the define of IVTVE we propose theorem 5.

Theorem 5. In the domain D, (D C R"),if the solutionu = f (x1,Z2...Tpn, €z, ,€x9s-.-€x,) Of @
mth-order vector PDE F (xl, R T aaTZv e 8%17 83?12522’ .. ) = 0 is known, then the solution of
. Pa 02 .

its IVTVEG(yl,...yn,u,%,...%,ajlgm,...) =0, s u=f (21,22 .. Tn, €0y, Cag;- - €z,) =

G(Y1,Y2 - Yn, €y, Eyos - - - Eyy)-

Proof. USngﬂ;‘i = Ty (ylayZa e yn) i = Yi (561,1'2, .. -xn) y €x; = f’L (yl»yQ’ <o Yny €yps Cygy - - -6yn)

0 0 92
and ey, = g; (T1,22...Tn,€x,, €09, .- €3,),G (yl,...yn,u,a—;,...ﬁ, 8y18uy27'“ = 0, could be
: ou ou 92%u _ :
converted into F (1:1, Ty Uy G e P BBy ) = 0 because the solution
u=f(x1,22...%n, €4y, €xq,...€5,) of F =0 1is known, so u = f (z1,22... %y, €x,,€0y,...€z,) I8
the solution of G = 0 too, by x; = x; (y1,¥2,...Yn), and ez, = fi (Y1,Y2, - - Un, €yr» Eyor - - - €y ),
u=f(z1,22...%n,€p,,€qy,...€z,) may be varied into u = g (Y1,¥2 - .. Yn, €y, €ys, - - - €y, )-

Using theorem 5, we can solve the general solutions of vector wave equation and Helmholtz
equation in Cartesian coordinate system, the CSE Eq. (224) of Eq. (218) is the acoustic
equation, we had solved its general solution in Section 1.4

ui =[1i (k:ha: + koiy + kaiz + ct\/ kY, + k3, + k3, + k4,~>

+ fa <k5z‘96 + keiy + kriz — cty/ k2, + k3, + k3, + k&') + koix + Kk10iy + k11i2 + ki2it + Ki3s

(238)
where f1; andfs; are arbitrary unary second differentiable functions, ki; — ki3; are arbitrary
parameters, (i = z,y, 2). Using Eq. (219) and (238), we can obtain the general solution of Eq.
(218) with six arbitrary second differentiable functions

u= > (fu <k‘1ix + kogy + kaiz + ety [ k2, + k2, + k2, + k42->

1=T,Y,2

5 5 5 (239)
+ foi | ksiw + keiy + kriz — cty/kg; + kg; + kg, + ks
+ koiz + k10iy + k11i2 + k12it + Ki3i)e;

It is necessary to pay an attention to that the wave velocity u; are all the speed of light velocity
c.
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The general solution of the Helmholtz equation Eq. (225) is
ksi — k (ki + kailog) @ + ky/ =13, — 13; (kviy + kai2)

\/(kulu + kailai)® — (K3 + k3;) (13 + 13,)
s (V= B+ iy + e+ 1)
kei — k (kaila; + ksilsi) v — k\/ﬂ (kagy + ksi2)

\/(k4il4i + Esilsi)? — (k3 +k3) (13 +13)

ho; (_\/ﬂx + Ly + lsiz + l6i> )

where hi; and ho; are arbitrary unary second differentiable functions, ki; — kg;and l1; — lg;are
arbitrary constants. Using Eq. (219) and (240), we can obtain the general solution of the vector
Helmholtz equation Eq. (221) with six arbitrary second differentiable functions

ks — k (klilli + kgilgi) x+ ky/ _l2i — 122» (kliy + kgiz)
u= Z (sin b

P R—_ \/(/fulu + koiloi)® — (K3 + k%) (B, +13)

hii <\ [—13, — 3.2+ 1y + loiz + lgi)

b — & (kalas + Ksils) & — /03, — 12, (hagy + Fisi2)
\/(k4il4i +ksilsi)® — (K3 + k2) (13 + 12)

ho; (—\/ﬂx + l4iy + lsiz + ZGi> )6i

The solutions of PDEs in different orthogonal coordinate systems have been the focus of
research [71-73]. According to Theorem 5, if a solution of a vector PDE is known, the solutions
of its various IVIT'VEs can be obtained directly, as in the cylindrical coordinate system

u; =sin

(240)

+ sin

(241)

+ sin

x =rcosf ,y =rsinf ,z = z. (242)

Using Eq. (227), (239), (242) and Theorem 5, the general solution of vector wave equation in
cylindrical coordinate system can be obtained directly

U = (fl:p + sz + gw) (COSHET - Sinee@) + (fly + f2y + gy) (Sineer + COSQeQ) + (flz + f2z + gz) €z

= (cosf f1, + cosb for + cosfgy + sinf f1,, + sinf fo,, + sinfyg, ) e,
+ (—sinb f1, — sinb fo, — sinfg, + cosf f1, + cosb fa, + cosbgy) eg + (fiz + fa: + 92) €z

Namely
u = (cost (fiz + fow + ga) +snb (f1y + foy + gy)) €r (243)
+ (=sind (fiz + fao + 92) + o8t (fiy + foy + gy)) €0 + (fiz + for + g2) e,
where
f1i = S (kzlircose + kojrsing + ksiz + ct k:%Z + k:%Z + k‘gl + k4i) (244)

foi = fo (kﬁ5ﬂ“COS€ + kg;rsinf + k7;z — ct k;?n + ]{2(25@ + k‘% + k‘gi> (245)
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g; = kgircost + kig;rsind + k11,2 + k12:t + k134 (246)

For the spherical coordinate system
x = rsinfcosy ,y = rsinfsing , z = rcosf. (247)

By Eq. (227), (231-233), (247) and Theorem 5, the general solution of vector wave equation in
spherical coordinate system can be obtained straightway

u = (fiz + fox + gz) (cosgsinfe, + cospcosbeg — sinpe,, )
+ (fiy + foy + gy) (singsinfe, + sinpcoshey + cospe,,)
+ (f12 + f2 + g=) (cosbe, — sinfeg)

Namely
u = (fiz + fox + gz) (cospsinfe, + cospcosbey — sinpe,,)
+ (fiy + fay + gy) (singsinfe, + singpcoshey + cospe,,)
+ (f1z + foz + gz) (cosbe, — sinfeg)
Namely

U = (COSQOSiHH (fl:): + f21 + gm) + SiDgOSiHQ (fly + f2y + gy) + cosf (flz + f22 + gz)) Cr
+ cospcost (fiz + for + go) + singcost (fiy + foy + gy) — sind (fio + fo. +92) eq (243)
+ (—sing (fie + for + gz) + cosp (fly + foy + gy)) €y,

where

f1i = fu (klirsirﬁcosgo + ko;rsinfsing + ksircosd + cty/k3; + k3, + kgl + k4i> , (249)

Jai = fai <k5irsin9008gp + kgirsinfsing + kr;rcosf + cty/ k?n + k‘gi + k%l + k&') , (250)

gi = koirsinfcosy + kigirsindsing + kjj;rcost + kigit + kisi, (1 = z,y, 2) . (251)

The general solutions of the vector Laplace equation and Helmholtz equation and so on in cylin-
drical coordinate system and spherical coordinate system can be obtained similarly.

3. General solutions laws of linear partial differential equations

In recent years, many numerical methods have been developed to solve LPDESs, such as Fi-
nite integration method [76, 77|, Bernoulli matrix method [78], Chebyshev matrix method [79]
and so on, the existence [80], uniqueness [81, 82| and stability [83] of the solution are also the
focus of research. Using the principle of transformational equations, if the solution of a LPDE
is known, the solutions of its infinite IVTEs and DVTEs can be obtained, which may be LPDEs
or NLPDEs. In this chapter, we will research new general solutions laws of LPDEs.

3.1. General solutions laws of linear partial differential equations with variable
coefficients

In this section, if there is no special interpretation,a; = a; (z1,...2,), aj, = aj, (T1,...2Tn),
Ai1ig..0n — Aiyig...in (l‘l, c. l’n) 5 bl = bz (5[31, . ﬂ?n) s bji = bji (331, . l‘n) ,li and lji are arbitrary

constants, f and f; are arbitrary unary smooth functions (i,j = 1,2,---).

Proposition 1. If v(z1,- - xy) is the particular solution of ajug, + agty, +. ..+ anug, = 0,then
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its general solution is u = f(v(x1, - xy,)).

Prove. By Transformational Method 1 set u (x1,...z,) = f(v) = f (v (z1,...2,)) then
A1Uzy + Q2Ugy + - . . AUy, = a1V, [+ a2vey f1+ . anvs, f/ = 0.

Namely a1vy, + @20z, + . . . apvg, = 0, if its particular solution is known, the general solution of
AUz, + Q2Ugy + ... aply, = 0is u(xy, - xy) = f(v(z1, - x0)).

,agajgwfagaj%f...fanajzn .
then the general solution of ajuy, + agug, +

Proposition 2. If a; =

j gy
coanUg, =0, is u= f(aj(x1, - xp)).

Prove. According to Transformational Method 2, set w(z1,---z,) = f(aj(z1,---xy)),(j =
2,3,---n), then

/ !/ /
A1 Ug, + Q2Ugy + . .. + GpUy, = alajxlf + agajmf + ...+ anajxnf =0.

Namely
—agaij — agajxg — ... anajxn
ay = .
Ay
So the general solution of
_ L | 7205, —a305,  — . —AnGj, . .
AUz, + G2Ug, + ... anu;, = 0 under the condition of a1 = a; s u =
B
flaj(@y,---xn)).
Proposition 3.
10z, + A2Vg, + ... + anvy, =0, (252)
19z, + @292y + - -« + anGsz, + any19 = 0. (253)

If the particular solutions of Eq. (252) and Eq. (253) are known, the general solution of
A1 Ug; + Q2Ugy + ... + ApUy, + apr1u=0is u = g(xy, - x,) f(v(z1, - 2p)).

Prove. According to Transformational Method 3, set u(x1, - - x,) = g(z1,- - zpn) f(v(z1, - - - 2y)),
the

a1Uz, + a2Ugz, + ...+ QpUyg, + Apr1u

= (a1vg, + A2Vzy + ... + apvy,) gf; + (@19zy + 0292y + - .. + QnGz, + ant19) f = 0.
Setting f an arbitrary unary first differentiable function, we obtain
A1 Vg, + Q2Vzy + ... + anvg, =0, (252)

19z, + 20z, + - - + anga, + anp19 = 0. (253)

So if the particular solutions of Eq. (252) and Eq. (253) are known, the general solution of
a1Ug; + Q2Ugy + ... + apty, + app1u =0 1s

w(@y, - an) = g(@1, - ) f(v(@1, - @) (254)
Proposition 4. If the general solution w = f(v(x1, - xy)) of a1uz, + aoUz, + ... + aply, =
0 is known, then the general solution of ajuy, + agugz, + ... + apUy, +apnt1 = 0 is u =
flo(zy, - xn))+g(x1, - xy), where uw = g(x1, - - - ) is the particular solution of ajuy, +asuy, +

oo+ anug, +apy1 =0.
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Proposition 4 is obvious, and almost needs no proof.

Proposition 5. If the general solution u = f(v(z,y,2)) of (b1Dg + baDy + b3D;)u = 0 is
known, where Dy, = %, (z; = x,y, 2) then the general solution of (b1 Dy + ba Dy, + bgDZ)QU =0

isu=fi(v(z,y,2) + (Lhx+ly+lsz+14) f2(v(z,y,2)).

Prove. Because the general solution u = f(v(x,y,2)) of (b1Dy + baDy + b3D,)u = 0 is
known, apparently u = f(v(x,y, 2)) is also the solution of (b1D, + b2D,, + bgDZ)2u = 0, set-
ting u = g(z,y, 2) f(v(x,y, 2)) is the solution of is the solution of (by D, + by Dy, + b3 D, )*u = 0
too, then

(b1 Dy + by Dy + b3 D) *u
= (bi D3 + b3D; + b3D? + 2b1by Dy Dy + 2b1b3 D, D, + 2bobs Dy D) g f
=b% (9 fox + 2f29z + Gaf) + b3 (9fyy +2fy9y + gy f) + b3 (9f-z +2f29: + gz2f)
+201b2 (9o fy + 9fay + Guoyf + gy fz) + 20163 (9o f + 9faz + Gozf + 921a)
+ 2b2b3 (9y f + 9fyz + Gyof + 921y)
= (b3 fex + b3 Fyy + b3Foz + 20102 fuy + 2b1b3 faz + 2babsfyz) g
+ (03 guw + b3gyy + b3z + 201020y + 2b105gs. + 2babsgy.) f
+ (263 g5 + 2b1bagy + 2b1b39:) fo + (2039, + 2b1b2gs + 2bobsg:) fy
+ (2b39: + 2b1b3gy + 2babsgy) f-
= (b%Q:m + 2b1b2gey + bggyy + 2b1b394> + 2b2b3gy + b§gzz) f
+ 2b1gs (b1f + bafy + b3fz) + 2bagy (b1 fu + bafy + b3f2) + 2b3g. (b1 fu + bafy + b3f2)
= (b19z + 2b1b2gay + b3gyy + 2b1b3Gs- + 2b2b3gy: + b39..) f =0
= b gra + 20102Gay + 39y + 2b1b300= + 2bobsgy. + b3g.2 = 0.
Namely
biguz + 2010290y + V3gyy + 26103gs- + 2b2bagys + b3g.. = O, (255)
g(x,y, z) has to be a particular solution of Eq. (255), due to

9(2,y,2) =l + by + I3z + lu, (256)

(256) is a particular solution of Eq. (255), so the general solution of (by D, + by Dy 4 b3D.)*u = 0
isu=fi(v(z,y 2)+ (hz+ly+ilsz+1l) fo(v(z,y,2)).

Proposition 6. If the general solution u = f(v(x1,---xy)) of (b1Dy, +b2Dyy+- - +bpy Dy, )u =0
is known, then the general solution of (by Dy, + baDyy + ... + by Dy, )2u = 0 isu = f1(v(z1,. .. 2,
) 4+ (hiwy +loxo + ...+ lpzp) fo (v (21,...20)) .

Prove. Because the general solution u = f(v(z1,---xy)) of (b1Dgy +b2Dyy + -+ -+ bpy Dy, )u =0
is known, apparently u = f(v(z1,---y,)) is the solution of (by Dy, + by Dy, + . .. 4 by Dy, )2t = 0
yet, according to Proposition 5, we set that u = g(x1,---x,)f = lsxsf is the solution of
(b1Dyy +boDyy + ... + anxn)2u = 0 too, namely g(x1,---x,) = lszs , ls is an arbitrary
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constant,(s = 1,2,---n), then

(b1Day + byDey + ... 0 Do) u= | Y 57D2 42> bibj Dy, Da; | (gf)
i=1 1<J

n
= Zbg (gxzﬂﬁzf + 292, fo, + gfx,zz) + 22 blb] (g:pixjf + gxif:pj + gmjf:ri + gfx,.xj)
i=1 i#j
n n

=g | D0 faiw, 2D ibifase, | £ | D Ui Geias + 2D bibigaia; | 2D 020w, fa,
i=1

i<j i=1 i<j i=1

1#£] =1 1<J 1<J
= Q0202 fu, + 2Usbs D bjfu; + 2o > bifu, = 2lsbs > bifa; =0.
s<J <8 i=1

That u = lyz.f(v(x1, - 2y)) is the solution of (b1 Dy, + byDg, + ... 4 by Dy, )?u = 0 is proved.
So its general solution is

u=f1(w(x1,...2p)) + (lhxy + loxa + ... + lyxy) fo (v (T1,...24)) . (257)
Note (257) may be written as

u=f1(w(x,...2n)) + (lhxy + loza + ... + Ly + lnt1) fo (v (21,...20)) .

According to Proposition 6, we present a conjecture

Conjecture 1. If the general solution u = f(v(x1,---xy)) of (b1 Dy, +b2Dyy+- - +bpy Dy, Ju =0
is known, then the general solution of (byDy, +boDyy + ...+ by Dy, )" u =0 is

u=3 (ljyx1 + lpxa + ...+ L, xn) 7 f (v (.. 20)) .
7=1

Theoretically Conjecture 1 can be proved by mathematical induction, we shall not analyse
it further.
For the mth-order linear PDE with variable coefficients

Yo nig iz =0, (258)
i1+i2+...+in=m
where i; are positive integers, 1 < j < n, If Eq. (258) can be translated into

(thzl + b12D12 + ...+ blann) (b21D:L"1 + b22D$2 + ...+ bZann) . (259)
(bmy Dgy + bmyDay + - .. 4 by, Dy, ) u = 0.
For

(bleacl + ijD:Ez + ...+ bjann) u = bj1u$1+bj2u$2+. . .—i—bjnua;n =0, (_] =1,2,... m) . (260)

If the particular solutions v = vj(x1,---xy),(j = 1,2,---m) of Eq. (260) are all known, by
Proposition 1 the general solution of Eq. (258) is

u= Z [i (v (z1,22,...2p)) . (261)

j=1
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If Eq. (258) can be translated into:

q
(bj1D961 +bj2D902 +"'+bjnDl‘n)pju: 0, (262)
=1

J

q
where ) p; = m,its general solution of conjecture may be written by Conjecture 1.
j=1
Proposition 7. If the general solution u = g(x1,---xy) f(v(z1, - xn)) of (b1 Dy, +b2Dy, + -+ -+
bp Dy, +bp+1)u = 0 is known, then the general solution of (b1 Dy, + 2Dy, + ... + by Dy, + bn+1)2u
=0isu=g(x1,...2n) (f1 (v(z1,...2pn)) + (lhx1 + loxa + ... + lyxy) fa (v (21,...24))) .

Prove. If the general solution u = g(z1,---zp)f(v(z1,---zp)) of (b1Dy, + baDyy + -+ +
bnDy,, +bny1)u = 0 is known,is known, apparently (b1 Dy, + b2 Dy, + ... + by Dy, + bn+1)2’u =0
isu=g(z1,...2z,) f(v(x1,...2,)) is the solution of (by Dy, + baDyy + ... + by Dy, + bn+1)2u =0
yet, set

u=ht =lxs9 (x1,22,...2n) [ (v(z1,22,...20)), (263)
where h = lsz5,t = g (21, T2,...2y,) f (v(x1,...2,)) and [5 is an arbitrary constant(s = 1,2, - n).

s
Assuming (263) is a particular solution of (b1 Dy, + boDy, + ... 4+ by Dy, + bn+1)2u =0, then
(b1 Dy, + b2 Dy + ...+ by Dy, + bpy1)u

n
= b7 (hayat + 2hate, + htya,) + b3y it
i=1

+2 ) bibj (hagst + hayta; + hajte, + Blage)) + 2601 bi (hayt + ht,)

1<i<j<n i=1

n n n
=h () btww, + 050t +2 D bibjtaw, + 2bps1 Y bita, |+ bPhas,
=1

i=1 1<i<j<n i=1

+ 2Zn: B hete, +2t > bibjhaa, +2 Y bibjhete, +2 > bibjhajts,

i=1 1<i<j<n 1<i<j<n 1<i<j<n

+ 2bn+1tzn: bihg,

=1

:2Zn: D hate, +2 Y bibjhate, +2 Y bibjhgts, + 2bn+1tzn: bihs,

i=1 1<i<j<n 1<i<j<n i=1

=202ha,te, + 2bsha, Y bjta; 4 2bsha, Y bitw, + 2bni1beha,t

1<s<j<n 1<i<s<n

That (263) is a solution of (by Dy, + baDyy + . .. 4 by Dy, + bpi1)?u = 0 is proved, so its general
solution is u = g (x1,...xy) (f1 (v (z1,...2p)) + (lhxy + loxa + ... + lhxy) fo (v (z1,...20))) .
According to Proposition 7, we present Conjecture 2.

Conjecture 2. If the general solution u = g (z1,...2y) f (v (z1,...2y)) of (b1 Dy, +b2Dyy+- - -+
bnDy, )u = 0 is known, the general solution of (byDy, +b2Dyy + ...+ byDy, 4 bpi1)"u =0 is

u=4g (xl, .. $n) Z (ljlxl + ljszQ —+ ...+ ljnl‘n)j_lfj (’U (xl, .. xn)) , (m > 2) .

Jj=1
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For the mth-order linear PDE with variable coefficients

1112...9n) __
> iy, i ul1E2 ) = 0, (264)
0<i1+ig+...4+in<m

where i; are positive integers, 1 < j < n. Suppose Eq. (264) can be translated into:

(bllDaz1 + blsz + ...+ blann + bln+1) (b21 Dgc1 + b22Dx2 4+ ...+ anDazn + b2n+1)

(265)
o (bmy Dy, + bimyDay + ... 4 by, Dy, + b,y ) u = 0.

If the particular solutions g;(x1,---xy) of (bj; Dy, + bjyDyy + -+ + bj, Dy, + b, )u = 0 and
the particular solutions vj(x1,- - 2,) of (bj; Dy, 4+ bj, Dgy + -+ - + bj, Dy, )u = 0 re all known(j =
1,2,---n), by Proposition 3 the general solution of Eq. (265) is

m

w(zs,...an) =Y (g5 (@1, ..2n) fi (vj (21,...70))). (266)

J=1

Suppose Eq. (264) can be translated into

q
(bj,Day + b, Dy + ...+ bj, Dy, + bj, )P u=0, (267)
=1

J

q
where ) p; = mits general solution of conjecture may be written by Conjecture 2.
j=1
For the mth-order linear PDE with variable coefficients

E a21127lnu:(z11z3;vn73 =h (l’l, o, ... $n) , (268)
0<ii+io+...+in<m

where h(z1, 2, - x,) is an arbitrary known function, we need first solve the particular solution
of Eq. (268), by the general solution of its homogeneous equation, the general solution of Eq.
(268) could be got.

3.2. General solutions laws of linear partial differential equations with constant
coefficients

Here we will research the general solutions laws of LPDEs with constant coefficients, which
are the special cases of LPDEs with variable coefficients. In this section, if there is no special
interpretation a;, aj;, b;, bj,, ¢i, ki, kj;, 1,1, and a;,;,. 4, are arbitrary constants, f and f; are ar-
bitrary unary smooth functions (i,7 = 1,2,---).

Proposition 8. The general solution of a1uy, +a2ug,+. . . +apuy, =0isu = f(;—ll(agkg—i-agkg—i-
ocapkp)ry + koxo + ...+ kpzy + kny1). Prove. According to Transformational Method 1, set
u(z,...xn) = f(0),v(x1,...24) = k1x1 + koxo + ... + knxp + kyy1,then

A1y, + QoUgy + - - - + Anlia, = arkyf, + askaf, + ...+ anknfy =0

-1
1

So the general solution of ajug, + aguyz, +. ..+ apuy, = 0is u(x1, x2,...2,) = f(;—ll(agkg +asks
+...ankp)z1 + koxo + ...+ kpzy + kny1).
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Proposition 9. The general solution of (b1 Dy, + baDyy + ... + anxn) u=0isu= fl( (b2k12

+bskiy + ...+ buk1, )z k1,2 + o F R, xn k) (e x4+ ) f2(50 (52k22
b3/€23 + ...+ bnkgn)xl + k22x2 + ...+ kgnl'n + k‘gnJrl).

Prove. According to Proposition 6 and Proposition 8, we can get Proposition 9 directly.
By Proposition 9 and Conjecture 1, we present Conjecture 3.

Conjecture 3. The general solution of (byDyg, +boDyy + ...+ by Dy,) " u =0 is
m

w= Y (ywr oo+ Ly wal Ty (G ok + o baky, ) @1 Ripe o Ryt R )
=1

For the mth-order LPDE with constant coefficients

Z Qiyis.. Znu"(Ezllizg Zl'nn) = 07 (269)
t1+i2+...Fin=m

where i; are positive integers, 1 < j < n. If Eq. (269) can be translated into

(bllDﬂUl + blszQ 4+ ...+ blann) (b21D11 + b22D12 + ...+ banxn)

270
o (bmy Dgy + by Day + - .. 4+ by, Dy, ) u = 0. (270)

By (261) and Proposition 8, the general solution of Eq. (270) is

u—Zf]<

If Eq. (269) can be converted into

] b]2k]2 + b]skjs +ot bjnkjn) x1+ kj2x2 +ot kjnxn + kjn+l> : (271)
]1

q
1 ®. Dz, +bj,Dz, + ... + b, Dy, )Piu =0, (272)
=1

q
where ) p; = m,its general solution of conjecture may be written by Conjecture 3.

j=1
Proposition 10. The general solution of ajuz, + asugy, + .. —|— Uz, + Gpp1u = 0 48 u =

—An41%

f (ﬁl (agks + asks + ... + ankn) o1 + kowo + ... + kpan + k”+1> Z ae

Prove. We set u = g(x1,- - x,) f(v), where v (z1,...2,) = kix1 + ... + kn2y + kpy1,then

a1Uz, + a2Ug, + ...+ AQpUyg, + Ap1u
= a19a, f + a1k1gf, + 6200, f + azkagf, + ... + ange, f + ankngf, + an1gf
= (a1k1 + agka + ... + anky) gf{, + (a192y + 0292y + - .. + QnGz, + ant19) f = 0.

Setting f an arbitrary unary first differentiable function, then we get

-1

a1kl + agks + ...+ ank, =0 — k1 = ? ((12]412 + agks + ... Gnkn) s (273)
1

19y + 29z + -+ -+ anGz, + ant19 = 0. (274)

Set g(x1,---xpn) = h(z;), (i =1,2,---n), then

“An41%4

19z, + -« -+ angs, +any19 = aihg;, +any1h =0 = h(z;) = g (z1,...2n) = cie
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—An41%;

sou= Y cie “ is the particular solution of ajuy, + agug, + ...+ apty, + apt1u = 0,thus

its general solution is

-1 n Tan41%4
u=f <a (GQk}Q +agks +...+ ankn) 1+ koxo + ...+ kpTy + k’n+1> Z cie %o (275)
1 =1

Proposition 11. The general solution of (byDy, + b2Dy, + ...+ by Dy, + bn+1)2u =0 is

2
=0 Ujywr + Ly + o+ L w0) 1fj( (by% 4+ b3kjy + ... bk, )Ty 4 kjywo
j=1

n b1
—i-...—l-kjnxn—i-kjnﬂ))Zcie b
=1

Prove. According to Proposition 7 and Proposition 10, we can get Proposition 11 directly.
By Proposition 11, we present Conjecture 4.

Conjecture 4. The general solution of (b1Dg, +boDyy + ... + by Dy, + bpy1)"u =0 is

m
Z l]lxl +lj2x2 +. +l]nxn) 71f]( (bZkJQ +b3k]3 +. +bnk'n)x1 +kj2$2+'-'
j=1
n —bnt1z4
+ k]nxn + k]n+1))z ¢;e bi ) (m 2 2)
i=1
For the mth-order linear PDE with constant coefficients

§ : 1192...9n) __
a741742 'Lnu;‘le x’,;) - 07 <276)
0<ii+io+...4+ipn<m

where i; are positive integers, 1 < j < n. Suppose Eq. (276) can be translated into

(b1, Dz; + b1y, Day + ... 4 b1, Dy, + b1, ) (b2, Doy + b2y Dy + ... + b2, Dy, + b2,,1)

(277)
o (bmy Day 4 by Day + - .. + by, Dy, 4 by, ) w = 0.
According to Proposition 10 the general solution of Eq. (277) is
m an+1 i
=> |/ ( — (bjokjy + - 4 bj, Ky, ) w1+ Kjpwo + .+ ke kjn+1> > cie :
7j=1 J1 =1
(278)
Suppose Eq. (276) can be translated into
q .
I1 b, Dsy + b, Dy, + ...+ bj, Do, + b5, )P u =0, (279)
=1

q
where ) p; = m,its general solution of conjecture may be written by Conjecture 4.
j=1
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For the mth-order linear PDE with constant coeflicients

g aili?”inu;fzgmé;) =g (z1,22,...2yn) . (280)

If g(x1, - xn) = h(v),v = kiz1+ ... + kn@n + knt1, b is a known unary function, ki, ko, - - - kny1
are known parameters, according to Transformational Method 2 set u(z1, z2,- - x,) = f(v), Eq.
(280) could be converted into a mth-order nonhomogeneous LODE with constant coefficients,
and its particular solution f(v) could be obtained. Using (278) and so on, the general solution
of the homogeneous equation of Eq. (280) can be had, thus the general solution of Eq. (280)
may be gained further.

4. General solutions and particular solutions of nonlinear partial differential equa-
tions

We have studied Eq. (18), (27) and Eq. (83), which are NLPDEs, and have obtained their
exact solutions or general solutions. Since the importance of NLPDEs, many effective methods
have been proposed to obtain their exact solutions, such as F-expansion method [84], tanh-
sech method [85C87], extended tanh method [88C90], multiple exp-function method [91, 92],
hyperbolic function method [93], Jacobi elliptic function expansion method [94], homogeneous
balance method [95C97], sineCcosine method [98C100] and so on. In this section we will solve
some typical examples by the new laws and methods proposed in this paper.

According to (1), (2) we present Theorem 6 first.

Theorem 6. In the domain D,(D C R"™), if u(xy,x2, - x,) s a first differentiable function,

e 0 f(u)d
u) du
S~ w)us, (281)

Proof. Set

v(x1,29,...2p) =g (u) = /f (u) du. (282)
By (2) and (282)

_ 9 [ f(u)du o _
Vg, = O =g (u) uz, = f (u) Ug,.

Thus the theorem is proved.
Example 4.1.

where a(z,y) is an any known binary function, b(u) is an arbitrary known unary function, by
Theorem 6

9 [ b(u)du

b, = M —a ey [bwdi=o)+ [ty d

where ¢(y) is an arbitrary unary function, so the general solution of Eq. (283) is:

/b (u)du = ¢ (y) + /a (x,y)dx. (284)

Example 4.2.
AylUpy + Apliagy + ayb (u) ui + azb (u) ugu, =0, (285)
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where a is an any known binary function, b(u) is an arbitrary known unary function, due to

Ay Uy + azvy = 0, (211)
the general solution of Eq. (211) is
v=gl(a(z,y)), (212)
where ¢ is an arbitrary unary first differentiable function, by Theorem 2 we set
v (2,y) = f(u) ug, (286)

where f is an undetermined unary function, according to (284) and (212)

[rwdai=ow+ [vpd=ow)+ [glay)dn
where ¢(y) is an arbitrary unary function, by (286)

AyVz + azvy = ay f () Ugy + ayf' (u) ui +ap f(u) ugy + azf' (u) Uplly = 0

frw) o f(u)
= QyUgpy + QpUyy + @ Uy + Qg Uy U,
! Y () flu)
= Ayl + Aglazy + ayb (u) uﬁ + azb (u) ugu, =0
f' (u) J b(u)d
= b(u) = = f(u) = el "W,
) = =
So Eq. (285) is a DVTE of Eq. (211), according to Theorem 2, the general solution of Eq. (285)
is
[ e motan=o)+ [ ) (287)
Example 4.3.
Ugy + Q (u) UgUy + b (m, y) Uy = 0, (288)

where a(u) is an any known unary function, b(x,y) is an arbitrary known binary function, due
to

vz +b (.%', y) v=0, (289)
the general solution of Eq. (289) is [74]
v=gp(y)e St (290)

where (y) is an arbitrary unary function, by Theorem 2 we set

v=f(u)uy, (291)

where f is an undetermined unary first differentiable function, according to (284) and (290)

/ fu) du = / vdy = ¢ () + / o (y) e I vewiegy,
where ¢(x) is an arbitrary unary function, by (291)

Vg + b (@, y)v = f(w) ugy + [ (u) uguy + b (z,y) f(u)uy =0
f'(u)

= Uy + 7~ UzUy + b (2,Y) Uy = Uy + a (u) ugty + b (z,y) uy =0

f(u)

f,(u) —alu u :6fa(u)du
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So Eq. (288) is a DVTE of Eq. (289), according to Theorem 2, the general solution of Eq. (288)
is

/ ef gy — ¢ (z) + / py) e iy, (292)

Example 4.4.
AUy, + AUz, + . . . GpUy, + apy1h (u) =0, (293)
where a; = a;(x1, - xy),(i = 1,2,---n+ 1), and h(u) is an arbitrary known unary function.

By Proposition 3, supposing the general solution w = g(x1,---zp)f(v(x1, - zy)) of ajwg, +
A2Wqy + + - - AWy, + ap+1w = 0 is known, set

w=p(u). (294)
Then
We, = Pylia;s (295)
AWy, + AWey + . . . GpWy, + AW = alp;uzl + azp;ugg2 +... anp;umn + ap+1p (u) =0

U
= A1Ug, + A2Uz, + ... ApUg, + an+1ZL,) = QUg; + A2Ugy + ... AUy, + Gn+1h (u) =0
u
U
p(v) _ h(u)

u

_du_
= w=pu) = el ey = g(x1,29,...xn) f (v (21, 22,...20)) .
So Eq. (293) is a DVTE of ajwy, + aswy, + - + - apwy, + any1w = 0,according to Theorem 2, the
general solution of Eq. (293) is

_du_
el mw = g(x1,z2,...2pn) [ (v(z1,22,...20)) . (296)
If a; are constants, by Proposition 10 and (296), the general solution of Eq. (293) can be get
“On41%4

_du_ -1 "~
ef R = f <(:L (a2k2 + agks + ... ankn) 1 + koxo + ... + kpxy + kn+1> Z ce %o, (297)
1 =1

where ko — k1 and ¢y — ¢, are arbitrary constants.

In the theory of PDEs, converting a PDE to a relatively simple ODE is a classical method,
such as Laplace transform, Fourier transform, and so on integral transformation belong to this
type of way. According to Eq. (7) and (8), two kinds of PDEs can be transformed into ODEs,
and now we use two new theorems to express this idea:

Theorem 7. In the domain D, (D C R"), any established mth-order PDE with n space variables
F(z1, Tp, Uy Uy, - Uy, Upyzgy -+ ) = 0, If all the known functions satisfy a; (z1,...x,) =
ai(kix1 + ... + knxpn + kny1),where ki, ko, - - kny1 are known parameters, set u(x1,...x,) =
f (kx4 ...+ kpen + kny1), then substitute uw = f (kix1 + ...+ kpzy + kny1) and its partial
derivatives into F' =0

1. If F =0 is a linear PDE, then it can be converted to a linear ODE,

2. If F =0 s a non-linear PDE, then it can be converted to a non-linear ODE.

Proof. Set v(x1,---xy) = k1z1 + -+ + knxy + knt1, then ai(x1,---x,) = av,u = f(v), by
(7) and (8) F' = 0 can be converted to an ODE whose dependent variable is f and independent
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variable is v, since each linear term in F = 0 is transformed into a new linear term, each non-
linear term is transformed into a new nonlinear term, so the theorem is proved.

Theorem 8. In the domain D, (D C R"™),any established mth-order PDE with n space variables
F(u, gy, Ug, , Ug 2y, -+ ) = 0, namely in the equation there is no known function a;(xy, - - - xy,)
set u(x1,- - xy) = f(krx1 + -+ + knxn + knt1), where k1, ko, -+ - knt1 are unascertained param-
eters, then substitute u = f(kix1 + -+ + knxpn + knt1) and its partial derivatives into F = 0

1. If F =0 is a linear PDE, then it can be converted to a linear ODE,

2. If F =0 is a non-linear PDE, then it can be converted to a non-linear ODE.

Proof. Set v(z1, - xy) = kiz1+- -+ knxn + knt1, then u = f(v), by (2.7) and (2.8) F' = 0 can
be converted to an ODE whose dependent variable is f and independent variable is v, since each
linear term in F' = 0 is transformed into a new linear term, each non-linear term is transformed
into a new nonlinear term, so the theorem is proved.

Theorem 7 and 8 is a further application of Transformational Method 1 and 2. In the previ-
ous, the method of solving the particular solution of Poisson equation is in fact using theorem
7, the method of solving Eq. (27) is actually the application of theorem 8. Now we use theorem
8 to solve two typical nonlinear PDEs.

Example 6.4.
a(u)ug + b (u) ug + ¢ (u) ugy = 0. (298)

According to Theorem 8, set u(z,t) = f(v) = f(kiz + kot + k3), k1 — k3 are parameters to be
determined, f is an undetermined unary second differentiable function, then

a (u) uy + b (w) g + ¢ (1) gy = kaa (f) f, + Fab (f) fo + ke (f) £y = 0.

Namely
” kQG, (f) +k1b(f) /
fo + fo=0 299
kic(f) (299)
Because )
v +b() () +ely) ()" =0. (300)
The general solution of Eq. (300) is [53]
o _o(2=m) [ b(y)dy = ] "
R : 1
T / C1+(2—m) [ c(y)e@m) [ bWdygy y (301)

where C and Cy are arbitrary constants, so the exact solution of Eq. (298) is

v =kyx+ kot + kg = / G ] ’“ﬁé;ﬁ;b(u)du' (302)
where k1 — k3 are arbitrary constants, Burgers equation
U + Uy + Qg = 0, (303)
is a special case of Eq. (298), according to (302) its exact solution is
kv + kot + ks = —2k%a du (304)

Ch + 2kou + kqu?’
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Example 6.5.

a (u) ug + b (u) uy + ¢ () Uggy = 0. (305)
According to Theorem 8, set u(x,t) = f(v) = f(kixz + kot + k3), k1 — k3 are parameters to be
determined, f is an undetermined unary third differentiable function, then

"

a (u) g + b (w) ug + ¢ (u) Uggy = koa (u) f, + kib (u) f, + kic(u) f, = 0.

Namely
" kga (U) -+ klb (U) ’
=0. 306
Because
y" +b(y)y' ()" =0. (307)

The general solution of Eq. (307) is [53]

-1
1 2

:E:C'1+/ 02—2/ (03+(1—m)/b(y) dy) 1_maly dy, (308)

where C1 — C5 are arbitrary constants, so the exact solution of Eq. (305) is

—1

=
kix + kot + k3 = / C1 — Cou—2 // Faa (u; tFib () dudu du. (309)
kyc (u)

where k; — k3 are arbitrary constants, KdV equation, mKdV equation and KdV-mKdV equation

ug + Uty + Blgee = 0, (310)
w4+ auuy + Buggs = 0, (311)
s 4+ YUty + auuy 4+ Puggs = 0, (312)

are special cases of Eq. (305), according to (309) their exact solutions are

-1
ky o k1 3>2

k::n—i—k‘t—I—k::/(C’—Cu—u— u du, 313

1 2 3 1 2 k:l))ﬁ Bk%ﬁ ( )

-1
k:2 2 /{710[ 4 2

ka:—i—kzgt—l—kg:/(C'l—Cgu—u — u> du, 314

1 KB 6kiB o

-1
k kot + ks = Cy — Cou — ——u” — - d 315
1T + Kol + k3 /< 1 2U k%ﬁu 3k:§ﬁu 6k§ﬁu u, (315)

respectively. Since k1 — k3 are arbitrary constants, (304), (313)-(315) are all solitary wave solu-
tions.

5. Extention and conclusion

5.1. Two axioms and a conjecture
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For revealing the relationship between an arbitrary mth-order partial differential equation
(PDE) of n variables and an arbitrary mth-differentiable function of n variables, we present
Axiom 1.

Axiom 1. In the domain D,(D C R"™), any established mth-order PDE with n variables
F(x1,  Tp, Uy Uy, Uy, Ugyzgy -+ ) = 0, set f(x1,---2p) an arbitrary known function, f €
C™(D), then substitute from uw = f(x1,---x,) and its partial derivatives into F' =0

1. In case of getting 0 = 0, then w = f(x1,---xy) is the solution of F =0,

2. In case of getting k = 0, but in fact k # 0, then u = f(x1,---xy) is not the solution of
F=0,

3. In case of getting h(z1,---x;) = 0,(I < n), then uw = f(x1,---xy,) is the solution of FF =0
under the condition of h(xy,---x;) = 0.

Among the three conclusions of Axiom 1, the first two are obvious and the relevant cases
could be illustrated easily, we mainly analyse the third conclusion, such as

Example 5.1.
23+ zg’ + 23 = 23y, (316)
We may choose an arbitrary binary first differentiable function, for instance substitute z = xy
into Eq. (316)
z§+z3+z3:y3+x3+x3y3 =3P =y = .

So z = xy is a solution of Eq. (316) under the condition of y = —z. Note z = —z? is not a
particular solution of Eq. (316), in 3-dimensional space, z = —? is a three-dimensional surface
perpendicular to the y-axis, z = xy under the condition of y = —z is a three-dimensional curve:
r==x
=—x
2=y = —a?

or set x = t,then:

So the geometric meaning and the mathematical meaning of these two cases are completely
different.

Substituting from any function of n variables into an arbitrary PDE of n variables may
obtain other special circumstances, such as denominator equal zero and so on, the probabilities
of these circumstances are very low like geting 0 = 0 or k = 0, so Axiom 1 reveals that almost
any mth-differentiable function of n variables is a conditional solution of an arbitrary mth-order
PDE of n variables.

Axiom 1 may be extended to ordinary differential equations (ODEs), so we present Axiom

Axiom 2. In the domain D,(D C RY), any established mth-order ordinary differential equa-
tion (ODE) F(z,y,y™M,y@ ...y(M) =0, set f(z) known and f € C™(D), then substitute from
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y = f(x) and its derivatives into F' =0
1. In case of getting 0 = 0, then y = f(x) is the solution of F =0,

2. In case of getting k =0, but in fact k # 0, then y = f(x) is not the solution of F =0,

3. In case of getting g(x) = 0, then y = f(x) is the solution of F' = 0 under the condition
of g(x) =0,

4. In case of getting x = ky,ko---ki(l > 1), then y = f(x) is the discrete solution of F' = 0
under the condition of x = ki, ks -+ k.

The probability of the above first and second results is very little, so Axiom 2 reveals that
almost every unary mth-differentiable function is a conditional solution of an arbitrary mth-
order ODE. Such as Abel equation.

Example 5.2.
v+ +a(z)=0, (317)

where a(x) is an arbitrary unary functions, discretionarily set y = cx, then

Y+ +a(@)=c+lP+a(x)=0=a(z) = —c— 2>
Therefore, under the condition of a(x) = —c — ¢3z?, the particular solution of the Eq. (317) is
Yy = cx.
Example 5.3.
v +y°+2° =0, (318)

set y = cx, then

, — 3
y +y3+m3:c+(c3+1)m3:0:>x:<03:1> :

-

Therefore, on the point z = < )g. the particular solution of the Eq. (318) is y = cz. In

—C
AT
some specific case, the general solution of the Abel equation may be referred to [101, 102].

We know that a univariate function satisfying certain conditions can be expanded into a
Taylor series or a Fourier series. When we consider the Cauchy problem of Eq. (38), we assume
that the conditions are (41) and (42). Now we propose a conjecture about the n-ary function:

Conjecture 5. A n-ary function satisfying certain conditions can be expanded into a series:

S
frma,. . oan) =Y @i (kw4 kiyws + .+ ki, n + ki), (1< s < 00) (319)
i=1

Where ¢; are arbitrarily determined unary functions and k;, are arbitrarily determined param-
eters.

For the unary function, Conjecture 5 is obviously correct, because the Taylor series and
S

Fourier series are all special cases of > ¢; (kiyz + k;,) for the n-ary function (n > 2), how to
i=1

strictly prove Conjecture 5 is a new mathematical problem. Even if some f(x1,x2, - z,) cannot
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be strictly expanded to (318), since ¢, ki, can be arbitrarily chosen, it can be further envisioned
S
that f(z1,x2,- - x,) should be approximatively replaced to > ¢; (k‘illj + kiyxo + ...+ ki, xn + /cinﬂ)
i=1

in a restricted domain.
5.2. General Equations and Restricted Equations

In this paper, we have solved general solutions of many important PDEs, such as the concise
general solution of acoustic equation in Cartesian coordinate system is

p=f (k‘ll‘ + koy + k3z + coty/ ]f% + ]{7% + k‘% + k’4>
+ fo <k55[5 + key + krz — coty/ k‘g + kig + k% + k‘g) + kox + k10y + k112 + k1ot + k13.

If we set k3 = k7 = k11 = 0, then

p=fi <k:1x + koy + cot\/k? + k3 + k:4> + f2 <k:533 + key — cotr/ k2 + k2 + k:g> (320)

+ kgx + k1oy + k1ot + k13

(63)

(320) is essentially the general solution (58) of 2D wave equation

w=f <k1x + koy + atm + k3> + fa <k4x + ksy — at\/ k2 + k2 + k6> (58)

+ krx + ksy + kot + k1o.
If we set ko = k3 = k¢ = k7 = k11 = 0, then
p = f1 (kiz + cokit + kq) + fo (ksz — cokst + ks) + kox + k1ot + ki3 (321)
(321) is essentially the general solution (48) of the 1D wave equation
u= f1(k1z + krat + ka) + fo (ksx — ksat + kq) + ks + ket + k7, (48)

Such as the concise general solution of 3D heat equation in Cartesian coordinate system is

u =€

o vyl (V=B =Bk + bokz + ks e
IRESREEPE t+ /=15 — 152+ + i3z +
' K2+ k3 + k2 VT T T TRy TR T A
k1g(k1ott+ki1@+kioy+ki3z)
+e (k%1+k%2+k%3)a2

2k10 (-x/ —12y — 33k11 + ligk1a + l13/€13>
ho t— /=13 — By + lioy + li3z + 14

ki) 4 Ky + ki

(123)
If we set kg = k19 = 0, then

u = hi (\/ —l% — l%x + loy + I3z + l4> + hy (—\/ —Z%Q — 1%3:(} + lioy + 132 + l14> , (322)

Contrast (322) with (16)

u= fi(z\/—k3 — k3 + k1y + koz + ks3) (16)
+fo(—z\/—k3 — k2 + kay + ksz + ko) + kv + ksy + koz + k1o,
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(322) is a part of the general solution of Laplace equation.

Now let us ask a question: Why there is such a relation in the general solutions of these
different equations?

In order to solve this problem, we first propose three new defines: general equations,
restricted equations and homologous restricted equations.

If the equation F; = 0 is a special case of the equation F' =0, (i = 1,2,---), then F; =0 is
the restricted equation of F = 0, F = 0 is the general equation of F; = 0, F; = 0 between each
other known as the homologous restricted equations.

In theory, any equation can have infinite general equations; if an equation contains arbitrary
known functions or parameters, the equation can have infinite restricted equations.
Using the above defines, we propose Axiom 3:

Axiom 3: If there is no meaningless case, the solution of a general equation is known, then
the solutions of all its restricted equations are known; if the solution of a restricted equation is
unknown, then the solutions of all its general equations are unknown.

Axiom 3 is not hard to be understood. Since restricted equations are special cases of their
general equations, the solutions of restricted equations are also special cases of the solutions
of their general equations. Unless nonsensical cases occur, the solutions of all the restricted
equations can be directly obtained by the known solutions of their general equations. On the
other hand, if the solution of a restricted equation is not solved, it is impossible to solve the
solutions of its general equations which are more complex.

According to the above defines and laws, we can explain why the solutions of some PDEs
are similar, or even there are some definite relationships within them. Because they are ho-
mologous restricted equations, such as one-dimensional, two-dimensional and three-dimensional
wave equation are all the restricted equations of Eq. (38); the heat equation and the Laplace
equation are both the restricted equations of Eq. (111).

Since there is k7x + kgy + koz + k1o in the general solution of the Laplace equation, we can
make a preliminary judgment that these terms may be absent in the general solutions of (111)
and (122).

5.3. Conclusion

In this paper, we have proposed ten new concepts, three new axioms and eight new theorems,
they are:

concise general solution (CGS); series general solution (SGS); independent variable trans-
formational equations (IVTEs); dependent variable transformational equations (DVTEs); sym-
metric vector partial differential equations (SVPDESs); corresponding scalar equation (CSE);
independent variable transformation vector equation (IVIVE); general equations; restricted
equations; homologous restricted equations.

Axiom 1. [In the domain D,(D C R"™), any established mth-order PDE with n variables
F(xy,---xp,u,

Ugy s Uz, Ugyzg, - ) = 0, set f(x1,---zp) an arbitrary known function, f € C™(D), then sub-
stitute from uw = f(x1,---xy,) and its partial derivatives into F' =0

1. In case of getting 0 =0, then u = f(x1,---xy,) is the solution of F =0,
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2. In case of getting k = 0, but in fact k # 0, then uw = f(x1,---x,) is not the solution of
F =0,

3. In case of getting h(x1,---x;) = 0,(l < n), then u = f(x1,---xy,) is the solution of F = 0
under the condition of h(zx1,---x;) = 0.

Axiom 2. In the domain D,(D C RY), any established mth-order ordinary differential equa-
tion (ODE) F(z,y,y™M,y® .. y(m)) 0, set f(x) known and f € C™(D), then substitute from
y = f(z) and its derivatives into F' =0

1. In case of getting 0 =0, then y = f(x) is the solution of F =0,

2. In case of getting k =0, but in fact k # 0, then y = f(x) is not the solution of F =0,

3. In case of getting g(x) = 0, then y = f(x) is the solution of F = 0 under the condition
of g(x) =0,

4. In case of getting x = ki, ka---ki(l > 1), then y = f(x) is the discrete solution of F = 0
under the condition of © = ki, ko --- k.

Above two new axioms reveal that almost any mth-differentiable function with n variables
is a conditional solution of an arbitrary mth-order PDE with n variables and almost any unary
mth-differentiable function is a conditional solution of an arbitrary mth-order ODE.

Axiom 3. If there is no meaningless case, the solution of a general equation is known, then
the solutions of all its restricted equations are known; if the solution of a restricted equation is
unknown, then the solutions of all its general equations are unknown.

Theorem 1. In the domain D, (D C R™), if the solution w = f(x1,---x,) of a mth-order PDE
F(x1,  Tpy Uy Ugyy Uy, s Ugyzos -+ - ) = 0 @8 known, then the solution of its IVTE G(y1, -+ Yn,u

uylv"'uynvuylyw"'):o isu= f(x1," - xn) = g(y1, - yn)-

Theorem 1 reveals the law of partial differential equations solution in various orthogonal
coordinate system.

Theorem 2. In the domain D, (D C R™), if the solutionv = f(x1,---xy) of a PDE F(x1,- - - xy,

VyVgyy Uy Ugyzgs -+ ) = 018 known, set v = h(z1, - Tp, U, Ugy, ** Usp,,, Uz 2y, - - - ) then the so-
lution of its DVTE G(x1, -+ Ty, Uy Ugy, -+ - Uz, , Uzyzg, - -+ ) = 0 i the solution of h(z1, - - - Tn,u, Uy, ,
S Uy Ugyzg, ) = f(T1,00 ).

Theorem 3. In the domain D, (D C RY), if the solution w = f(z) of an ODE F(z,w,w',w",
w™) =0 is known, set w = h (z,y,9,9", ... y(m)), then the solution of its DVTE G(z,y,y,y",
. ymtn)) = 0 is the solution of h (z,y.9,9",... y(m)) = f(x).

Theorem 4. If there are m arbitrary functions in the general solution of the CSE F; = 0,
then the number of arbitrary functions in the general solution of the n-dimensional SVPDE
F =0 1is mn.

Theorem 5. In the domain D, (D C R"™), if the solutwn u=f(x1,22...%n,€0,,€z9,-.-€z,) Of @

Ou  Ou
’ Oz * Oxn? (9371(9_%2

mth-order vector PDE F (xl, e T, U ) = 0 is known, then the solution of
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: o) o) [ :
its IVTVEG(yl,...yn,u,a—;,...ﬁ,aylgy27...> =0isu=f(T1,22...Tn,Cpyy€pp,-..€g,) =

g(y17y27 .. ~yn,ey1,ey2, .. .eyn)

Theorem 6. In the domain D,(D C R"),if u(xy,z2, - xy) is a first differentiable function,

then 5 p
LISy, (251)

Theorem 7. In the domain D,(D C R™),any established mth-order PDE with n space vari-
ables F (z1,...%n, U, Uz, - - - Uz, , Uz 2o, - - -) = 0,If all the known functions satisfy a; (z1,...Tn) =
ai(k1x1 + ... + knxn + kng1) where ki, ko, -+ kni1 are known parameters, set u(x1,...x,) =
f(k1z1 4+ ...+ kpxp + kny1), then substitute uw = f (kix1 + ...+ knzp + kny1) and its partial
derivatives into F' =0

1. If F =0 is a linear PDE, then it can be converted to a linear ODE,

2. If F =0 is a non-linear PDE, then it can be converted to a non-linear ODE.

Theorem 8. In the domain D, (D C R"),any established mth-order PDE with n space variables
F(u,ug,, - Ug, , Ugy 2y, - ) = 0, namely in the equation there is no known function a;(x1,- - - xy)
set u(x1,...xn) = f(kix1 + ...+ knxp + kpy1),where ki, ko, - - - k1 are unascertained param-
eters, then substitute u = f (k11 + ...+ knxy + knt1) and its partial derivatives into F = 0

1. If F =0 is a linear PDE, then it can be converted to a linear ODE,

2. If F =0 is a non-linear PDE, then it can be converted to a non-linear ODE.

In Chapter 2, we indicate that Transformational Method 1-4 are specific applications of
Theorem 2. In fact, Transformational Method 1-4 are also concrete applications of Axiom 1.
According to Axiom 1, the complete representation of the four transformation methods should
be:

Transformational Method 1. In the domain D, (D C R™), any established mth-order PDE
with n variables F(x1,- - Tp, U, Ugy, - Uz, , Uz 2y, -+ ) = 0,8€t v =v(x1,- - 2,) and u = f(v) are
both undetermined mth-differentiable functions (u,v € C™ (D)), then substitute u = f(v) and its
partial derivatives into F' =0

1. In case of working out v(x1, - x,) and f(v), then u = f(v) is the solution of F =0,

2. In case of dividing out f(v) and its partial derivative, also working out v(z1,---xy,), then
u = f(v) is the solution of F =0, and f is an arbitrary unary mth-differentiable function,

3. In case of dividing out f(v) and its partial derivative, also getting k = 0, but in fact k # 0,
then u = f(v) is not the solution of F' = 0, and f is an arbitrary unary mth-differentiable
function.

4. In case of working out v(z1,- - x,) and f(v) under the condition of h(x1,---x;) = 0,(l < n),
then uw = f(v) is the solution of F' = 0 under the condition of h(x1,---x;) =0,

5. In case of dividing out f(v) and its partial derivative, also working out v(x1,---xy) un-
der the condition of h(xy,---x;) = 0,(l <n), then u = f(v) is the solution of F' = 0 under the
condition of h(xy,---x;) =0, and f is an arbitrary unary mth-differentiable function.
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Transformational Method 2. [In the domain D,(D C R"), any established mth-order
PDE with n wvariables F(x1,- - Tp, U, Uz, Uz, , Ug,zy, ) = 0,5t v = v(z1, - Tpn) known
and u = f(v) undetermined (u,v € C™(D)), then substitute u = f(v) and its partial derivatives
wmto F'=0

1. In case of working out f, then u = f(v) is the solution of F' =0,

2. In case of dividing out f and its partial derivative, also getting 0 = 0, then u = f(v) is
the solution of F' =0, and f is an arbitrary unary mth-differentiable function,

8. In case of dividing out f and its partial derivative, also getting k = 0, but in fact k # 0, then
u = f(v) is not the solution of F' =0, and f is an arbitrary unary mth-differentiable function

4. In case of working out f under the condition of h(xy,---x;) = 0,(l < n), then u = f(v)
is the solution of F' =0 under the condition of h(x1,---x;) =0,

5. In case of dividing out f and its partial derivative, also getting h(xq,---x;) = 0,(l < n),
then u = f(v) is the solution of F = 0 under the condition of h(x1,---x;) = 0, and f is an
arbitrary unary mth-differentiable function.

Transformational Method 3. In the domain D,(D C R"), any established mth-order
PDE with n variables F(x1, -+« Tn, Uy Ug,, -+ Uy, , Ugyaq, -+ ) = 0,setting f(v),g(x1, - x,) and
v(xy, - xp) are all undetermined function, g,v € C™(D), then substitute w = gf(v) and its
partial derivatives into F' =0

1. In case of working out f,g and v, then u = gf(v) is the solution of F =0,

2. In case of dividing out f and its partial derivative, also working out g and v, then u = gf(v)
is the solution of F' =0, and f is an arbitrary unary mth-differentiable function,

3. In case of getting k =0, but in fact k # 0, then u = gf(v) is not the solution of F =0,

4. In case of working out f,g and v under the condition of h(xi,---x;) = 0,(I < n), then
u=gf(v) is the solution of F' =0 under the condition of h(x1,---x;) =0,

5. In case of dividing out f and its partial derivative, also working out g and v under the
condition of h(x1,---x;) = 0,(l < n), then u = gf(v) is the solution of F = 0 under the condi-
tion of h(xy,---x;) =0, and f is an arbitrary unary mth-differentiable function.

Transformational Method 4. In the domain D, (D C R"™), any established mth-order PDE
with n variables F(X1,- -« Ty, Uy Uy, Uz, , Ugy 2y, ) = 0,setting g(xy1, - x,) is known and
f),v(z1,- - xy) are undetermined, g,v € C™(D), then substitute v = gf(v) and its partial
derivatives into F' =0

1. In case of working out f and v, then u = gf(v) is the solution of F =0,

2. In case of dividing out f and its partial derivative, also working out v(zy,---x,), then
u = gf(v) is the solution of ' =0, and f is an arbitrary unary mth-differentiable function,

3. In case of getting k =0, but in fact k # 0, then u = gf(v) is not the solution of F =0,

4. In case of working out f and v under the condition of h(x1,---x;) = 0,(I < n), then
u=gf(v) is the solution of F' =0 under the condition of h(x1,---x;) =0,
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5. In case of dividing out f and its partial derivative, also working out v(zy,---x,) under
the condition of h(xz1,---x;) = 0,(l < n), then u = gf(v) is the solution of F' = 0 under the
condition of h(xy,---x;) =0, and f is an arbitrary unary mth-differentiable function.

Using above four new transformational methods, the general solutions and the exact solutions
of the Cauchy problem for the Laplace equation, 2D wave equation, the acoustic wave equation,
Helmholtz equation, heat equation and the diffusion equation have been solved. In some cases,
the general solutions and the exact solutions of the Cauchy problem for the Poisson equation
and Schrodinger equation have been solved too. We also find a singularity of general solutions of
Helmholtz equation for the first time, namely the number of arbitrary functions in the general
solutions is more than 2.

For research the laws of the general solution of mth-order LPDEs with n variables, we also
present 11 Propositions and 4 conjectures in Chapter 3.

Appendix
Appendix A
In (37) it can be proved that if k1,{; # 0 and k1,11 - 0, c;v can be described by f; and fo,

set

Then
f1 = f1 (kl’l +Coxo + ...+ C’nxn + Cn+1) s
fo= f2 (kw1 + Comz + ... + Cpap + Cppa)
where )
b — _(12022 + agC§ + ...+ anC’?l + ap11C2C5 2
= o
Set

Acl(kxl + Coxo+ ...+ Chxy + Cn+1) + Bcl(—kxl + Coxg + ...+ Crxp,
+Cnt1) = (A+ B)ey(Croy + Cowa + ... + Oy + Cpyr) = Cr = ﬁjk

If A= B # 0, then A+B_0 If B=—-A+1, then

li =] 24 — 1 li _
A S = fim ( ) =00, lim S = lim

Namely 4=8 ¢ (—o00,00), if k # 0 and k - 0, selecting A, B felicitously, ¢, may equal to
ATB

arbitrary real number, so cqiv can be described by f1, f2, and

c1v = c1 (Crz1 + Coxz + ... + Cpay + Crp)
= 2 (ka1 + Cama + ... + Cpaip + Cnp1)
+ 2% (—kzy 4 Coxg + ... + Cntn + Cpy1)

where Cy = 475k

Appendix B
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The calculation of (43) as follows. In (40), set ¢y = 0,k;; = 1;;, (1 =1,2,---5,j =2,3,---n+
1)

w\»—‘

kil = (— (agk‘i .+ ank + an+1k12k13) /CL1) (44)
According to (40)-(42)
u (0,.%'2, .- xn) - Z(f1i<ki2372 +. ki + kin+1) + f2i(ki2x2 + .ot ki, T+ kin+1))
=1

S
— Z Gi(kiyra + .o+ ki on + kit ),

S

Ugy (0,.732, e .’L‘n) = Z(kllfil(kwx? + ...+ kinxn + kin+1) - ki1féi(ki2x2 + ...+ kinmn + kin+1))

i=1
— Z(kisz + ...+ kinxn + kin+1)-
=1
We have
f1, (kigza + .o+ ki an + ki) + fo, (Kigma + .o+ kiyan + ki) (323)
= ©; (ki2$2 + ...+ k‘znl'n + kin+1) ,
kllfil (ki2x2 4+ ...+ kinazn =+ kin+1) — /f“féZ (ki2$2 + ...+ kinxn + k‘inJrl) (324)

= 1/)1 (kma;g + ...+ kina:n =+ kin+1)
According to (324) we get

fli(ki2$2 + ...+ kinxn + kin+1) — fgi(kizxg + ...+ kinxn -+ kin+1)
) kigmot...4kip on+ki, |
= Y(&)d&i+ (325)
kigmag+..-tkipTng+ki,
fli(ki2$20 +. 4+ kinxno + kin+1) - f%(kizx?o +.+ kinxno + kin+1)

Combining (323) and (325), then

fli (k‘z‘QZL’Q +...+ kznxn =+ kin+1)
L ki2x2+~~~kinwn+kin+1
= 5@ (king +...+ kznxn + k1n+1) + Qk / (0 (51) d&;
k7,23320+ +kznzn0+kz +1
klzx% -+ klnxno + kin+1) 2f2@ (kwx?o +...+ klnxno + kin+1)
ki x1 + kmxz + oot ki@ + ki)

U-i—

1

2¥

Y (&) d&;

/kil z1tkiywot. ki Tntki,
k.

(k T1+ kiyzo + .o+ kiyan + ki) + 2,611_
in T2 thigT3g .. Fkip Tng+ki, |
% (kmmzo .+ kinxno + kin+1) — %fgz (]C,;2.%'20 4+ ...+ kinxno + kin+1)

fgi (k’izxg + ...+ kin:cn + kin+1)

kigxot...+kip Ttk
1 1
= igpz (k;wxg—i——l—kznxn—i—kan) ok, /
k

Y (&) d&i—
io 20t tHhin Tng i, |
L1, (i o Koy i) + 3 (Riaag + o4 Ry + K )
= f2- (—kill’l + ki2$2 +...+ kinxn + kln+1)

Y (&) d;

/_kil w1tkiyzot. ki Ttk
k

_ 1 . . 1
= 30i (ki z1 + kiyza + ..+ ki o + ki) — o,
i @29 thigT3g+..tkip Tng+ki,

_%fli (]431'21}20 + ...+ k’inl‘no + k‘inJrl) + %le (k‘i21'20 + ...+ kinl'no + kin+1)
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In the conditions of (41) and (42), the exact solution of Eq. (38) is

S

1
U :5 Z(gpi(k‘ilxl + ki2x2 + ...+ k‘,’nxn + k‘,’n+1)
=1
+ pi(—=kiyx1 + kiyeo + .o+ ki + Ry ) (43)
1 kijx1t+kigzot. Akin Tntki,

+1- P(&i)d&i)

ki, —kiy x1tkiy vt Ak Tntki,

Appendix C

Consider the following initial value problem of Eq. (150) on the condition of (169)

u(z,y,2,0) = e*T¥H? (gpl (\/396 +y+ z) + 9 (—\/j2x +y+ z)) , (172)
u (z,y, 2,0)
= o (V=2 by +2) Hn (<Y 20y o+ 2)) (173)

h ! ’
+ %e””y“ ((2 +vV-2)o, (V22 +y+2)+(2-V-2)py (—V-22+y+ z)) :
Comparing (171) with (172) we have
1
k1:k2:k3:—g Jdo=l3=lio=l3=1 ks =15=105=0.

Then
h
w(z,y, 2 t) =e" Ry (Vo2 by 2 (24 VE2)1)

+ho(—V =2z +y+2z+ %(2 —V=2)t)),
(2,9, 2, 1) = — chae® VTRt (h (/22 +y + 2 + %(2 /2t
Fha(—VBr by 4zt (2 - VD))
- e”yﬁ—ckﬂ(%@ +V=2)h(V=2z +y+z+ %(2 +V-2)t)
+ %(2 —V=2)hy(—V =2z +y+ 2+ %(2 —V=2)t)).
Therefore

u(z,y,2,0) = e*T¥H= (gol (\/j2$+y+z) + 2 (—\/3564—3/—}—2;))
= et tyts (hl (\/j2x+y+z) + ho (—JjQx+y+z))
= h (\/j2x+y+z) =1 (\/j2x+y+z)

h h
= (\/—2x+y+z+m(2+\/—2)t) =1 (\/—2x+y+z+m(2+\/—2)t>.
Namely

hq <M$+y+z+2(2+/j2)t> =1 <J—7x+y+z+i(2+@)t>. (326)

ha <—Mm+y+z+2(2—¢—7)t> =y <—\@x+y+z+2(2—ﬁ)t>. (327)
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Thus
u (2,y,2,0) = eV (o1 (V=22 +y +2) + o2 (—V-22+y +2))
+ %e”y“ ((2 +vV=2) o) (V=2z+y+2)+ (2-V=2) vy (V22 +y+ z))
= —ckse® VT (h (V=22 +y +2) + ho (—V 22+ y +2))
+ et tyt <Z (2+vV=2) k) (¢?2x+y+z)+%(2—¢?2)h; (—¢?2x+y+z)>

1
(&

So the exact solutions of the initial value problem is

h
u =TV (o) (V22 y 4+ 2+ —(2 4+ V2)t)
m (174)

+po(—V2x+y+z+ %(2 —V=2)t)).

References

[1] H. Triki, A.-M. Wazwaz, Traveling wave solutions for fifth-order KdV type equations
with time-dependent coefficients, Commun. Nonlinear Sci. Numer. Simulat. 19 (2014) 404-408.

[2] Y. Sun, New exact traveling wave solutions for double SineCGordon equation, Appl.
Math. Comput. 258 (2015) 100-104.

[3] K. Mallory, R.A. Van Gorder, K. Vajravelu, Several classes of exact solutions to
the 1 + 1 BornClnfeld Equation, Commun. Nonlinear Sci. Numer. Simulat. 19 (2014)
1669-1674.

[4] T. Ellis, L. Demkowicz, J. Chan, Locally conservative discontinuous PetrovCGalerkin
finite element methods for fluid problems, Comput. Math. Appl. 68 (2014) 1530-1549.

[5] Z. Yosibash, Computing singular solutions of elliptic boundary value problems in
polyhedral domains using p-FEM, Appl. Numer. Math. 33 (2000) 71.

[6] D. Boffi, On the finite element method on quadrilateral meshes, Appl. Numer.
Math. 56 (2006) 1271-1282.

[7] M. Tabor, Modern dynamics and classical analysis, Nature 310 (1984) 277-282.

[8] J. Liu, G. Mu, Z. Dai, X. Liu, Analytic multi-soliton solutions of the generalized
Burgers equation, Comput. Math. Appl. 61 (2011) 1995-1999.

[9] M. Song, X.J. Hou, J. Cao, Solitary wave solutions and kink wave solutions for a
generalized KDVCmKDV equation, Appl. Math. Comput. 217 (2011) 5942-5948.

[10] P.J. Rabier, C.A. Stuart, Application of elliptic regularity to bifurcation in sta-
tionary nonlinear Schrédinger equations, Nonlinear Anal. 52 (2003) 869-890..



66

[11] R. Kajikiya, Least energy solutions of the Emden-Fowler equation in hollow thin
symmetric domains, J. Math. Anal. Appl. 406 (2013) 277-286.

[12] S.-T. YAU, Y. GAO, Obstacle Problem for von Kérmén Equations, Adv. Appl
Math. 13 (1992) 123-141.

[13] C.M. Guo, C.B. Zhai, R.P. Song, An existence and uniqueness result for the sin-
gular Lane-Emden-Fowler equation, Nonlinear Anal. TMA 72 (2010) 1275-1279.

[14] F. Finster, J. Smoller, S.-T. Yau, Particle-like solutions of the Einstein-Dirac-
Maxwell equations, Phys. Lett. A 259 (1999) 431-436.

[15] L. Damascelli, A. Farina, B. Sciunzi, E. Valdinoci, Liouville results for m-Laplace
equations of Lane-Emden-Fowler type, Ann. I. H. Poincaré - AN. 26 (4) (2009) 1099-1119.

[16] L.C.L. Botelho, Lecture Notes in Applied Differential Equations of Mathematical
Physics, World Scientific Pub Co, Hackensack, (2008).

[17] G. Buttazzo, G.P. Galdi, L. Zanghirati, Developments in Partial Differential Equations
and Applications to Mathematical Physics, Springer Science + Business Media, New York,
(1992).

[18] I. Rubinstein, L. Rubinstein, Partial Differential Equations in Classical Mathe-
matical Physics, Cambridge University Press, Cambridge, (1998).

[19] J.R. Kirkwood, Mathematical Physics with Partial Differential Equations, Aca-
demic Press, Waltham, (2013).

[20] C.S. Wu, Mathematical and Physical Methods, Peking University Press, Beijing,
China, 2003.

[21] M. Kline, Mathematical Thought from Ancient to Modern Times, Oxford Univer-
sity Press, New York, (1972).

[22] Y. Mirbagheri, H. Nahvi, J. Parvizian, A. Diister, Reducing spurious oscillations
in discontinuous wave propagation simulation using high-order finite elements, Comput.
Math. Appl. 70 (2015) 1640-1658.

[23] M. Chen , M. Torres, T. Walsh, Existence of traveling wave solutions of a high-
order nonlinear acoustic wave equation, Phys. Lett. A. 373 (2009) 1037-1043.

[24] C.L. Frota, Some Nonlinear Wave Equations with Acoustic Boundary Conditions,
J. Differ. Equations 164 (2000) 92-109.

[25] F.G. Vasquez , G. W. Milton , D. Onofrei , Active Exterior Cloaking for the 2D
Laplace and Helmholtz Equations, Phys. Rev. Lett. 103(7), 073901 (2009).

[26] Q. Ma, Z.L. Mei, S.K. Zhu, T. Y. Jin, T. J. Cui, Experiments on Active Cloak-
ing and Illusion for Laplace Equation, Phys. Rev. Lett. 111, 173901 (2013).



67

[27] Y.C. Hon, T. Wei, Backus-Gilbert algorithm for the Cauchy problem of the Laplace
equation, Inverse Probl. 17 (2) (2001) 261-271.

[28] L. Bourgeois, A mixed formulation of quasi-reversibility to solve the Cauchy problem for
Laplaces equation, Inverse Probl. 21 (3) (2005) 1087-1104.

[29] M.V. Klibanov, F. Santosa, A computational quasi-reversibility method for Cauchy
problems for Laplaces equation, STAM J. Appl. Math. 51 (6) (1991) 1653-1675.

[30] F. Berntsson, L. Eldén, Numerical solution of a Cauchy problem for the Laplace
equation, Inverse Probl. 17 (4) (2001) 839-853.

[31] Z. Chai, B. Shi, A novel lattice Boltzmann model for the Poisson equation, Appl.
Math. Model. 32 (2008) 2050-2058.

[32] J. Wei, D. Ye, F. Zhou, Analysis of boundary bubbling solutions for an anisotropic
Emden-Fowler equation, Ann. I. H. Poincaré - AN. 25 (2008) 425-447.

[33] S.M. Rybicki, Global Bifurcations of Solutions of Emden-Fowler-Type Equation
— Awu(z) = Af(u(x)) on an Annulus in R",n > 3, J. Differ. Equations, 183 (2002) 208-223.

[34] C. Ye, W. Zhang, New explicit solutions for the Klein-Gordon equation with cu-
bic nonlinearity, Appl. Math. Comput. 217 (2010) 716-724.

[35] M.G. Hafez, M.N. Alam, M.A. Akbar, Exact traveling wave solutions to the Klein-
Gordon equation using the novel (G’/G)-expansion method, Results Phys. 4 (2014) 177-184

[36] A.V. Porubov, A.L. Fradkov, B.R. Andrievsky, Feedback control for some solu-
tions of the sine-Gordon equation, Appl. Math. Comput. 269 (2015) 17-22.

[37] T. Wei, Y.C. Hon, L. Ling, Method of fundamental solutions with regularization
techniques for Cauchy problems of elliptic operators, Eng. Anal. Bound. Elem. 31 (2007)
373-385.

[38] B.T. Jin, Y. Zheng, A meshless method for some inverse problems associated with the in-
homogeneous Helmholtz equation, Comput. Methods Appl. Mech. Eng. 195 (2006) 2270-2288.

[39] L. Marin, L. Elliott, P.J. Heggs, D.B. Ingham, D. Lesnic, X. Wen, An alternating
iterative algorithm for the Cauchy problem associated to the Helmholtz equation, Comput.
Methods Appl. Mech. Eng. 192 (2003) 709-722..

[40] D. Zhang, F. Ma, E. Zheng, A Herglotz wavefunction method for solving the in-
verse Cauchy problem connected with the Helmholtz equation, J. Comput. Appl. Math. 237
(2013) 215-222.

[41] B. Choi, D. Jeong, M.Y. Choi, General method to solve the heat equation, Phys.
A 444 (2016) 530-537.

[42] L.F. Barannyk, B. Kloskowska, On symmetry reduction and invariant solutions to



68

some nonlinear multidimensional heat equations, Reports on Math. Phys. 45 (2000) 1-22.

[43] A. Ahmad, A.H. Bokhari, A.H. Kara, F.D. Zamana, Symmetry classifications and
reductions of some classes of (241)-nonlinear heat equation, J. Math. Anal. Appl. 339 (2008)
175-181.

[44] M.K. Alaoui, S.A. Messaoudi, H.B. Khenous, A blow-up result for nonlinear gen-
eralized heat equation, Comput. Math. Appl. 68 (2014) 1723-1732.

[45] N. Bellomo, L.M.D. Socio, R. Monaco, Random heat equation: solutions by the
stochastic adaptive interpolation method, Comput. Math. Applic 16 (1988) 759-766.

[46] J. Biazar, A.R. Amirtaimoori, An analytic approximation to the solution of heat
equation by Adomian decomposition method and restrictions of the method, Appl. Math.
Comput. 171 (2005) 738-745.

[47] W.T. Ang, A.B. Gumel, A boundary integral method for the three-dimensional
heat equation subject to specification of energy, J. Comput. Appl. Math. 135 (2001) 303-311.

[48] T. Graen, H. Grubmiiller, NuSol Numerical solver for the 3D stationary nuclear
Schrodinger equation, Comput. Phys. Commun. 198 (2016) 169-178.

[49] Y. Fang, X. You, Q. Ming, A new phase-fitted modified RungeCKutta pair for
the numerical solution of the radial Schrédinger equation, Appl. Math. Comput. 224 (2013)
432-441.

[50] R.M. Singh, S.B. Bhardwaj, S.C. Mishra, Closed-form solutions of the Schrédinger
equation for a coupled harmonic potential in three dimensions, Comput. Math. Appl. 66
(2013) 537-541.

[51] P. Bégout, J.I Diaz, Localizing estimates of the support of solutions of some
nonlinear Schrédinger equations C The stationary case, Ann. I. H. Poincaré C AN. 29 (2012)
35-58.

[52] S. Cingolani, Semiclassical stationary states of Nonlinear Schrodinger equations
with an external magnetic field, J. Differ. Equations 188 (2003) 52-79.

[53] A.D. Polyanin and V.F. Zaitsev, Handbook of Exact Solutions for Ordinary Dif-
ferential Equations, CRC Press, Florida (2003).

[54] D.F. Gordon, B. Hafizi, A. S. Landsman, Amplitude flux, probability flux, and
gauge invariance in the finite volume scheme for the Schrédinger equation, J. Comput. Phys.
280 (2015) 457-464.

[55] S. Blanes, F. Casas, A. Murua, An efficient algorithm based on splitting for the
time integration of the Schrédinger equation, J. Comput. Phys. 303 (2015) 396-412.

[56] Z. Huang, J. Xu, B. Sun, B. Wu, X. Wu, A new solution of Schrédinger equation
based on symplectic Algorithm, Comput. Math. Appl. 69 (2015) 1303-1312.



69

[57] Z.A. Anastassi, T.E. Simos, A parametric symmetric linear four-step method for
the efficient integration of the Schrodinger equation and related oscillatory problems, J.
Comput. Appl. Math. 236 (2012) 3880-3889.

[58] I.K. Gainullin, M.A. Sonkin, High-performance parallel solver for 3D time-dependent
Schrodinger equation for large-scale nanosystems, Comput. Phys. Commun.188 (2015) 68-75.

[59] Diwaker, B. Panda, A. Chakraborty, Exact solution of Schrodinger equation for
two state problem with time dependent coupling, Phys. A. 442 (2016) 380-387.

[60] J. Lenells, Admissible boundary values for the defocusing nonlinear Schrédinger
equation with asymptotically time-periodic data, J. Differ. Equations 259 (2015) 5617-5639.

[61] X. -Y. Xie, B. Tian, W. -R. Sun, Y. Sun, Bright solitons for the (241)-dimensional
coupled nonlinear Schrodinger equations in a graded-index waveguide, Commun. Nonlinear
Sci. Numer. Simulat. 29 (2015) 300-306.

[62] P. Wang, C. Huang, An energy conservative difference scheme for the nonlinear
fractional Schrédinger equations, J. Comput. Phys. 293 (2015) 238-251.

[63] S.Z. Rida, H.M. El-Sherbiny, A.A.M. Arafa, On the solution of the fractional
nonlinear Schréinger equation, Phys. Lett. A 372 (2008) 553-558.

[64] K.M. Liang, Mathematical and Physical Methods, Higher Education Press, Bei-
jing, China, 1978, pp. 162-163.

[65] A.D. Polyanin, Handbook of Linear Partial Differential Equations for Engineers
and Scientists, CRC Press, Florida, (2001).

[66] S. V. Ershkov, Exact solution of Helmholtz equation for the case of non-paraxial
Gaussian beams, J. King Saud Univ. (Sci.) 27 (2015) 198-203.

[67] T.R. Ding, C.Z. Li, Tutorials of Ordinary Differential Equations, Second ed., Higher
Education Press, Beijing, China, (2004).

[68] W.A. Adkins, M.G. Davidson, Ordinary Differential Equations, Springer, New
York, (2012).

[69] L. C. Evans, Partial Differential Equations, American Mathematical Society, Providence,
(1998).

[70] J. Jost, Partial differential equations, Third ed., Springer, New York, (2013)
[71] L. Hu, J. Zou, X. Fu, H. Y. Yang, X.D. Ruan, C.Y. Wang, Divisionally analyti-
cal solutions of Laplaces equations for dry calibration of electromagnetic velocity probes,

Appl. Math. Model. 33 (2009) 3130-3150.

[72] W.F. Ames, Invariant solutions of the underwater acoustic wave equation, Com-
put. Math. Appl. 11 (1985) 681-685.



70

[73] T.F. Chan, L. Shen, A stable explicit scheme for the ocean acoustic wave equa-
tion, Comput. Math. Appl. 11 (1985) 929-936.

[74] A.D. Polyanin, V.F. Zaitsev, A. Moussiaux, Handbook of First Order Partial Dif-
ferential Equations, CRC Press, Florida, (2001), pp.4, pp.62.

[75] S.H. Guo, Electrodynamics, Higher Education Press, Beijing, China, 1995.

[76] M. Li, C.S. Chen, Y.C. Hon, P.H. Wen, Finite integration method for solving
multi-dimensional partial differential equations, Appl. Math. Model. 39 (2015) 4979-4994.

[77] P.H. Wen, Y.C. Hon, M. Li, T. Korakianitis, Finite integration method for par-
tial differential equations, Appl. Math. Model. 37 (2013) 10092-10106.

[78] F. Toutounian, E. Tohidi, A new Bernoulli matrix method for solving second or-
der linear partial differential equations with the convergence analysis, Appl. Math. Comput.
223 (2013) 298-310.

[79] C. Kesan, Chebyshev polynomial solutions of second-order linear partial differen-
tial equations, Appl. Math. Comput. 134 (2003) 109-124.

[80] L. Ehrenpreis, Fourier Analysis in Several Comples Variables, Wiley-Interscience,
New York, 1970.

[81] P.-C. Hu, B.Q. Li, On meromorphic solutions of linear partial differential equa-
tions of second order, J. Math. Anal. Appl. 393 (2012) 200-211.

[82] D.G. Aronson, Isolated singularities of solutions of second order parabolic equa-
tions, Arch. Rat. Mech. Anal. 19 (1965) 231-238

[83] N. Lungu, D. Popa, HyersCUlam stability of a first order partial differential equation,
J. Math. Anal. Appl. 385 (2012) 86-91.

[84] Z. Sheng, The periodic wave solutions for the (2 + 1) dimensional KonopelchenkoC-
Dubrovsky equations, Chaos Solitons Fract. 30 (2006) 1213-1220.

[85] W.X. Ma, Travelling wave solutions to a seventh order generalized KdV equation,
Phys. Lett. A. 180 (1993) 221-224.

[86] W. Malfliet, Solitary wave solutions of nonlinear wave equations, Amer. J. Phys.
60 (7) (1992) 650-654.

[87] A.M. Wazwaz, Two reliable methods for solving variants of the KdV equation
with compact and noncompact structures, Chaos Solitons Fract. 28 (2) (2006) 454-462.

[88] S.A. El-Wakil, M.A. Abdou, New exact travelling wave solutions using modified
extended tanh-function method, Chaos Solitons Fract. 31 (4) (2007) 840-852.

[89] E. Fan, Extended tanh-function method and its applications to nonlinear equa-
tions, Phys. Lett. A 277 (4-5) (2000) 212-218.



71

[90] A.M. Wazwaz, The tanh-function method: Solitons and periodic solutions for the
DoddCBulloughCMikhailov and the TzitzeicaCDoddCBullough equations, Chaos Solitons
Fract. 25 (1) (2005) 55-63.

[91] W.X. Ma, T.W. Huang, Y. Zhang, A multiple exp-function method for nonlinear
differential equations and its application, Phys. Scr. 82 (2010) 065003.

[92] I. E. Inan, Y. Ugurlu, Exp-function method for the exact solutions of fifth order
KdV equation and modified Burgers equation, Appl. Math. Comput. 217 (2010) 1294-1299.

[93] T.C. Xia, B. Li, H.Q. Zhang, New explicit and exact solutions for the NizhnikC-
NovikovCVesselov equation, Appl. Math. E-Notes 1 (2001) 139-142.

[94] M. Inc, M. Ergut, Periodic wave solutions for the generalized shallow water wave
equation by the improved Jacobi elliptic function method, Appl. Math. E-Notes 5 (2005)
89-96.

[95] M. L. Wang, Solitrary wave solution for variant Boussinesq equation, Phys. Lett.
A 199 (1995) 169-172.

[96] M. Khalfallah, New exact traveling wave solutions of the (3 + 1) dimensional Kadomt-
sevCPetviashvili (KP) equation, Commun. Nonlinear Sci. Numer. Simul. 14 (2009) 1169-1175.

[97] E.G. Fan, Two new applications of the homogeneous balance method, Phys. Lett.
A 265 (2000) 353-357.

[98] A.M. Wazwaz, A sineCcosine method for handling nonlinear wave equations, Math.
Comput. Model. 40 (5-6) (2004) 499-508.

[99] E. Yusufoglu, A. Bekir, Solitons and periodic solutions of coupled nonlinear evo-
lution equations by using sineCcosine method, Int. J. Comput. Math. 83 (12) (2006) 915-924.

[100] A.M. Wazwaz, The sineCcosine method for obtaining solutions with compact
and noncompact structures, Appl. Math. Comput. 159 (2) (2004) 559-576.

[101] M.K. Mak, T. Harko, New method for generating general solution of the Abel
differential equation, Comput. Math. Appl. 43 (2002) 91-94.

[102] M.K. Mak, H.W. Chan, T. Harko, Solutions generating technique for Abel-type
nonlinear ordinary differential equations, Comput. Math. Appl. 41 (10/11), (2001),
1395-1401.



