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Abtract
In this paper we consider the interaction between regions during the
implementation of a reform on regional development through a discrete – time
duopoly game with heterogeneous players. The existence and stability of
equilibria of this system are studied. We show that a parameter of the system
may change the stability of equilibrium and cause a structure to behave
chaotically. For the low values of this parameter the game has a stable Nash
equilibrium. Increasing these values, the Nash equilibrium becomes unstable,
through period-doubling bifurcation. The complex dynamics, bifurcations and
chaos are displayed by computing numerically Lyapunov numbers and
sensitive dependence on initial conditions.
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Introduction
Regional economic activity is a complicate process as integrates apart from
economic, societal, cultural and institutional elements. Interregional differences
in these characteristics create diversified local government outcomes. Recent
studies of relational geography shed strong light in the notion of spatial
heterogeneity so to comprehend the terms of interregional divergences
(Ettlinger, 2001;Deas & Lord, 2003; Harrison, 2013). Effective use of local
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comparative advantages is one of the explanatory variables, when local
cooperative culture and path dependence in compliance to formal and informal
institutions have significant impact as well (Knoben & Oerlemans, 2012). On
the other hand, the advancement of local governments by new powers
alternates the terms that local actors operate.
Especially during the
implementation of institutional reform new prospects of cooperation and
conflict arise into a region. The role of local governments into local milieu is
upgraded as they have the potential to schedule and to implement local public
policy. Therefore, the ability of local governments to execute effectively the
reforms is a crucial variable of local comparative advantages (Kuhlmann &
Wollmann, 2011). It should be notified also, that institutional reforms of local
governments are directly associated with the broadest tend of local
communities to adopt evolvements. Especially, regions with levels at
cooperative actions in investment strategies and joint exploitation of
comparative advantages have significantly more chances to interact efficiently
with local governments. As a sequence, reform’s implementation is determined
by a twofold framework: in one pillar stands local government’s action and in
the other social cohesion of local community (Sarafopoulos & Ioannidis, 2014).
The competition of local communities is shaped by the strategies of local
entrepreneurships, the efficiency of local governments and the activities of
societal organizations. Interaction among the abovementioned actors can
determine the options of regional development. So it can be stated that the more
effective this interaction is, the biggest is the possibility for a region to compete
efficiently neighboring regions.
Intraregional competition among regional unities is an important variable of
local economic activity. Neighboring regional unities function in order to
attract investments and to promote local comparative advantages. The
exploitation of local comparative advantages may result by the affiliation of
local actors to commonly accepted strategies that upgrade local prosperity.
Local governments can adopt crucial role in this process as they hold the
monopoly of public service delivery (Citroni et al, 2013; Ioannidis, 2013).
Cognitive cooperation strategies generate strong conditions for local
development by diminishing transaction cost and by increasing the efficiency
of local resources. One of the most important dimensions of regional
development stands in the field of local governments institutional reforms.
Institutional reforms of local government produce changes in local
communities as new condition of public policy are created. Under this
perspective the ability of a local community to implement efficiently reforms
can be associated by the prospect of local development (Sarafopoulos &
Ioannidis, 2014).
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Ardinat, 2011, Krugman, 1994 and Krugman, 2011 point to the difficulty of
applying concepts of microeconomic theory (competition between products and
firms) at the political level (competition between regions). To emphasize this
difficulty we present a model of competition between two local governments in
order to show complexity and non-predictability. In previous work
(Sarafopoulos & Ioannidis, 2013), it was emphasized in the impact of
interaction among local governments on reforms’ implementation. In this paper
we focus on the competition among local governments. Game Theory has been
used as a methodological tool that study diverse options of interaction among
local actors (Fontitni, 2003; Steinacker, 2004; Feiock & Park, 2005).
Complicate options of interaction can be represented either by static or dynamic
forms. Dynamic forms have the potential to reveal in a more multidimensional
way the multiple outcomes of equilibrium.
The structure of the paper is the following: In Section 2, we study the
interaction between two local governments through a discrete dynamical
system. The equilibrium points and local stability of the game are investigated.
As a parameter of the model is varied, the stability of the Nash equilibrium
point is lost and the complex (periodic or chaotic) behavior occurs. In Section
3, numerical simulations are presented to show that the game behave
chaotically.
The game
In this section, a dynamic game between two local governments is presented.
The game is taking place just after the implementation of a local government
institutional reform. The local government is the primary local administrative
body. Its basic task is the effective execution of local government institutional
reforms.
We consider a simple Cournot-type duopoly game where the players are the
local governments. Let x (resp. y ) the variable that measures the degree of
adaptation of the reform in the region 1 (resp. in the region 2),
0 £ x £ 1, 0 £ y £ 1 . We assume that the tax per unit reform is linear and
decreasing:

T = a - b(x + y )
and the cost functions are:
C 1(x ) = cx , C 2 (y ) = cy
35
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where a, b, c > 0 . With these assumptions the tax profits of the local
governments are given by
P 1(x , y ) = x [a - b(x + y )] - cx
P 2 (x , y ) = y [a - b(x + y )] - cy

(3)

Then the marginal profit of the local government at the point (x , y ) of
the strategy space is given by

¶P1
¶x
¶P 2
¶y

= a - c - 2bx - by
(4)

= a - c - 2by - bx

and

¶P 2
¶y

= 0Ϋ y =

1
(a - c - bx )
2b

(5)

We suppose that the first local government decides to increase its level
of adaptation if it has a positive marginal profit, or decreases its level if the
marginal profit is negative (boundedly rational player) and the second is a naïve
player. Then the dynamical equations of the players are:

¶P1
x (t + 1) - x (t )
=
¶x
x (t )
y(t + 1) = arg max P 2 (x (t ), y (t ))
y

The dynamical system of the players is described by
36
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μ
x (t + 1) = x (t ) + x (t ) (a - 2bx (t ) - by (t ) - c )
ο
ο
ο
ν
1
ο
y (t + 1) =
(a - c - bx (t ))
ο
ο
2b
ξ

(7)

We will focus on the dynamics of the system (6) to the parameter a - c .
The equilibria of the game
The equilibria of the dynamical system Eq.(7) are obtained as
nonnegative solutions of the algebraic system

μx (t ) (a - c - 2bx (t ) - by (t ) ) = 0
ο
ο
ν
ο
a - c - 2by (t ) - bx (t ) = 0
ο
ξ

(8)

which obtained by setting x (t + 1) = x (t ), y(t + 1) = y (t ) in Eq. (7)
and we can have two equilibriums E 0 = (0, a - c / 2b) and E * = (x * , y * ) ,
where
x* =

a- c
a- c
, y* =
3b
3b

(9)

The fixed point E 0 , is the boundary equilibrium. The equilibrium E * is
called Nash equilibrium, provided that a > c .
The study of the local stability of equilibrium solutions is based on the
localization on the complex plane of the eigenvalues of the Jacobian matrix of
the two dimensional map (Eq. (7)). In order study the local stability of
equilibrium points of the model Eq. (7), we consider the Jacobian matrix along
the variable strategy (x , y ) .
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ι1 + (a - 4bx - by - c) - bx ω
ϊ
J (x , y ) = κ
κ
- 0.5
0 ϊϊ
κ
λ
ϋ

(10)

The matrix J (E 0 ) has two eigenvalues l 1 = 0, l 2 = 1 + 0.5(a - c) . It follows
that l 2 > 1 , then E 0 is unstable fixed point for the system Eq.(7). The Nash
equilibrium E * is locally stable if the following conditions are hold
μ
οο 1 - T + D > 0
οο
ν1 + T + D > 0
οο
οο 1 - D > 0
ξ

(11)

where T is the trace and D is the determinant of the Jacobian matrix
ι1 - 2bx * - bx * ω
ϊ
(12)
J (E * ) = κ
κ - 0.5
ϊ
0
λκ
ϋϊ
From Eq.(11) it follows that the Nash equilibrium is locally stable if

0 < a - c < 2.4

(13)

Numerical simulations
To provide some numerical evidence for the chaotic behavior of the system Eq.
(7), as a consequence of change in the parameters a - c , we present various
numerical results here to show the chaoticity, including its bifurcations
diagrams, strange attractor, Lyapunov numbers and sensitive dependence on
initial conditions (Kulenovic, M., Merino, O., 2002). In order to study the local
stability properties of the equilibrium points, it is convenient to take b = 1 .
Numerical experiments are computed to show the bifurcation diagram with
respect to a - c , strange attractor of the system (7) in the phase plane (x , y ) ,
and the Lyapunov numbers . Fig. 1 show the bifurcation diagrams with respect
to the parameter a - c for b = 1 . In this figure one observes complex
dynamic behavior such as cycles of higher order and chaos. Fig. 2 show the
graph of strange attractor and Lyapunov numbers of the orbit of (0.1, 0.1) for
a - c = 3.7 and b = 1 . From these results when all parameters are fixed and
only a-c is varied the structure of the game becomes complicated through
period doubling bifurcations, more complex bounded attractors are created
which are aperiodic cycles of higher order or chaotic attractors.
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To demonstrate the sensitivity to initial conditions of the system (7), we
compute two orbits with initial points (0.1, 0.1) and (0.101, 0.1), respectively.
Fig. 3 shows sensitive dependence on initial conditions for x-coordinate of the
two orbits, for the system (6), plotted against the time with the parameters
values b=1, a-c = 3.7. At the beginning the time series are indistinguishable; but
after a number of iterations, the difference between them builds up rapidly.
From Fig. 3 we show that the time series of the system Eq. (7) is sensitive
dependence to initial conditions, i.e. complex dynamics behaviors occur in this
model.

Fig.1. Bifurcation diagrams with respect to the parameter a-c against
variable x (left) and against y (right) for b=1, with 550 iterations of the map
Eq.(7).
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Fig.2. Strange attractor with 2000 iterations
(left) and Lyapunov
numbers versus the number of iterations (right), of the orbit orb. (0.1, 0.1), for
b=1, a-c = 3.7
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Fig.4. Sensitive dependence on initial conditions, for x–coordinate
plotted against the time: The two orbits orb.(0.1, 0.1) (left) and orb.(0.101, 0.1)
(right), for the system (6), with the parameters values b=1, a-c = 3.7
Conclusions
In this paper, we analyzed through a discrete dynamical system the
intraregional competition during the implementation of local government
institutional reforms. The stability of equilibria, bifurcation and chaotic
behavior are investigated. We show that a parameter may change the stability
of equilibrium and cause a structure to behave chaotically. For low values of
this parameter there is a stable Nash equilibrium. Increasing these values, the
equilibrium becomes unstable, through period-doubling bifurcation.
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