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Abstract. One theme of this paper is to extend known results from poly-
gons and balls to the general convex bodies in n− dimensions. An another
theme stems from approximating a convex surface with polytope surface. Our
result gives a su�cient and necessary condition for an natural approximation
method to succeed (in principle) in the case of surfaces of convex bodies. Thus,
Schwartz`s paradox does not a�ect our method. This allows us to de�ne certain
surface measures on surfaces of convex bodies in a novel and simple way.

1. Introduction

Archimedes discovered the 2-dimensional formula for a disk D(x, r)

|A|
|∂A|

=
1

2
R.

In the early millenia Apostol and Mnatsakanian extended above equality to the
class of polygons that they called "tangential" [1]. We will prove that if we extend
the de�nition on tangentiality we obtain in n - dimensions for that class of polytopes

|A|
|∂A|

=
1

n
R,

where again R is the radius of the inscribed maximal ball (John`s ball [2]).

2. Some definitions and known results

A convex body is a compact and convex set. We expect always that 0 ∈ K. For
any measurable set K ∈ Rn we use |K| as sign of the Lebesgue measure of that set.
For sets A,B ∈ Rn we de�ne the Minkowski addition as

A+B = {a+ b : a ∈ A b ∈ B}.
We de�ne the set dilation as

λA = {λa : a ∈ A}.
We always use Bn2 an unit ball in n dimensions. The surface area of an convex
body is de�ned as

|∂(K)| := lim
ε→0

|K + εBn2 | − |K|
ε

We use Hθ for the n − 1 dimensional hyperplane going through the origo and
orthogonal to θ ∈ Sn. In our sense a polyhedra is an intersection of �nite number
of closed half-spaces containing origo. A polytype is an polyhedra with a �nite
Lebesque measure. See for example [4] and references therein. For convex bodies
in John`s position, the inradius R is de�ned as the radius of the John`s ball [2].
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3. On Polytypes and normal points

A convex body can be de�ned as a compact set

K =
⋃
i∈I

H ′,

where each H ′ is the half space containing origo that is bounded by H [4]. It can
be proved that in each n−1-dimensional hyperplane there exists an unique point x
with the vector x orthogonal to the hyperplane [4]. These points xi are the unique
solutions to the minimization problems

(1) min
y∈H
||y|| = ||xi||,

where each hyperplane y ∈ H and H is the boundary of a half space used to de�ne
K. We call these points normal points. They depend on the position of K.. They
exists as long as the origo belongs to the interior of K. We prove that the convex
body inherits the normal points from the half spaces used to de�ne it.

Theorem 1. Let K be a convex set containing origo. If the halfspace H is used in

the de�nition of K, then the normal point of H belongs K ∩H.

Proof. If xi is de�ned as the solution to

< y, xi >= 0,

then a closed origo centered ball of radius ||x||2 contains only that point from
the hyperplane H, and by the minimality condition xi ∈ K. Thus, we have the
claim. �

In light of the theorem the next corollary is clear.

Corollary 1. Let P be a polytope. Then each facet of P contains an unique normal

point in it`s interior.

We de�ne minimal normal points as follows. They are the normal points of
minimal value || � ||2 norm. We will use the following de�nition.

De�nition 1. A convex body is tangential i� every normal point is minimal.

With respect to any normal point xi we denote Fi as the corresponding facet.
For each K we de�ne the borel space (K,X ). We consider the �nite intersection of
half spaces used to de�ne K. For each intersection

⋂m
i=1H

′ of half spaces forming
a polytope and used to de�ne K we de�ne a measure

(2) µj :=

∑m
i=1 |Fi|δxi

(x)

n
∑m
i=1 |Fi|

,

where every δxi(x) is a Dirac measure.

Theorem 2. Let x1, ..., xm be the normal points of a polytope P, then

(3)
1

n
E(||xi||) =

|A|
|∂A|

.

Proof. We know that a volume of an n-dimensional cone Ai is given by

|Ai| =
|base| ∗ height

n
.



ON SURFACE MEASURES ON CONVEX BODIES AND GENERALIZATIONS OF KNOWN TANGENTIAL IDENTITIES3

The theorem 1 implies that the polytope P `s volume is

|P | = 1

n

m∑
i=1

||xi|||Fi|,

where Fi is the facet corresponding to the normal point xi. Thus,

|P |
|∂P |

=

∑m
i=1 ||xi|||Fi|
n
∑m
i=1 |Fi|

=
1

n
E(||xi||).

�

Corollary 2. Let a polytope P be tangential, then

(4)
1

n
R =

|A|
|∂A|

,

where R is the inradius of K.

Naturally we wan`t to extend the theorem and it`s corollary to the general convex
bodies. We will �rst do that for the corollary. For that we need a lemma.

Lemma 1. For any point x ∈ ∂K, there exists a normal point x′ s.t x ∈ Hx′ .

Proof. Now, x belongs to some tangent hyperplane. To this tangent hyperplane
there corresponds a normal point and via theorem 1 the normal point belongs to
∂K. �

Next we proof that the space of normal points N is separable as a metric compact
space.

Theorem 3. The space of normal points is closed in the subspace topology and the

space is separable.

Proof. Suppose that there exists a Cauchy sequence of normal points (xj) s.t

(5) lim
j=1

xj = x.

It holds that x ∈ ∂K because the surface is closed. Thus, via lemma 1 it holds that
x ∈ Hx′ , where x′ is a normal point. Now, if y ∈ Hx′ it holds that

(6) lim
j→∞

< xj , x
′ − y >=< x, x′ − y >= 0

because of the continuity of the inner product. Thus, Hx′ is orthogonal to x and
x′ = x. In addition it`s well known that every compact metric space is separable
[9]. �

For any sequence of normal points (xj) we denote the corresponding sequence of
nested polyhedras to be the sequence (∩mj=1Hxj ). The following theorem is a key
theorem.

Theorem 4. Let (xj) be any sequence of normal points. Then for the corresponding

nested sequence of polyhedras (Pm), that have facets containing the normal points

xi ∈ Pm, it holds that

(7)

m⋃
i=1

Pm = K,

i� the set of the corresponding normal points is dense in the space of normal points

of K.
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Proof. Let the set of normal points corresponding to the sequence (xj) be dense in
N . Because

⋂∞
i=1 Pm is some convex body, the set of it`s normal points is closed.

Thus, it must be that K =
⋂∞
i=1 Pm. On the other hand, if the sequence of normal

points is not dense in N then there exist a normal point of K and a hyperplane
used in the de�nition of K that does not intersect

⋂∞
i=1Hi. Thus,

∞⋂
i=1

Hi 6= K.

�

Corollary 3. It holds that

(8) lim
m→∞

|Pm| = |K|

i� the set of normal points corresponding to the polyhedras is dense in N .

Proof. We need only to prove the following. If the set of normal points is not dense
then

|K| < |
∞⋂
i=1

Pm|.

Via the theorem 4 the sets are not the same. So there exists x ∈
⋂∞
i=1 Pm ∩K{.

Now,

(9) min
yi∈K

||x− yi|| = ||x− y|| > 0,

because there exists a hyperplane separating K and x. It follows that

|K| < |conv(x,K)| ≤ |
∞⋂
i=1

Pm|,

because there exists a small ball B(x, ε) ⊂
⋂∞
i=1 Pm ∩K{. �

4. On normal measures on convex bodies

In this section we will de�ne a surface measure on convex surfaces in n− dimen-
sions. In general the measure will be a mixed measure, because it`s discrete in the
segments of an convex body (for example on the ends of an cylinder). First we
will prove the existence of the measure. For the sake of completesness we prove a
lemma.

Lemma 2. For nested polytopes it holds that

|∂(Pm+1)| ≤ |∂(Pm)|.

Proof. Now,
∂Pm = ∂(Pm+1 ∪ Pm/Pm+1).

Thus,
|∂Pm+1| ≤ |∂Pm|,

via additivity of the surface volume.
�

We use the sequences of measures de�ned in the last section.

Theorem 5. For any borel set A ⊂ K the sequence (µj(A)) is strictly monotonic.
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Proof. We can estimate µj(A) ≤ µj(K) = 1. We need to prove that

µj(A) ≤ µj+1(A).

Now,

µj(A) =

∑m
i=1 |Fi|δxi

(x)

n
∑m
i=1 |Fi|

=
|∂P ′

j |
n|∂Pj |

,

where ∂P ′
j is the union of those facets that contain the normal points of A ∩ Pj .

Now, ∂P ′
j+1 contains those and at least one more normal point, and in addition

∂P ′
j+1 ⊂ ∂P ′

j . So we have

µj(A) <
|∂P ′

j+1|
n|∂Pj+1|

= µj+1(A),

via previous lemma 2.
�

The total variation distance of probabily measures is de�ned as

||µ− v||TV := 2 sup
A
|µ(A)− v(A)|.

Theorem 6. The set function de�ned by limj→∞ uj = µ is a radon measure on

(K,X ), where the metric is understood in the total variation sense.

Proof. By lemma 5 and Riesz representation theorem K limj→∞ uj = µ uniformly.
Thus uj is a radon measure. See for example [8] and [6]. �

We need the following lemma.

Lemma 3. Suppose that every normal point of K ′ is a normal point of K. Then
for normal measures µ and v of K ⊂ K ′ and K ′, respectively, it holds that

(10)

∫
K′
|f |v ≤

∫
K

|f |µ.

Proof. It`s enough to prove the theorem for charasteristic functions and use a stan-
dard limit process. Now,

v(Pm ∩A) ≤ µ(Pm ∩A),
for any polytopes by de�nition (2) of the last section and the normal point condition.
Thus,

v(A) = lim
m→∞

v(Pm ∩A) ≤ lim
m→∞

µj(Pm ∩A) = µ(A),

by continuity of measures for nested sequence of polyhedras. �

We need to prove that the measure does not depend on the sequence of polytopes,
if the sequence of normal points is dense.

Theorem 7. If A is Borel set it holds that

(11) lim
j→∞

∫
K

1Aµj =

∫
K

1Aµ = lim
l→∞

∫
K

1Avl =

∫
K

1Av.

Proof. If v(A) < µ(A), then there exists Pl s.t

vl(A) < µ(A),

thus via previous lemma K does not contain the normal points of Pl which is a
contradiction.

�



6 J.ASPEGREN

For each convex body K we call the measure just de�ned the normal measure of
K.
Next we generalize the result 2 from polytopes to general convex bodies.

Theorem 8. For any convex body it holds that

(12)
1

n
E||x|| = |K|

|∂K|
,

where x ∈ X are the normal points of K and the expected value is understood with

respect to the measure given by the theorem 6.

Proof. Now, via theorem 3 ∫
1Aµj <

∫
1Aµj+1

for all closed sets. It follows that

(13) E(f)µj → E(f)µ.
�

The tangential case is an easy corollary.

Corollary 4. For tangential convex body K, it holds that

R

n
=
|K|
|∂K|

,

where R is the inradius of K.

The next corollary is an analogue of the corollary 3 from the last section.

Corollary 5.

(14) lim
m→∞

|∂Pm| = |∂K|

i� the set of normal points corresponding to the polyhedras is dense in X.

Proof. Via the theorem 4 we need only to prove that if

|∂K| = |∂
∞⋂
i=1

Pm|,

then the set of normal points is dense. Now,

(15)
1

n
E1||x|| =

|
⋂∞
i=1 Pm|

|∂
⋂∞
i=1 Pm|

,

where the measure corresponds to the convex body
⋂∞
i=1 Pm. On the other hand

(16)
1

n
EK ||x|| =

|K|
|∂K|

.

Thus,

(17) 0 ≤
|
⋂∞
i=1 Pm| − |K|
|∂K|

=
|
⋂∞
i=1 Pm| − |K|
|∂

⋂∞
i=1 Pm|

=
1

n
(E1||x|| − EK ||x||)

Now, each normal point of

K ′ :=

∞⋂
i=1

Pm
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is a normal point of K. Thus, via lemma 3

EK′ ||x||v ≤ EK||x||µ.
From above and inequality (17) it follows that

|K| = |
∞⋂
i=1

Pm|,

which implies the claim via corollary 3 of the last section.
�
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