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Abstract
In Einstein’s General Relativity, gravitation is considered to be only an eﬀect of spacetime
geometry. Einstein considered the sources of gravitation to be all varieties of mass and energy
excepting that of gravitational ﬁelds. This exclusion leaves General Relativity correct only
to ﬁrst order. By considering gravitational ﬁelds to be real entities that possess ﬁeld energy
densities and including them as source terms for the Einstein tensor, they contribute to spacetime
curvature in a way that prevents the formation of event horizons and also has the eﬀect of
accelerating the expansion of the cosmos without any need for a cosmological constant (aka
“dark energy”).
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Introduction

When attempting to repair an error of long standing, it is perhaps best to begin by demonstrating
clearly the nature of the problem. This will begin at a bedrock undergraduate level of physics.
The many asides and caveats that will arise as we proceed will be be deferred to footnotes and
appendices.
To begin, if a particle of mass m is displaced quasistatically by d⃗r by a force F⃗ , the work done
⃗
is F · d⃗r = c2 dm. This merely recognizes the Einstein relationship between energy and mass. If
the force is due to a gravitational ﬁeld for which the potential is U ; and rendered dimensionless by
⃗
division by c2 , such that ϕ = U/c2 , then the gravitational force on m is given by F⃗ = −mc2 ∇ϕ.
The change of potential associated with a quasistatic displacement of the particle is the work done
by an opposing external force, thus
⃗ = mc2 dϕ
⃗ · dr
c2 dm = mc2 ∇ϕ

(1)

which integrates to m = ma e(ϕ−ϕ(a)) where the mass would be ma with the particle at rest at
position ⃗ra . If the potential would be zero at this point we can write
m = m0 eϕ

(2)

We can consider the same quasistatic process from the standpoint of the the energy-momentum
equation, which is slightly modiﬁed from the usual result from special relativity.
g ij pi pj = gij pi pj = m2o c2

(3)

where g ij are metric coeﬃcients (the metric considered here can be regarded as diagonal where
ds2 = gij dxi dxj ) and pi the components of momentum of the particle. In this particular case,
p0 = E/c and all other components of momentum are zero2 , thus
g 00 E 2 /c2 = g 00 m2 c2 = m20 c2
1

(4)
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This state of motion is certainly accessible to a particle that moves under the inﬂuence of gravity, for example
near the apex of ﬂight of a particle moving in the ﬁeld of a central mass. There is no need to imagine any other
external force. It is only necessary that Eq. 2 apply
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Substituting for m from Eq.2 leads immediately to g 00 e2ϕ = 1. Noting that g00 = 1/g 00 for a
diagonal metric we have
g00 = e2ϕ
(5)
While Eq. 5 is a general result, Eq. 2 must be modiﬁed if a particle is in motion in a gravitational
ﬁeld.
√ The end result is that the mass given by Eq. 2 needs to be increased by the Lorentz factor
1/ 1 − v 2 /c2 , where v is the proper speed of the particle at its current location. See Eq. 58 of
Appendix VII where this is discussed in more detail.
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Where things go wrong

This is where the fun begins. Eq. 5 depends only upon the deﬁnition of a potential and the
correctness of special relativity. The problem is that this expression for g00 is NOT, to my knowledge
part of the solution for the metric of any conﬁguration of gravity sources within the context of
General Relativity. For example, in the Schwarzschild coordinates and metric for the space exterior
to a central mass, M , the potential is ϕ = −GM/c2 r and the Hilbert solution of the Einstein
equations yields
g00 = 1 + 2ϕ
(6)
This clearly diﬀers from Eq. 5 by the absence of terms of second and higher order in ϕ. The lack
of these terms permits g00 to vanish at the Schwarzschild radius, r = 2GM/c2 . This occurrence of
an event horizon is considered by many to be a mere coordinate singularity that can be removed
by a transformation to diﬀerent coordinates, but that is simply wrong (see Appendix VI). There is
a genuine divergence of a physical quantity, the norm of the acceleration vector of a freely falling
particle, at an event horizon. It is astonishing to me that otherwise reputable physicists are not
troubled by a physical singularity.
It is well known that frequency shifts occur for photons in gravitational ﬁelds. If the frequency
would be ν0 at a location where ϕ = 0, then the frequency at other locations is given by
−1/2

ν = ν0 g00
and according to Eq. 5, this would be

ν = ν0 e−ϕ

(7)

(8)

Eq.8 can be be shown to be an EXACT requirement of special relativity and the principle of
equivalence (See Appendix I). The photon red shift result of Eq. 8 was stated by Einstein in a
1907 paper (available as translated by H.M. Schwartz, Am. J. Phys, 45, 899, 1977). Although
Einstein had ﬁrst arrived at a ﬁrst order approximation, he noted that “in all strictness” this
ﬁrst order result must be replaced by the exponential form of Eq. 8. For a time after 1907, Einstein
maintained that the metric coeﬃcients must be strictly exponential functions in order to conform
to the requirements of special relativity, but his ﬁnal development of general relativity satisﬁed the
requirement only to terms of ﬁrst order. That was a mistake that needs to be repaired.
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Gravitational waves

As another exhibit in the case against a theory that that is correct only to ﬁrst order, consider a
topic of considerable recent interest; viz, gravitational waves. We imagine these to be disturbances
of spacetime that propagate through a Minkowskian interstellar vacuum. In this case, the Einstein
equations are equivalent to those obtained by setting the Ricci tensor components equal to zero.
2

Consider a metric that might represent gravitational waves propagating along a z-axis with small
oscillations of opposite amplitudes in the x and y directions, i.e.;
ds2 = c2 dt2 − e4ϕ dx2 − e−4ϕ dy 2 − dz 2

(9)

Where ϕ = ϕ(t ± z/c) represents a wavelike distortion of what would otherwise be Minkowskian
spacetime. Denoting partial derivatives with respect to z with primes and time derivatives with
dots, the Ricci tensor components for the metric are:
R11 = −2e4ϕ (ϕ̈ − ϕ′′ )
R00 = 8(ϕ̇)2 ,

R22 = 2e−4ϕ (ϕ̈ − ϕ′′ )

R33 = 8(ϕ′ )2 ,

R30 = −8(ϕ̇)(ϕ′ )

(10)

If set equal to zero, R11 and R22 obviously yield the wave equation for waves of arbitrary amplitude
propagating along the z-axis. Unfortunately, these waves are NOT solutions of the Einstein ﬁeld
equations because none of R00 , R30 or R33 are zero. In fact R00 , R30 and R33 look suspiciously like
terms that represent the energy that would propagate with ordinary waves in a medium3 . If we
insist that Rik = 0 because we are in matter free space, we are eﬀectively saying that gravitational
waves of the kind considered here are not solutions of the Einstein ﬁeld equations. They would
be solutions only for inﬁnitesimal amplitudes and ﬁrst order. It would make a lot more sense to
say that there are energy densities associated with these waves that should be included as source
terms in the right members of the Einstein ﬁeld equations. Given the form of the metric of Eq.
9, and recognizing that the function, ϕ, is a time dependent gravitation potential, it should not
require a genius to guess that the squared derivatives of ϕ might have something to do with the
energy that propagates with the gravitational waves. All four equations can be satisﬁed in this
way without restricting the waves to be of inﬁnitesimal amplitude. The simple cure for the ills of
general relativity consists of regarding gravity ﬁelds as real entities that can contribute as sources
for the Einstein tensor.

3.1

The Schwarzschild point mass problem

In arriving at Eq. 5, we did not consider the spatial dependence of the metric tensor, but it is
necessary to do so in order to see what would be needed for Eq. 5 to be incorporated into the metric
tensor. As shown in Appendix II, the following isotropic4 metric form can be used to describe the
static spacetime exterior to a point mass M .
ds2 = e2ϕ c2 dt2 − e−2ϕ (dx2 + dy 2 + dz 2 )

(11)

As discussed in Appendix II, this form was chosen because it permits photons and other waves
to pass through this metric spacetime without dispersion. The wave speeds are independent of
wavelength or direction of propagation relative to the direction of the gravitational ﬁeld. In com√
mon technical jargon, this metric satisﬁes a “Harmonic Coordinate” condition, ∂k ( −g g kj ) = 0
(Weinberg 1972, p. 163) . The Einstein ﬁeld equations for this metric can be written as
Rik = −(8πG/c4 )(Tik − gik T /2)

(12)

The Einstein equations, in the form Gji = −(8πG/c4 )Tij can be rewritten as Rik = −(8πG/c4 )(Tik − gik T /2),
where Tik is the stress-energy tensor that represents matter and/or all other energy densities
4
The isotropic form with all spatial dimensions aﬀected by gravity in the same way would seem to be necessary for
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where T = Tkk . Evaluating the Ricci tensor for the metric form of Eq. 11 yields the following
results:
R00 = −e−4ϕ (ϕ′′ + 2ϕ′ /r)
R33 = −r2 sin2 θ(ϕ′′ + 2ϕ′ /r)

R22 = −r2 (ϕ′′ + 2ϕ′ /r)

R11 = −(ϕ′′ + 2ϕ′ /r) + 2ϕ′2

(13)

Here primes represent derivatives with respect to r. According to the Einstein theory, Tik = 0
in the matter free space beyond M . If the ﬁrst three of these expressions were set equal to zero,
ϕ = −GM/c2 r would be a solution of the equations. However, if this solution would be substituted
into the fourth expression, the result would be R11 = 2(GM/c2 r2 )2 ̸= 0.
⃗ of a point charge we attribute an energy density of ϵ0 E 2 /2. In the
To the electric ﬁeld, E
Newtonian limit, we attribute a gravitational ﬁeld, g = −GM/r2 = −c2 ϕ′ to the space in the
vicinity of mass M and we can attribute to this ﬁeld an analogous energy density of g 2 /(8πG) =
(GM/r2 )2 /(8πG) = c4 ϕ′2 /(8πG). Thus the last term of the expression for R11 is very clearly related
to the energy density of the gravitational ﬁeld. If the gravitational ﬁeld energy density is regarded
as a source in Tik , then it should be represented in the right member of the equation for R11 . If
T00 = T22 = T33 = −T11 = g 2 e2ϕ /(8πG) then the right member of the R11 equation would become
−(8πG/c4 )(T11 − g11 T /2) = 2ϕ′2 while leaving the right members of the other Ricci components
equal to zero.
This all that is required to make the metric of Eq 11 become a solution of the Einstein gravitational ﬁeld equations. The failure to include ﬁeld energy density has led to the Hilbert modiﬁcation
of the original Schwarzschild (Schwarzschild 1916) solution with its gravitational time dilation singularity and event horizon at r = GM/2c2 , for an isotropic metric.5 . With ϕ = −GM/c2 r, g00 → 0
as r → 0, but this is just an indicator of the inadequacy of a classical point particle model. It does
not represent a pathological singular condition of the metric.
There is a subtle point about the inclusion of ﬁeld energy density terms in Tik . When a form,
such as Eq. 11, is adopted for the metric, the construction of the Einstein tensor will generate
terms suﬃcient to determine the ﬁeld energy density from the solutions of the equations for some
particular distribution of energy-momentum given by the sources in the right member. But this
is usually only determined AFTER the solution is obtained. If you do not include obvious and
explicit expressions for the ﬁeld energy density, such as g 2 /8πG in Tik , you may ﬁnd spurious and
incorrect solutions of the ﬁeld equations and fool yourself into thinking that there is no ﬁeld energy
density, but that is not the case.
For example, consider the case of an isolated static sphere consisting of a perfect ﬂuid for which
the components of Tij are (ρc2 , −p, −p, −p) where ρ is the proper energy density of the ﬂuid and p
the internal pressure. For a ﬂuid particle, the symbols, ρc2 and p represent internal energy densities
that actually include the gravitational ﬁeld energy density in the space occupied by the particle;
indeed, the pressure in the sphere owes its non-zero existence to gravity. Only AFTER the ﬁeld
equations have been solved for the metric tensor components, can one calculate the gravitational
ﬁeld energy density and the pressure. Einstein’s pseudo-tensor for the gravitational ﬁeld energy
density is expressed in terms of the derivatives of the metric tensor which are then found to be
determined by ρc2 and the sphere radius. If it has been assumed at the outset that ρc2 does not
include any energy density of the gravitational ﬁeld, this is a contradictory result.
For the perfect ﬂuid sphere, one can imagine partitioning ρc2 into a rest mass density, σc2 , plus
a gravitational ﬁeld energy density of −g 2 /(8πG) in T00 , but it is not clear just how the pressure
5
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terms should be modiﬁed for the other principal stress components. In the matter free space outside the ﬂuid sphere, it is clear that σ = 0 and p = 0, but there is still an exterior gravitational
ﬁeld. One surely needs to include the ﬁeld energy density as a source in the right member of the
ﬁeld equations for the exterior even if g 2 /(8πG) must be expressed in terms of some of the same
derivatives that enter the Einstein tensor. Feynman and others have shown that the Einstein tensor
uniquely contains the appropriate energy operator terms, but that does not in any way imply that
the right member cannot contain terms depending on parts of the metric tensor or its derivatives.
The entire community of general relativist theorists seems to have collectively misunderstood the
concept of an energy-momentum source.
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Tweaking General Relativity

In the current swamp that is relativistic cosmology, it seems that theorists are quite willing to
resurrect something that Einstein is said to have considered to be his biggest blunder; namely
his cosmological constant. He used it to produce a static cosmology and missed the chance to
predict the expansion of the universe. With Gji representing the Einstein tensor, Tij , the “matter”
stress-energy tensor and Λ the cosmological constant the Einstein ﬁeld equations are:
Gji = −(8πG/c4 )Tij − δij Λ

(14)

Λc4 /(8πG)

In this form,
is considered to be a constant “dark energy” density of the cosmological
vacuum. This makes it quite clear that it is apparently acceptable to have an energy density source
in addition to the “matter tensor”, Tij , in the right member of the Einstein ﬁeld equations. Λ
represents an energy density in the otherwise empty space of the cosmological vacuum for which
Tij = 0 where no mass is present. In the discussion to follow, it will become apparent that there
are some better choices than a constant Λ for the right member.
The cosmological constant has added another epicycle to astronomy, but if it represents the
ground state oscillations of all of the ﬁelds within the cosmos, we might expect its value to be
roughly 120 orders of magnitude larger (Carroll 2004, Sec. 4.5) than the ∼ 10−8 erg/cm−3 that is
needed to explain the cosmological redshift observations of type 1a supernovae. In addition to this
rather glaring discrepancy, the energy density of matter would decrease in an expanding universe,
which would allow only one coincidental moment in time in which matter and vacuum energy
densities might be of comparable magnitude as they are at present. This coincidence problem
and the diﬃculties associated with the cosmological constant and the dubious concepts of dark
energy and non-baryonic dark matter can be removed by replacing the cosmological constant with
a variable stress-energy tensor in the right member of Eq. 14. Contrary to Einstein’s ﬁat, if a
gravitational ﬁeld exists in space, there will also be a ﬁeld energy density. Setting the Einstein
or Ricci tensors to zero in matter-free space is simply a mistake because that would also say that
there can be no gravitational ﬁeld energy there.
Huseyin Yilmaz (Yimaz 1958 ... 1992) proposed that the right member of the Einstein ﬁeld
equations be modiﬁed by removing the cosmological constant and replacing it with a variable
gravitational ﬁeld stress-energy tensor. The modiﬁed equation can be written as:
Gji = −(8πG/c4 )(Tij + tji )

(15)

where tji is the Yilmaz stress-energy tensor of the gravitational ﬁeld (Yilmaz 1971, 1992.) In 1992
Yilmaz provided general equations for tji that permits its evaluation in terms of the metric tensor
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components. (These equations are shown below in Appendix III.) They can be used to verify that
the right member of Eq. 13 for R11 should be 2ϕ′2 .)
Three years ago I applied Eqs. 15 and an exponential metric of the form of Eq. 26 to the calculation of SNe 1a redshifts and showed that the results agree superbly with observations (Robertson
2015). The only adjustable parameter required was the present mean density of matter in the
universe, which corresponds to a Hubble constant of 64.5 ± 0.7 km s−1 Mpc−1 . This value of the
Hubble constant was obtained from the redshift and luminosity measurements of type 1a supernova
for very small redshifts (z < 0.1).
The gravitational ﬁeld stress-energy source in the right member of the ﬁeld equations removed
the need for the “dark energy” that was represented by a cosmological constant and also eliminated
any need for non-baryonic dark matter. Recall also that treating the gravitational ﬁeld as an energymomentum source also removed event horizons. This is pretty impressive for such a minor change
of viewpoint about what constitutes the source terms of the right member of the ﬁeld equations.
As outlined above, it is a fairly simple matter to show that gravitational waves propagating
through space will carry ﬁeld energy and momentum in accord with Eqs. 10. These give us
some concrete tools for describing how they can transport energy to the masses that are in our
gravitational wave detectors. We do not necessarily have to invoke warps propagating in space to
describe them. But some considerable work remains to be done for understanding the generation
of gravitational waves by accelerating masses. It is worthy of mention that initial calculations
using the Yilmaz theory indicate that the compact objects masses that have been reported for the
LIGO detections of gravitational waves would be reduced by somewhere between about one third
and one half, leaving masses nearer 15 - 20 M⊙ . Masses in this range are more like those found
in present-day stellar mass black hole candidates and would not require such incredibly massive
progenitor stars to produce them.
To this point this discussion has been made as simple as possible; relying on physical arguments
and correspondences with special relativity and Newtonian gravity as limiting cases. The results
accord with all of the weak-ﬁeld tests of gravity theory and also encompass the accretion disks of
relativistic astrophysics. But it leaves a need for a new explanation of the gravitationally compact
objects that are thought to be black holes. If event horizons do not exist, then these must be some
other kind of exotic compact object, such as the Eddington balanced MECO (Robertson & Leiter
2003, 2006, Robertson 2016).
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Summary and Conclusions

In Eq. 5 we found a result that is incompatible with the known solutions of the Einstein ﬁeld
equations for static ﬁxed mass gravitational sources. By considering gravitational waves, it could
be easily seen that the issue is a conceptional problem: Einstein’s exclusion of gravitational ﬁeld
energy densities as sources in the right members of the Einstein ﬁeld equation is unwarranted. It
leaves the theory as correct only to ﬁrst order in the gravitational potentials.
It was also shown that the addition of the energy density of the gravitational ﬁeld of a central
mass permitted a Newtonian potential to survive as a solution of the ﬁeld equations. This restored
compatibility of the solution with Eq. 5 and had the eﬀect of eliminating the event horizon from
the solution for a point mass. This still leaves a point mass singularity as r → 0, for which g00 → 0,
but this is just a problem with the concept of a point mass and not a pathological feature of the
metric. In the well-known solution of the unmodiﬁed ﬁeld equations, g00 vanishes at the event
6

horizon before we reach r = 0.
In this regard, we can see that the added gravitational ﬁeld energy density had a negative
curvature eﬀect on the spacetime metric. If sources of positive mass-energy densities produce
positive curvature of spacetime, gravitational ﬁeld stress-energy densities inherently produce the
opposite eﬀect on curvature. Without this negative eﬀect, spacetime becomes too warped too soon
as we approach the point particle and an event horizon forms for r > 0.
A similar eﬀect occurs in the case of a cosmological metric. Accommodating the change of
redshift of light from supernovae can be accomplished using a cosmological constant, for which it is
freely admitted that it represents a gravitational energy density known as “dark energy”, Einstein’s
exclusion notwithstanding. It has the eﬀect of partially countering the gravitational attraction of
the “cosmic dust” particles and allowing the model cosmos to expand at an accelerating rate.6
But it is clear that the supernovae data can be accommodated better (Robertson 2015) by the
inclusion of gravitational ﬁeld stress-energy tensor source. This required only one free parameter,
the mass-energy density of “cosmic dust”.
The clear implication of these results is that permitting gravitational ﬁeld energy to serve as a
source in the Einstein ﬁeld equations allows the solutions to be valid to more than ﬁrst order in the
potentials. The modiﬁed theory still passes all of the observational tests that have been devised for
relativistic gravity theories. Whether the modiﬁed theory will remain correct when higher order
tests can be devised remains to be seen. In the meantime, the clear message that needs to be
understood here is that gravity is a ﬁeld in its own right. It is NOT merely and entirely and only
an eﬀect of the geometry of spacetime.

5.1

What’s Next?

If gravity must be regarded as something more than spacetime geometry, then what is it? That
remains to be determined by theorists who take up the task in the future. The Yilmaz theory is a
good underpinning for the descriptive and geometric aspects that have been discussed here, but it
remains to be seen if it can be extended to a matter continuum or anywhere else that a “harmonic
coordinate condition” would fail. This would seem to be a promising research area.
As for the physical reality that undergirds gravity, it is probably some sort of quantum ﬁeld. It
could involve quarks and gluons, Higgs bosons or even photons. For example, it has been proposed
that gravity might be electromagnetic in origin (e.g., see Puthoﬀ 1989, 1999 and references therein)
and gravity somewhat similar to a van der Waals force. But whatever one may think, it will require
elements of reality that are more than geometry.

References
[1] Carroll, Sean (2004). Spacetime and Geometry. Addison Wesley, San Francisco, CA. 171-174
[2] Drever, R.W.P., 1961 Phil. Mag. 6, 693
[3] Hughes, V.W., Robinson, H.G. and Beltran-Lopez, V., 1960 Phys. Rev. Lett. 4, 342
[4] Landau, L.D. & Lifshitz, E.M. 1962, The Classical Theory of Fields, Pergamon Press, Oxford,
London, Paris, Frankfort, Addison-Wesley, Reading, MA, USA, p 341
6
Anyone who has taken a look the noisy data of supernovae luminosity and redshift ought to be embarrassed to
tears to say that the results show that we must believe that “dark energy” makes up ∼ 70% of the stuﬀ of the cosmos.

7

[5] Puthoﬀ, H.E., 1989 Phys. Rev. A, 39, 2333-2442
[6] —–//arxiv.org/pdf/gr-qc/9909037
[7] Robertson, S. L. 2015 arXiv 1507.07809
[8] —– 2016 ArXiv 1606.01417
[9] Robertson, S.L. & Leiter, D. J. 2003 ApJ Lett., 596, L203
[10] Robertson, S.L. & Leiter, D. J. 2006 ‘The Magnetospheric Eternally Collapsing Object
(MECO) Model of Galactic Black Hole Candidates and Active Galactic Nuclei’, pp 1-45 (in
New Developments in Black Hole Research, ed. P.V.Kreitler, Nova Science Publishers, Inc. ISBN
1-59454-460-3, novapublishers.com https://arxiv.org/pdf/astro-ph/0602453.pdf
[11] Schwarzschild, K., 1916, ‘On the gravitational ﬁeld of a mass point according to Einstein’s theory’, (translation and foreword by S.Antoci and A.Loinger)
https://arxiv.org/pdf/physics/9905030.pdf
[12] Schwartz, H.M. 1977 Am. J. Phys, 45,899
[13] Weinberg, S. 1972 ‘Gravitation and Cosmology’, John Wiley & Sons, Inc., New York
[14] Yilmaz,H., 1958, Phys. Rev 111 1417
[15] —–1971 Phys. Rev. Lett., 20 1399
[16] —–1975 Am. J. Phys. 43, 319 - 322
[17] —–1977 Il Nuovo Cimento Lett. 20, 681-685
[18] —–1980 Hadronic Journal 3, 1418-1430
[19] —–1981 Physics Today, October 1981 letters
[20] —–1982 Phys. Lett. 92A, 377
[21] —–1992 Il Nuovo Cimento B 107, 941-960

Appendix I: The Principle of Equivalence and Gravitational Redshift
According to the principle of equivalence, neglecting tidal eﬀects due to nonuniform gravitational ﬁelds, the eﬀects of gravitation should be indistinguishable from an acceleration of the same
magnitude as that which would occur in free fall in the gravitational ﬁeld. So consider two elevators, one of which is at rest in a gravitational ﬁeld and the other in free space accelerating upward
with the same equivalent constant acceleration; call it g. At the time the second elevator begins
to accelerate, let a photon be emitted from a source at its ﬂoor and let it be absorbed later in a
detector in its ceiling, a distance L away in the frame of the accelerating elevator. While the photon
is in transit, the detector acquires some speed, v. From the position of the detector, it is the same
as if the source were receding from it at speed v. Thus if the frequency of the photon emitted at
the ﬂoor is ν0 , the ceiling detector will detect the Doppler shifted frequency
ν0 (1 − v/c)
ν=√
1 − v 2 /c2
8

(16)

We can determine the speed, v, of the ceiling photon detector from the special relativistic relation
az =

dv
a′z
g
= 3
= 3
dt
(γ )(1 + u′z v/c2 )3
γ

(17)

√
where γ = 1/ (1 − v 2 /c2 ) and u′z = 0 is the detector speed relative to a comoving and coincident
inertial frame at the instant that the photon arrives at the detector. Proper time increments, dτ
in the accelerating elevator are contracted such that dτ = dt/γ Substituting for dt into Eq. 17,
integrating and setting τ = L/c, we obtain
v/c = tanh(gL/c2 )

(18)

Substituting Eq. 18 into Eq. 16, we ﬁnd
ν = ν0 e−gL/c

2

(19)

By the principle of equivalence, the ﬁrst elevator which is at rest in a gravitational ﬁeld (for which
the free fall acceleration would be g) would have to produce the same red shift gravitationally. In
this elevator, the change of (dimensionless) gravitational potential between ﬂoor and ceiling is, of
course, ∆ϕ = gL/c2 So the gravitational frequency decrease is again given EXACTLY by the
exponential function e−∆ϕ . As noted previously, this result was well known by Einstein (H.M.
Schwartz, 1977)

Appendix II: Spatial Dependence of the Exponential Metric:
We can write an isotropic metric form as
ds2 = e2ϕ c2 dt2 − eλ (dx2 + dy 2 + dz 2 )

(20)

with λ(x, y, z) a function of spatial coordinates and time yet to be determined. We expect the
spacetime described by Eq. 20 to permit the existence of photons. We can represent these as wave
packets of the form
⃗
ψ = Σei(ωt−k·⃗r)
(21)
The component waves should satisfy the generalized d’Alembertian equation
ψ =

√

−g

−1

√
∂k ( −g g kj ∂j )ψ = 0

(22)

where (g) = −e(3λ+2ϕ) is the determinant of the metric.
Substituting for a component of ψ from Eq. 21, expanding Eq. 22 and rearranging yields
⃗
ω 2 + iω∂0 (3λ/2 − ϕ) + c2 e(−λ+2ϕ) [k 2 + i⃗k · ∇(λ/2
+ ϕ)] = 0

(23)

There are several circumstances in which the metric is static; i.e. ϕ = ϕ(x, y, z) is independent of
time. When that is the case the time derivatives and second terms of Eq. 23 are zero. When time
dependence would be present these terms could lead to absorption of light. If the last terms of Eq.
23 do not vanish, they would lead to dispersion with wave speeds being dependent on wavelengths
and gravity ﬁeld gradients as well as their direction of motion relative to the ﬁeld. There might
be cases of light propagation in a matter continuum in which gravity might be dispersive, but in
⃗
matter-free space, this cannot be allowed. Thus it is necessary to have ∇(λ/2
+ ϕ) = 0, which
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requires λ/2 + ϕ = Constant and the constant must be zero as a boundary condition at inﬁnity.
So, for most present circumstances we require.
λ = −2ϕ

(24)

In this case, the metric is the Yilmaz exponential metric (Yilmaz 1958). It should be noted, however,
that it is possible to permit time dependence of the metric while maintaining a requirement that
gravity not produce dispersion of photons. Deﬁne functions ϕ0 and ϕ1 such that
4ϕ0 = 3λ/2 − ϕ

4ϕ1 = λ/2 + ϕ

(25)

⃗ 1 = 0. Thus ϕ0 depends only on (x, y, z) while ϕ1 depends only
and require that ∂0 ϕ0 = 0 and ∇ϕ
upon time, t. The metric can then be written as
ds2 = e(2ϕ0 +6ϕ1 ) c2 dt2 − e(−2ϕ0 +2ϕ1 ) (dx2 + dy 2 + dz 2 )

(26)

This is the form of the metric that I used for the solution of the Yilmaz ﬁeld equations for a
cosmological spacetime (Robertson 2015). This produced a very good agreement between theory
and observations of the redshifts of distant type 1a supernovae without the need of any “dark
energy” or “non-baryonic “dark matter”.
For the static ﬁeld of a single central mass Eq. 26 can be used with ϕ0 = −GM/c2 r while
ϕ1 = 0, In general, whether there is time dependence or not, the condition that waves pass without
dispersion and the same speed in all directions is ensured by what is known as the “Harmonic
Coordinate Condition”,
√
(27)
∂k ( −g g jk ) = 0
where (−g) is the positive deﬁnite determinant of the metric tensor. This condition produces Eq.
23 for the metric form of Eq. 20.

Appendix III: Notes on Yilmaz Theory
Unlike General Relativity, the Yilmaz theory seems to be a theory of particles and ﬁelds. It is
not clear how it might be modiﬁed to encompass a matter continuum. Yilmaz has presented the
theory in a set of gravitational potential tensor equations in some cases and as given here next in
others. These are equivalent as long as a harmonic coordinate condition can be maintained. For
example, either approach leads to the same set of equations for a metric for a description of a
pressureless cosmological “dust”, but it can be shown that the harmonic condition cannot hold if
there is internal pressure. Thus it is not clear that the theory can be applied to the description of
the early moments of the Big Bang.
As considered here, the Yilmaz theory diﬀers from the Einstein theory primarily by the inclusion
of a true stress-energy tensor as a source term in the right member of the ﬁeld equations
Gji = −(8πG/c4 )(Tij + tji )

(28)

where Tij = σui uj is the matter tensor (when no non-gravitational forces contribute), and tji is the
gravitational ﬁeld stress-energy tensor. Other requirements are7
(Tij + tji ); j = 0

Bianchi requirement

(29)

Einstein’s theory would require Tij ; j = 0. As noted by Landau & Lifshitz, (Landau & Lifshitz 1962), this does
not express any conservation law whatever. It would not be a statement of energy-momentum conservation, because
it would not include the energy-momentum of the gravitational ﬁeld. Eq. 30 is the energy-momentum conservation
law of the Yilmaz theory.
7
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√
∂¯j ( −K Tij ) = 0

F reud requirement

(30)

Here the overbar represents a covariant derivative with respect to√local Minkowskian coordinates
√
√
√
which share the same origin and orientation as those of the metric. −K = −g/ −η, where −g
√
is the determinant of the metric and −η is the determinant of the metric of the Minkowskian
√
background. In rectangular coordinates (x,y,z,t), −η = 1 and all Christoﬀel symbols vanish,
leaving a normal partial derivative.
This elaborate derivative procedure is necessary to eliminate pseudotensors that might otherwise
arise. The pseudotensor problem has been discussed in detail (Yilmaz 1992). This procedure
eliminates them. Pseudotensor problems can be avoided in two ways. The ﬁrst simply consists of
the use of rectangular coordinates, in which they never appear. The second is to take derivatives
as covariant derivatives in local Minkowskian coordinates.
Einstein’s gravitational energy expression, tji , has been shown to be a pseudotensor; however,
it can be expressed in terms that eliminate pseudotensors and leave a true tensor quantity. First
deﬁne terms
√
√
(31)
gij = −Kg ij gij = gij / −K
and

√
√
√
Wij = (1/8 −K)gjk [∂¯k gab ∂¯i gab − 2∂¯k −K ∂¯i (1/ −K) − 2∂¯a gkb ∂¯i gab ]

(32)

tji = Wij − (1/2)Wkk

(33)

then

These equations are supposed to construct all of the parts of the gravitational ﬁeld stress-energy
tensor in terms of the components of the metric tensor. I have not veriﬁed this in general, but they
seem to be correct in every special case that I have considered. It is cumbersome, slow, diﬃcult
and painful to work through these by hand calculations, but they do provide the correct right
members for all of the Ricci tensor equations in the main text here. The solution of Yilmaz Eq.
28 above for a point mass, M , is, indeed, the Newtonian potential, ϕ = −GM/c2 r and the ﬁeld
energy density is given correctly and consistently. This is in sharp contrast with results for the
unmodiﬁed Einstein theory. The Einstein pseudo-tensor for the gravitational ﬁeld energy density
of the Schwarzschild solution is non-zero in spherical coordinates. But Schrodinger showed that it
vanishes when transformed into rectangular coordinates. Similarly in curvilinear coordinates, an
Einsteinian ﬂat space time will show a spurious gravity ﬁeld energy.
Yilmaz often used expressions that incorporated a harmonic coordinate condition. The Yilmaz
expressions for Wij and tji given here were based on Pauli’s decomposition of the Einstein tensor
with no harmonic coordinate conditions imposed. Yilmaz (1992) also provided a general expression
for Tij .
√
(1/4 −K)∂¯a [ḡak ḡjb (∂¯b gik − ∂¯k gib ) + δ j ∂¯b gba − δ a ∂¯b gbj ] = T j
(34)
i

i

i

Appendix IV: Particle Mechanics
The energy-momentum equation in spherical coordinates is also of particular interest when the
potential is that of a central mass, M, and and static with ϕ = ϕ0 = −GM/c2 r in the metric
form of Eq. 26. In this case it should be noted that g00 , as given by Eq. 5, is nonzero for r > 0.
This metric does not describe an object with an event horizon for any r > 0. In this case, the
energy-momentum equation is:
g ij pi pj = e−2ϕ E 2 /c2 − e2ϕ [p2r + p2θ /r2 + p2Φ /(r sinθ)2 )] = m20 c2
11

(35)

Here we have used p0 = E/c, g 00 = 1/g00 = e−2ϕ , g 11 = 1/g11 = −e2ϕ , g 22 = 1/g22 = −1/(r2 e−2ϕ )
and g 33 = 1/g33 = −1/[(r sinθ)2 e−2ϕ ]. For a particle in an equatorial plane, θ = π, dθ = 0, pθ = 0,
this becomes
(36)
e−2ϕ E 2 /c2 − e2ϕ [p2r + p2Φ /r2 ] = m20 c2
This equation easily accounts for all of the classical weak-ﬁeld tests of general relativity that
have been performed in the solar system. These include the perihelion shift of the planet Mercury,
for which the orbital axis precesses by 43 seconds of arc per century, the deﬂection of star light that
grazes the sun, and the time delay of radar echoes from Venus when their path grazes the sun. (For
photons of light or radar, m0 = 0 in Eqs. 35 and 36.) In each of these tests, it is only necessary to
include in Eq. 36 the terms in the metric that are of low order in ϕ, such that e2ϕ ≈ 1 + 2ϕ + 2ϕ2
and e−2ϕ ≈ 1 − 2ϕ + 2ϕ2 . The largest value of ϕ available in the solar system is ϕ = 2 × 10−6 at
the surface of the sun. At earth’s surface ϕ = 7 × 10−10 due to the earth’s gravity. The potential
at the location of the earth due to the presence of the sun is 10−8 , hence larger still than that of
earth.
There is an interesting astrophysical application of Eq. 36 consisting of the description of particles in accretion disks in x-ray binary star systems. Consider a particle in orbit around a central
mass, M , for which ϕ = −GM/c2 r. Assuming that angular momentum, pΦ , is conserved, and
rearranging Eq. 36 we obtain.
e4ϕ (pr /m0 c)2 = (E/m0 c2 )2 − e2ϕ (1 + a2 ϕ2 e2ϕ )

(37)

Here a = pΦ c/(GM m0 ) is now a dimensionless conserved angular momentum parameter. Eq. 37
is similar to the energy equation of classical mechanics with the last terms at the right taking the
role of an eﬀective potential for the radial motion; i.e. U (r) = e2ϕ (1 + a2 ϕ2 e2ϕ ). Bound orbits can
occur for suitably low energies. Circular orbits can occur for pr = 0. Their radii can be located by
setting the derivative of the eﬀective potential with respect to ϕ to zero. Circular orbits occur for
dU/dr = 0, for which we ﬁnd
a2 = −e−2ϕ /(ϕ + 2ϕ2 )
(38)
with particle energies of

√
E = m0 c2 exp(ϕ)

1+ϕ
1 + 2ϕ

(39)

Orbits are stable if the second derivatives are positive at turning points. They are unstable otherwise. There is an innermost (marginally) stable orbit that can be found by setting the ﬁrst two
derivatives of the eﬀective potential with
√ respect to ϕ to zero. This produces coupled equations
which have the solution, ϕ = −(3 − 5)/4 ≈ -0.191 for which a2 = 12.4. For this innermost
marginally stable circular orbit, the particle energy is reduced below its rest mass value, m0 c2 by
5.5% in spite of its motion at 34.5% of light speed. This is a result of the reduction of mass that occurs for a particle that is lower in the gravity ﬁeld of the central mass for ϕ < 0, in accord with Eq. 2.
A Bit of Astrophysics:
In relativistic astrophysical accretion disks, such as those found in low mass x-ray binary systems, orbiting ﬂuid particles lose energy due to friction while ﬂuid viscosity transports angular
momentum outward. This allows the ﬂuid to spiral inward to a central compact star or black hole
candidate. In the process, accreting plasma can become hot enough to allow energy to be radiated
away as soft x-rays. Apparently 5.5% of the rest mass energy can be converted to radiation for
12

particles that would reach an innermost marginally stable orbit.8 This provides luminosities far
in excess of what can be obtained from nuclear interactions. Nuclear processes typically result in
energy losses of less than about one percent. Note also that it would take an extremely compact
object to exist inside the innermost marginally stable orbit. A mass as large as that of the sun
would have a radius of only 7.8 km if it were all contained inside its innermost stable orbit. Thus
it is not surprising that the x-ray binary systems have very compact neutron stars or black hole
candidates as their central massive objects.
According to Eq. 39, it would appear to require inﬁnite energy for a particle to exist in a
circular orbit for ϕ = −1/2. But there are simply no stable orbits with ϕ < −0.191. As can be
shown by working through the solutions for photon trajectories (take m0 = 0 in Eq. 36), there is
an unstable circular orbit for photons for ϕ = −1/2. 9 For particles with nonzero rest mass, there
are no stable elliptical orbits that pass inside the photon orbit.

Appendix V: Mach’s Principle and and Exponential Metric

Assuming that the (appropriately retarded) gravitational potentials are additive, the potential
of a collection of masses, (M1 , M2 , M3 , . . .) would be
ϕ = Σi ϕi = −(

GM1 GM2 GM3
+ 2 + 2 + ...)
c2 r1
c r2
c r3

(40)

and the metric would retain the form
ds2 = e2ϕ c2 dt2 − e−2ϕ (dx2 + dy 2 + dz 2 )

(41)

Now suppose that one is relatively near to one of the masses, say M1 , such that only its potential
would vary signiﬁcantly over a region of interest. Then one can redeﬁne time and distance scales
such that
dt′ = dte

−(

GM2
GM
+ 2 3 +...)
c2 r2
c r3

(

GM2
GM
+ 2 3 +...)
c2 r2
c r3

(42)

and
(

dx′ = dxe

GM2
GM
+ 2 3 +...)
c2 r2
c r3

, dy ′ = dye

(

.... r′ = r1 e

GM2
GM
+ 2 3 +...)
c2 r2
c r3

(43)

Thus
ds2 = e2ϕ1 c2 dt′2 − e−2ϕ1 (dx′2 + dy ′2 + dz ′2 )

(44)

This amounts to letting the collective eﬀects of all distant masses determine the local measures of
distance and time. To complete the removal of all vestiges of our former coordinates, we can also
redeﬁne
M ′ = M1 eϕ2 +ϕ3 +...
(45)
8

The innermost marginally stable orbit of the Schwarzschild metric of General Relativity has a radius of 6GM/c2
and the energy lost in an accretion disk would be 5.7% of the accreting particles rest mass energy. In the isotropic
metric of General Relativity, the marginally stable orbit radius is 4.96GM/c2 and the accretion disk energy loss is
5.7%. General Relativity thus encompasses mass changes similar to those of Eqs. 2 and 39.
9
It is meaningless happenstance that the photon orbit here has ϕ = −1/2 which corresponds to the event horizon
in Schwarzschild coordinates. In isotropic coordinates for General Relativity, g00 = (1 − GM/2c2 r)2 /(1 + GM/2c2 r)2 .
The event horizon occurs for ϕ = −2 and r = GM/2c2 .
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which is just what we would expect from special relativity in accord with Eq. 2. Substituting from
Eq. 45 for M1 and from Eq. 43 for r1 in ϕ1 , and then dropping subscripts and primes, the local
metric near a dominating mass M is
ds2 = e2ϕ c2 dt2 − e−2ϕ (dx2 + dy 2 + dz 2 )

(46)

where ϕ = −GM/c2 r for the mass M.
In this way, we can regard our local measures of mass, length and time to have been determined
by the distant masses of the universe, as was suggested by Mach. This factoring of the metric is
unique to the exponential metric and is a powerful argument in its favor.

Appendix VI: The GR Isotropic Metric For A Point Mass
The deﬁnition of a potential and special relativity were the only things used to obtain Eq. 5
of the text, which is repeated here:
g00 = e2ϕ
(47)
But as noted there, this is not part of the solution of the unmodiﬁed ﬁeld equations of the Einstein
theory for the point particle metric in isotropic coordinates.10 In isotropic coordinates Einstein’s
ﬁeld equations yield
g00 = (1 − GM/2c2 r)2 /(1 + GM/2c2 r)2
(48)
There is an obvious metric singularity for r → GM/2c2 r, which is the location of the event horizon
for this metric11 .
Unless one wants to seriously question special relativity, it seems that Eq. 5 must hold in any
case and the gravitational potential in the Einstein theory must be
ϕ = ln(1 − GM/2c2 r) − ln(1 + GM/2c2 r)

(49)

In this case, the gravitational three-acceleration of a test particle of mass, m, would be
a = F/m = −c2 ∇ϕ =

−(GM/r2 )r̂
(1 − (GM/2c2 r)2 )

(50)

As long as the proper speed of the particle remains below the speed of light Eq. 58 (Appendix
VII) and Eq. 49 show that the gravitational mass of the particle would approach zero at the
event horizon. Nevertheless, its gravitational acceleration would be divergent as shown by Eq.
50. Similar inﬁnite accelerations occur in Hilbert’s version of the Schwarzschild solution for a
point mass. It is quite amazing to me that otherwise serious physicists take these seriously. For
example, read Kip Thorne’s fanciful tale of approaching the event horizon of a monstrously massive
black hole named Gargantua in his book Black Holes & Time Warps. As the event horizon was
approached, it required dramatically increasing rocket engine power to counter the gravitational
force of Gargantua, but no consideration was given to how the thrust that would be generated by
rocket exhaust of vanishing mass.
For the metric of Eq. 20, (Appendix II) the GR isotropic solution has
λ = 4 ln(1 + GM/2c2 r)
10

(51)

The isotropic metric form is that of Eq. 20. of Appendix II.
The fact that the radius of the event horizon is four times larger in Schwarzschild coordinates suggests that it
might not exist as a part of physical reality.
11

14

Thus the condition that led to appendix Eq. 24 is not satisﬁed and the speed of wave packet components for photons would be dependent on wavelength and direction of motion in this metric. It is
therefore not clear that a wave-particle duality for photons can always be maintained in solutions
of the unmodiﬁed Einstein ﬁeld equations for a point particle metric. This may be another level of
apparent disagreement between General Relativity and quantum mechanics. If so, it is also resolved
by the inclusion of gravitational ﬁeld energy density as a source term in the ﬁeld equations, which
then leaves λ = −2ϕ.

Appendix VII: Mass changes in gravitational fields
It should be well known to the reader from the special theory of relativity that an increase of
mass occurs when objects are set in motion. The result of Eq. 2 of a mass depending on its location in a gravitational potential ﬁeld may be a new idea to some readers, but it lies at the foundation
of general relativity. From special relativity we learned of mass increase, length contraction and
time dilation. Our measures of mass length and time are dependent on states of relative motion
and we now see that mass is dependent on position in a gravitational ﬁeld. It should be no surprise
that our measures of length and time are also aﬀected by gravitational potentials.
In the special theory of relativity, the quantity
ds2 = c2 dt2 − (dx2 + dy 2 + dz 2 ),

(52)

√
where dt is the increment of time in which a particle moves distance dl = (dx2 + dy 2 + dz 2 ) and
c is the speed of light, is invariant; i.e., it will have the same value as computed in any frame of
reference (set of coordinates) that moves at constant speed along the direction of the particle’s
motion. In a frame that moves with a particle, there is no incremental change of a space coordinate
in an increment of time. In this rest frame of the particle, increments of mass, length or time are
called “proper”. If we denote a proper time increment as dτ , then it is apparent that ds2 = c2 dτ 2 .
If our reference frame is located in a gravitational ﬁeld, it is necessary to account for the
additional changes of our measures of length and time that are caused by gravity. This can be
accomplished by introducing correction factors, gij , known as metric coeﬃcients, to the coordinates
in Eq. 52. For example, in one special case of rectangular coordinates (t, x, y, z) = (x0 , x1 , x2 , x3 )
we can write
ds2 = g00 c2 dt2 + g11 dx2 + g22 dy 2 + g33 dz 2 = c2 dτ 2
(53)
Note x0 = ct. It should be noted that the relativistic invariant, ds2 , in this case still corresponds
to the proper time increment dτ even for a particle in a gravitational potential, but the metric
coeﬃcients gij will soon be seen to be dependent on the gravitational potential. If no gravitational
potentials are present, the metric coeﬃcients in Eq. 53 are those of a Minkowskian reference frame
with g00 = 1, g11 = g22 = g33 = −1.
Comparing Eqs 52 and 53, it appears that the correspondences between
√ coordinate increments
√
and proper time and length increments would be dτ ↔ g00 dt and dl ↔ −(g11 dx2 + g22 dy 2 + g33 dz 2 ).
√
√
Thus, we can regard the ratio v = −(g11 dx2 + g22 dy 2 + g33 dz 2 )/ g00 dt as the “proper speed” of
a particle. Note that for photons, ds = 0 and v = c. Thus in a proper frame, co-moving with a
particle, the proper speed of light is always c. Someone moving along with the particle could never
ﬁnd variations in the speed of light to suggest the presence of a gravitational ﬁeld.
The energy-momentum equation of a particle in special relativity can be written as
E 2 /c2 − (p2x + p2y + p2z ) = m20 c2
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(54)

As modiﬁed in the presence of gravitational potentials, the particle energy-momentum equation
can be written as:
gij pi pj = g ij pi pj = m20 c2
(55)
where i, j = 0, 1, 2, 3 and any repeated index is to be summed over all four values. Here gij are
covariant components of the metric tensor and pk the covariant components of energy-momentum.
Superscripted quantities are known as contravariant. g ij is the inverse of the matrix gij .
For the metric form of Eq. 53, the energy-momentum equation of a particle can be written as
g 00 p2o + g 11 p21 + g 22 p22 + g 33 p23 = m20 c2

(56)

Since the metric of the Minkowskian space of special relativity has g00 = g 00 = 1, and g11 =
g 11 = g22 = g 22 = g33 = g 33 = −1, Eq. 56 reduces to Eq. 54 when no gravitational potentials
are present. Since this matrix of metric coeﬃcients is diagonal, the algebraic inverse of each
coeﬃcient is the corresponding inverse matric element and there is no reason to distinguish between
contravariant and covariant quantities. But when gravitational potentials are considered some
distinctions are necessary. A simple way to keep them straight is to consider sets of familiar
coordinates such as cartesian, cylindrical or polar as contravariant; e.g., ct = x0 , x = x1 , y = x2
or r = x1 , θ = x2 , Φ = x3 . Corresponding contravariant momentum component forms would
be p0 , p1 = mdx1 /dt, p2 = mdx2 /dt = mdθ/dt, etc; however, the conserved quantities that are
familiar from Newtonian mechanics are the covariant quantities such as p0 = E/c, pθ , pΦ , etc.
Contravariant and covariant quantities can be manipulated and related by using the metric
coeﬃcients to raise or lower indexes. For example, we state without proof that if Ai and Ai are
contravariant and covariant vectors, respectively, then Ai = gij Aj and Ai = g ik Ak . Note again that
repeated indexes are to be summed.
√
For a particle at rest, p1 = p2 = p3 = 0, p0 = E/c and E = mc2 . Eq. 56 becomes g 00 E/c =
mo c. Note that g 00 = 1/g00 , (assuming all other g0j = 0) and substituting for m from Eq. 2 then
leads immediately back to
g00 = e2ϕ
(57)
Using the “proper speed”, v, as deﬁned above, and substituting Eq. 57 into Eq. 56 and
rearranging provides a relation that shows that the combined eﬀects of both gravitational potentials
and motion on particle mass are exactly as should be expected:
√
m = m0 eϕ / 1 − v 2 /c2
(58)
Eq. 57 shows that in the presence of a gravitational potential, proper time increments would
be given by eϕ dt. It should not be surprising to ﬁnd that proper lengths should also be dependent
on gravitational potentials. For many practical purposes we can use a form of the metric for which
the speed of light is the same in all coordinate directions. This is known as an isotropic metric and
is characterized by the conditions g11 = g22 = g33 . Further, as shown in Appendix II, requiring
the speed of light to be independent of the direction of the gravitational ﬁeld and independent
of wavelength in regions free of any matter (except a small test particle), leads to the condition
g11 = g22 = g33 = −e−2ϕ . A proper length increment would then be given by e−ϕ dl. The metric
forms of interest for now would be

or

ds2 = e2ϕ c2 dt2 − e−2ϕ (dx2 + dy 2 + dz 2 )

(59)

ds2 = e2ϕ c2 dt2 − e−2ϕ (dr2 + r2 dθ2 + r2 sin2 θdΦ2 )

(60)
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for spherical coordinates. (Note Φ is the azimuthal angle coordinate and Φ ̸= ϕ.) These are the
most familiar forms of the Yilmaz exponential metric.
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