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ABSTRACT. In this paper, by the method of heat flow and the method of exhaustion, we
prove an existence theorem of Hermitian-Yang-Mills-Higgs metrics on holomorphic line
bundle over a class of non-compact Gauduchon manifold.

1. INTRODUCTION

Let X be a complex manifold of dimension n and g a Hermitian metric with associated
Kéhler form w. ¢ is called Kéhler if dw = 0; balanced if dw”™! = 0; Gauduchon if
00w™ ' = 0. A Hermitian-Yang-Mills-Higgs metric is a Hermitian metric on holomorphic
vector bundle E over X satisfying the following vortex equation which was introduced by
Bradlow [3]:

(1.1) W —IAFy+ ¢ ® ¢ —7-1dg = 0,

where A, is the contraction operator with respect to w, Fp is the curvature of the Chern
connection with respect to the metric H, ¢ is a non-trivial holomorphic section of F,
and 7 is a real number. The vortex equation (|1.1]) is a generalization of the Hermitian-
Yang-Mills equation (i.e. ¢ = 0). By the classical Donaldson-Uhlenbeck-Yau theorem
[6, 23], the existence of the solution to the Hermitian-Yang-Mills equation relates to the
stability of the underlying bundle over compact Kahler manifold. The classical Donaldson-
Uhlenbeck-Yau theorem has many interesting and important generalizations [I} 2} 4, [ [8]
110, [12], 13, [14L [16, 17, 18, 19, 20} 21, 25 26].

Let L be a holomorphic line bundle over complex manifold (X, g), given any initial
metric Hy, let H = e/ Hy, then solving the vortex equation (1.1)) is equivalent to solving
the following equation:

(1.2) Af — o4 e’ — (V1A Fyy — 7-1d1) = 0,

where A is the complex Laplace operator, acting on functions given by A f=—2v/—1A,00f.
As usual, we denote the Beltrami-Laplcaian operator by A. It is well known that the d-
ifference of the two Laplacians is given by a first order differential operator as follows

(1.3) (A= A)f = (Vy,df)y,
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where V, is the unique 1-form satisfying dw"™! = w"" ' A'V,. Clearly, A fand Af coincide
provided X is balanced. Once we set h = —[¢|3;, and k = 2¢/—1A,Fp, — 7 - 1d, (1.2) is
just

(1.4) Af+hef —k=0.

When (X, g) is a Kéhler manifold, of course X is balanced in this setting, then Eq. (|1.4)
turns out to be precisely of the form considered in [9} 10]:

(1.5) Af+hel —k=0,

which is known as Kazdan-Warner equation. In [I5], Liu and Yao solved Eq. (|1.4)
on compact Gauduchon manifolds by means of the upper and lower solution method.
Then the solvability of the vortex equation in holomorphic line bundle over compact
Gauduchon manifolds stands out. Later, Wang and Zhang discussed Eq. on a class
of non-compact Riemannian manifold by the method of heat flow [24]. As an application,
they solved the vortex equation in holomorphic line bundle over a class of non-
compact Kahler manifold. Then, one may well ask: can we solve the vortex equation
in holomorphic line bundle over the non-compact Gauduchon manifold? Before we
state the answer of this question, we need some requirements.

In the following, we always suppose that (X, g) is a Gauduchon manifold unless other-
wise stated. Following [21], we will make the following three assumptions:

Assumption 1. (X, g) has finite volume.

Assumption 2. There exists a non-negative exhaustion function 1 with /—1A,001)
bounded.

Assumption 3. There is an increasing function a : [0,+00) — [0, +00) with a(0) =
0 and a(z) = x for x > 1, such that if f is a bounded positive function on X with

V—1A,00f > —B then
wn
sup 7] < C(B)al [ 171%5).

Furthermore, if v/—1A,00f > 0, then /—1A,00f = 0.
We fix a background metric Hy in the bundle L over X, and suppose that

sup |Aw Fry |1, < +00.
X
Following [21], define the analytic degree of L to be the real number
deg, (L, Hy) = \/—1/ AuFi, .
X n!

In this paper, we prove the following theorem:

Theorem 1.1. Let (X, g) be a non-compact Gauduchon manifold satisfying Assumptions
1,2,3 and |dw™ Y, € L*(X). Let L be a holomorphic line bundle with a nontrivial holo-
morphic section ¢ on X. Suppose that there exists a Hermitian metric Hy satisfying that
supx [AwFr,| < +00, supy [@3, < 400 and deg, (L, Hy) < ZVol(X). Then there exists
a unique Hermitian metric H satisfying the vortex equation (1.1)).
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To prove Theorem , we only need to solve on the non-compact Gauduchon
manifold. We will use the method of heat flow and the method of exhaustion to solve
. We can not directly apply Wang and Zhang’s approach in [24] since the complex
Laplace makes a huge difference . By considering the heat flow satisfying the Dirichlet
boundary condition, we solve the perturbed equation A f—cf +hel —k=0withe >0
on any exhaustion subset X, of X. Noting that the C°-bound of the solution f,, on each
X, depends only on ! and the initial date. One can pass to limit and eventually obtain
a solution on the whole manifold X provided € > 0. At last, we complete the proof by
showing that the C°-bound of the solution of the perturbed equation on X is independent
of . The approach used in this paper is more natural and it can be used to deal with the
equation (1.5). This approach arises from the study of the Hermitian-Einstein equation
discussed in [25], in which the Hermitian-Einstein equation is different from the vortex

equation ([1.1)).

2. KAZDAN-WARNER TYPE EQUATION ON THE NON-COMPACT MANIFOLD

The aim of this section is to solve Eq. ((1.4) on the non-compact manifold. We first solve
the Dirichlet problem for Eq. (1.4) on a compact Hermitian manifold with non-empty
boundary. To be specific, we prove the following theorem.

Proposition 2.1. Let (M, g) be a compact Hermitian manifold with non-empty boundary
OM . Suppose that h,k € C*(M), then for any function fv on the restriction to OM , there
is a unique function f € C*(M) which satisfies the equation ﬁf =cf—he +k fore >0
and f = f on OM.

Proof. We consider the following heat flow with Dirichlet boundary condition:
U = Af —ef +hel —k, >0,
$0) =0,
flore = f.

This is a parabolic equation, so we have a short-time solution. Suppose that the solution
f(-,t) exists for [0,7). Direct calculation shows that

(A — %)(Ef—gfmd — k)2 =2|d(Af —ef + he! — k)|
(2.1) — 2he (Af —ef + he! — k)?
+2e(Af —ef 4+ he! —k)?
> 0.

On the other hand, (Kf —ef + hel — k)?|spr = 0. By the maximum principle, we have
(2.2) mﬂz}x|ﬁf—5f+hef—k| < max(|h| + [k]) < +oo.

From Eq. (2.2]), we know that ]%] is bounded uniformly in ¢. Then it is easy to conclude
that f(-,¢) converge in C° to a continuous function f(7') as ¢ — T. On the other hand,
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from Eq. (2.2), we have

(2.3) sup |Af](-,t) < Oy,

M

where C is a constant depending only on e, 7" and max,(|h| + |k|). Elliptic estimates
with boundary condition show that f(-,¢) is bounded in C'* and also bounded in L} (for
any 1 < p < +o00) uniformly in [0,7"). We can apply Hamilton’s method ([7]) to deduce
that f(-,t) — f(-,T) in C*°, and the solution can be continued past 7". That is, the flow

has a solution defined for all time. Let f; and fs be two solutions of the flow with the
boundary condition, one can easily obtain

(A - —)(f1 f2)! =0

Then by (f1 — f2)*lonr = 0 and the maximum principle, we have the uniqueness of the
long-time solution.

From Eq. (2.1)), we have
(2.4) (A——)\Af—5f+he — k| > 0.

By [22 Chapter 5, Proposition 1.8], one can solve the following Dirichlet problem on M:
Av=—|h— k|,
U|3M = 0.

w(z,t) = /0 IAf —ef + he! —k|(z, p)dp — v(x).

From the boundary condition satisfied by f implies that, for ¢ > 0, |£f—€f—|—hef—k;| (x,t)
vanishes on the boundary of M. Then, combining (2.4, it is easy to check that w(x,t)
satisfies

Set

(A — %)w(m,t) >0, w(z,0)=—v(z), wzt)|on =0.

By the maximum principle, we have

t ~
(2.5) [ 1B = f 4 el = (o p)dp < sup oty

yeM

for any x € M, and 0 < t < +o00. Let t; <, then

t
| f( t1|</| :/|Af—€f+hef—k|(x,p)dp—>0 as t; — 400,
t1
which means f(t) converge in the C° topology to some continuous function f.,. Then,
the standard elliptic theory implies that there exists a subsequence f(t) — fo in C*
topology. From Eq. (2.F)), we know that f. is the desired function satisfying the boundary
condition. Let fi and fa be two solutions of the elliptic equation satisfying the boundary
condition. One can check that A(f; — f2)? > 0, then by the maximum principle we prove
the uniqueness. U
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Let (X, g) be a non-compact Gauduchon manifold with finite volume and a non-negative
exhaustion function 1. Fix a number ¢, let X, denote the compact space {z € X|¢(z) <
¢}, with smooth boundary 0.X,,. By Proposition , we know that the following Dirichlet
problem is solvable on X, i.e.

Af,—ef,+hefe — k=0, Ve X,
{f@<x>rax¢ =0,
By simple calculations, we have
Alfol® 2 261 fol* = 201, | — 2hfpe’
> 2¢| f,[* — 2|k|| fo| — 20f,
> 2| fol (el fol = (IK| + |A])).

We assume that € > 0, the maximum principle implies:
1
a < —max(|k h|).
max |f| < —max(|] +|h])

By 90w"™ = 0 and f,|ox, = 0, we have

w" <, W
/Xg, |df<p| F __/Xw f(pAfcpm

[ eria-nn?

@

1
< . n;(ax(|k‘| + [h|)*Vol(X,,).

Then, by using the standard elliptic estimates, we can prove that, by choosing a subse-
quence, f,, converge in Cpx-topology to a solution on whole X, i.e. we prove the following
proposition.

Proposition 2.2. Let (X, g) be a non-compact Gauduchon manifold with finite volume
and a non-negative exhaustion function 1. Suppose that h,k € C*°(X) and sup(|h|+|k|) <
X

+o00. For any € > 0, there is a function f € C®(X) which satisfies the equation

(2.6) Af=cf —hel +k
with
(27) sup || < L sup([h| + [k)
X € X
and
n 1 2
(28) J 1072 < 2 (sup(lhl + 1) ) Vol ).

Now we are ready to solve the Kazdan-Warner type equation on the non-compact
Gauduchon manifold.
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Theorem 2.3. Let (X, g) be a non-compact Gauduchon manifold satisfying Assumptions
1,2,3 and |dw" |, € L*(X). Suppose that h,k € C*(X) and sup(|h| + |k|) < +o0. If
X

h <0, h is not identically zero and fx k < 0, then there is a function f € C*°(X) which
satisfies (1.4) with supy |f| < +oo.

Proof. From Proposition for any ¢ > 0, we have a solution f of the equation (2.6
and f satisfies (2.7)). By direct calculations, we have

Rlogle/ +e)= S~ R — 4 _japp
Og(e +e )_ ef—l-@*f f+ <€f+€7f)2| f|
- = _ f_ - =
_ef—l—e*f(Af ef + he k)+ef+€ff€f
R NS - (}—
e L Rt e (G

> —|Af —ef +hef — k| — (|b] + |k])
> —sup(|h| + [k]).
X

On the other hand, the following is well-known:
/| < log(e +e7) < |f| +1log2.

Then by Assumption 3, we have
(2.9) sup | f2| < suplog(e’= + e %) < Cy / £ + Cs,
X X b's

where constants C; and Cy depend only on supy (|h| + |k|) and Vol(X).

In the following, we will use a contradiction argument to prove that || f.||co is uniform
bounded. If || f.||co is unbounded, then there exists a subsequence ¢; — 0, i — 400, such
that ¢; := || fe, || 12 — +00. Set

Ja

fi = fEi? ul = ’U“Ei: Hfgl

LQ.

It follows that
|luillr2 =1 and sup|u;| < C3 < +o0,
X

where Cj is a uniform constant depending only on supy (|h| 4 |k|) and Vol(X).
Let us recall a useful lemma.

Lemma 2.4 ([21} Lemma 5.2], [25| Lemma 2.5]). Suppose (X, g) is a non-compact Gaudu-
chon manifold admitting an exhaustion function ¢ with fX \A¢|“;L—T < 400, and suppose 1
is a (2n — 1)-form with [ [n*<; < +oo. Then if dn is integrable,

/dn:().
b
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Using the conditions ddw" ™t = 0, |[dw™!|, € L*(X), 2.7), (2.§), and Lemma one
can check that

(2.10) /szfz S /\dle2w

Substituting the perturbed equation into ([2.10]), we have

(2.11) /X|dfi|2 /fz eifi+k— hef’)—:L

which implies
w” 1 wn
dui2—§—5,~——/ wi(k — h)—.
s [l S

Then, by passing to a subsequence, we have that u; converge weakly to us, in L? as
t — 400, and u., is constant almost everywhere. Note that for any relatively compact
Z C X, L?— L*(Z) is compact. So

/ fuf? / o2
7 7

Recalling sup y |u;| < 53 < 400 and X has finite volume, so for a small € > 0, we have

/ ’Ul|2 <€
x\2

when Z is big enough. Thus 1 > [, [us|* > 1 — €. So, we have
U = const. # 0 a.e..

In the following, we will follow Wang and Zhang’s arguments in [24].
Suppose s, = C* > 0. Choose 0 < € < C* and a non-negative smooth function

(:R—=Rby
1, x>C%
o) = {O, r < e
Choose 1y such that (o > = 2 and e— > sup((¢). Then for x > € and ¢ > 1, we have

L€

() < sup(Q) < ¢

0 L

Le LT
6

<€e— < T—.
12

Clearly, the above inequality holds for 0 < x < e. Having in mind that u, > 0, thus
u; > 0 provided 7 is sufficiently large. Thus we have

Clwi) < ug

for large enough ¢. Therefore,
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where we used (2.11)). Since L}(Z) C L§,(Z) is a compact embedding, where L§, = {f €
L3*(Z)||f| £ b a.e.} and Z is an arbitrary subset of X. Then u; — u, strongly in L§7b(Z)
for some b. Therefore

/Z (—h) = [ Clus)(=h)

Since h < 0 and h is not identically zero. We thus get a contradiction, so we must have
Ueo = C* < 0.
On the other hand, from (2.11)), we have

/ C’*k’:/ Usok = lim u;k < lim hu;e""*t — 0.
X X

i——+00 X i——+00 X

This contradicts the assumption [, & < 0. So we have proved that [|f.||co is bounded
uniformly when e goes to zero. By standard elliptic estimates, we obtain, by choosing a
subsequence f, must converge to a smooth function fo, in CJX-topology as ¢ — 0, and
fso satisfies the equation . This completes the proof of Theorem .

OJ
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