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Abstract: In this paper we prove that the number of spanning trees of the linear and
general cyclic snake networks is the same using the combinatorial approach. We derive the
explicit formulas for the subdivided fan network S(F,) and the subdivided ladder graph

S(L») . Finally, we calculate their spanning trees entropy and compare it between them.
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§1. Introduction

The complexity (the number of spanning trees) 7(G) of a finite connected undirected graph
G is defined as the total number of distinct connected acyclic spanning subgraphs. There are
many techniques to compute this number. Kirchhoff [1] gave the famous matrix tree theorem.
In which 7(G) = any cofactor of L (G ) , where L (G ) is equal to the degree matrix D (G )
of G minus the adjacency matrix A (G ) of G .

There are other methods for calculating ¢(G). Let p1 > po = -+ > p, denote the eigenval-
ues of H matrix of a p point graph. Then it is easily shown thaty, = 0. In 1974, Kelmans and
Chelnokov [2] shown that, 7(G) = % Hi;} k- The formula for the number of spanning trees in
a d-regular graph G can be expressed as t(G) = %Hi;}(d — ) where Adg = A, Ao, - Aot
are the eigenvalues of the corresponding adjacency matrix of the graph. However, for a few
special families of graphs there exist simple formulas that make it much easier to calculate and
determine the number of corresponding spanning trees especially when these numbers are very
large. Omne of the first such results is due to Cayley [3] who showed that complete graph on n
vertices, K, has n"~2 spanning trees that he showed 7(K,) = n"~2, n > 2. Clark [4] proved
that 7(K, ) = p?~'¢?~!, p,q > 1, where K, , is the complete bipartite graph with bipartite

sets containing p and ¢ vertices, respectively.
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Therefore, many works derive formulas to calculate the complexity for some classes of

graphs. Bogdanowicz [5] derived the explicit formula for the fan network if n > 1,

3+V5 3—5
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Sedlacek [6] proposed a formula for the number of spanning trees in a ladder graph. The

T(Fn) =

ladder L, is the Cartesian product of P, and P,. The number of spanning trees in L,, is given
by
(L) = L@+ VA - 2= V3]

for n > 1. A. Modabish and M. El Marraki investigated the number of spanning trees in the
star flower planar graph [7]. In [8], E.M. Badr and B.Mohamed derived the explicit formulas
for triangular snake (Ay — snake),double triangular snake (2A; — snake) and the total graph
of path P, (T(FP,)). Badr and Mohamed [9] derived the explicit formulas for the subdivision of
ladder, fan, wheel, triangular snake (Ay-snake), double triangular snake (2A-snake) and the
total graph of path P,(T(P,) ).

In this paper we prove that the number of spanning trees of the linear and general cyclic
snake networks is the same using the combinatorial approach. We derive the explicit formulas
for the subdivided fan network S(F,) and the subdivided ladder graph S(L,) . Finally, we

calculate their spanning trees entropy and compare it between them.

§82. Preliminary Notes

The combinatorial method involves the operation of contraction of an edge. An edge e of a
graph G is said to be contracted if it is deleted and its ends are identified. The resulting graph
is denoted by G.e . Also we denote by G — e the graph obtained from G by deleting the edge e.

Theorem 2.1([10]) Let G be a planar graph (multiple edges are allowed in here). Then for
any edge e,
7(G) = 7(G — ¢e) + 7(G -e).

Remark 2.2 If G’ is obtained from G by removing all the pendant edges of G, then

Remark 2.3 If G’ is obtained from G by removing all the loops of G, then 7(G') = 7(G).

Remark 2.4 If G’ is obtained from G by removing one or more than one multiple edges of G,
then 7(G") < 7(Q).

Definition 2.5([11]) A triangular snake (Ag-snake) is a connected graph in which all blocks
are triangles and the block-cut-point graph is a path.
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Definition 2.6 C,-cyclic snake is a connected graph in which all blocks are C,, and the block-
cut-point graph is a path. Furthermore, if the length of its path is exactly k, we call it a
kCy-cyclic snake.

Definition 2.7 A kC,, -snake is called linear if its block-cut-vertex graph of kC, -snake has

the property that the distance between any two consecutive cut-vertices is L%J

§3. Main Results

Theorem 3.1 The number of spanning trees of the linear kCy -snake satisfies the following
recursive relation:

7(kCy — snake) = 4"

Proof Let us consider a graph kCi — snake constructed from kCy — snake by deleting two
edges. See Figure 1

K Cy-Snake kCL{-Snake

Figure 1 Linear kCy-Snake

We put kCy — snake = 7(kC4 — snake) and kCi — snake = T(kCi — snake).

It is clear that
kCy — snake = 3(k — 1)Cy — snake + 4(k — 1)04 — snake

and
kCy — snake = 2(k — 1)Cy — snake — 4(k — 1)04{ — snake

with initial conditions Cy — snake = 4, Ci — snake = 1. Thus, we have

kCy — snake 4 (k —1)C4 — snake
kC’i — snake (k — I)Ci — snake

)
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3 4
where, A = , which implies that
2 -4
kCy — snake _ 4 (k— 1)C4 — snake B _ g1 Cy — snake
kCL{ — snake (k — 1)04{ — snake Ci — snake

We compute A"~ ! as follows:
det(A—AL) =X +X—=20=0, X\ =—5 and Xy =4, \| # \o.
Therefore, there is a matrix M invertible such that A = MBM~!, where

A0
0 A

B =

and M is an invertible transformation matrix formed by eigenvectors

1
= ") o o L
-2 1 9/4\ 2 1
(_5)77,71 O
Notice that A" ! = MB" 'M~!, where B! = . We therefore obtain
0 4n—
(75)7171 254™ 74*(75)7171 4n
A1 _ — T — 9 t7
Tl =2t 2santt k(s gt
9 + 9 + 5
and hence the result follows. O

Theorem 3.2 The number of spanning trees of the linear kcg — snakesatisfies the following

recursive relation 7( kcg — snake ) = 6F

Proof Consider a graph kCG/ — snake constructed from kCg — snake by deleting two edges.
See Figure 2 following.

kC’g—Snake kCG/-Snake

Figure 2 Linear kCg-Snake
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We put kCs — snake = 7(kCs — snake) and kCé — snake = T(kCG/ — snake). Tt is clear
that
kCs — snake = 5((k — 1)Cs — snake) + 6((k — I)Cé — snake)

and
kCG/ — snake = 2((k — 1)Cs — snake) — 6((k — 1)Cé — snake)

with initial conditions (Cy — snake) = 6, (01/ — snake) = 1. Thus, we have

kCe — snake | 4 (k —1)Cs — snake
kcﬁ/ — snake (k — I)Cé — snake |
5 6 o
where, A = , which implies that
2 —6
kCs — snake | 4 (k — 1)Cs — snake gt Cs — snake
kCé — snake (k — I)Cé — snake C’é — snake

We compute A”~! as follows:

det(A— ML) =N +X—42=0, X\ =7 and Ay =6, \; # \a.

A0
Then, there is a matrix M invertible such that A = M DM !, where B = ! and
0 A
M is an invertible transformation matrix formed by eigenvectors
1 1 1 =6
M = = M—l _ 13 13 = An—l _ MBn—lM—l
9 1 12 6 ’
6 13 13
] ()1 :
where B" ™" = . We therefore obtain
0 (=7)nt
(6)" ! | 12%(=7)" ! —(6)" | 6x(=7)" !
An—1 — T 13 BT 13 1
B —2(6)" " | 2+(=7)""'  2x(6)" + (=n"! 2
13 13 13 13
and hence the result follows. O

Theorem 3.3 The number of spanning trees of the linear (kC,, — snake)satisfies the following

recursive relation T(kC,, — snake) = nk.

Proof Consider a graph kC,/l — snake constructed from kc,, — snake by deleting two edges.
See Figure 3 following.
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XXX XXX

Figure 3 Linear kC,-Snake

We put kC,, — snake = 7(kC,, — snake) and kCY, — snake = T(kO/l — snake). Tt is clear
that
kC,, — snake = 5((k — 1)C,, — snake) + 6((k — 1)C/. — snake)

and
kC/ — snake = 2((k — 1)C,, — snake) — 6((k — 1)C/. — snake)

with initial conditions (C,, — snake) = n, cl— snake) = 1. Thus, we have

kCy, — snake | 4 (k —1)C,, — snake
kCr/L — snake (k— I)C/L — snake |
n—1 n
where, A = , which implies that
2 -n
kC,, — snake _ A (k—1)C,, — snake B _ g1 C,, — snake
kC’,/l — snake (k— l)C',/l — snake | C/L — snake

We compute A”~ ! as follows:

det(A—A) =X2+A—-42=0, X =—(n+1) and \y =n, \; # Xo.

A0
Then, there is a matrix M invertible such that A = MDM !, where B = ! and
0 A
M is an invertible transformation matrix formed by eigenvectors
1 1 . _1  _=n B B 3
M = = M = (2n+1) (2n+1) = A" 1 _ MB" lM 1 ,
1 2n n
—2 n (2n+1) (2n+1)
(n)nfl 0

where B"~1 = . We therefore obtain

0 (—(n+1))"1
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(™"t 2ne(=(ng1p""! —(n)" nx(—(nt1))" "
A1 (2n+1) (2n+1) (2n+1) (2n+1)
—2(n)" " + 2¢(=(n1)" " 2x(n)"™ + (=(nt1)" "
(2n+1) (2n+1) (2n+1) (2n+1)
and hence the result follows. O

Remark 3.4 The number of spanning trees of the subdivision of linear (kC,, — snake)satisfies
the following recursive relation 7(S(kC,, — snake)) = 2n 7((k — 1))C,, — snake, where k is the
number of blocks and n is the number of vertices for each block.

Theorem 3.5 The number of spanning trees of the general kCy — snake satisfies the following

recursive relation T( kCy — snake ) = 4%, where k is the number of blocks.

Proof Consider a graph kCL{ — snake constructed from kCy — snake by deleting two edges.
See Figure 4 following.

/
kCy-Snake kC}-Snake

Figure 4 General kC;-Snake
We put kCy — snake = 7(kCy — snake) and kCi — snake = T(kCL{ — snake). Tt is clear

that
kCy — snake = 3(k — 1)Cy — snake + 4(k — 1)04{ — snake

and
kCy — snake = 2(k — 1)Cy — snake — 4(k — 1)04{ — snake

with initial conditions Cy — snake = 4, Ci — snake = 1. Thus, we have

kCys—snake _ A (k — 1)Cy—snake
kCi—snake (k — 1)Ci—snake
3 4
where A = , which implies that
2 —4
kCy—snake _ A (k — 1)Cy—snake gt Cy—snake

kCi—snake (k — 1)Ci—snake C’i—snake
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We compute A”~ ! as follows:
det(A—AL) =X +A—-20=0, X =-5andXy =4, \| # )\

A0
Then, there is a matrix M invertible such that A = M BM ~!, where B = ! and M

0 X

is an invertible transformation matrix formed by eigenvectors

11 1{ 1 -1
M = = M'=5|" = A"l'=MB" M,
-2 1 i\ 2 1
1
1 (_5)11—1 0 .
where, B" ™+ = . We therefore obtain
0 (4)n—1
(75)7@71 2*(4)71 74*(75)7171 (4)71
A1 9 + =5 9 + 9
B —2%(=5)" ! 2%(4)" "1 8x(=5)" "t | 4n—1
9 + 9 9 + 5
and hence the result follows. O

Theorem 3.6 The number of spanning trees of the general kCs — snake satisfies the following
recursive relation 7( kCs — snake ) = 6%.

Proof Consider a graph kCg — snake constructed from kCé — snake by deleting two edges.
See Figure 5.

Q?b - %\2

/
kCg-Snake kC§-Snake

Figure 5 General kCg-Snake

We put kCs — snake = 7(kCs — snake) and kCé — snake = T(kCé — snake). It is clear
that
kCs — snake = 5((k — 1)Cs — snake) + 6((k — I)Cé — snake)

and
kCG/ — snake = 2((k — 1)Cs — snake) — 6((k — 1)Cé — snake)
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with initial conditions (C} — snake) = 6(C/ — snake) = 1. Thus we have
kCe — snake | 4 (k —1)Cs — snake
kC/ — snake (k— 1)06/ — snake |
where A = , which implies that
kCs — snake (k —1)Cs — snake B _ ot Cs — snake
kC/ — snake (k — )C/ — snake Cé — snake

We compute A”~ ! as follows:
det(A—AL) =X +X—42=0, X\ =-7 and Ay =6, \; # \a.

A0
Then, there is a matrix M invertible such that A = M DM !, where B = ! and
0 X

M is an invertible transformation matrix formed by eigenvectors

1 =6
N e R O L I V0, eV
_9 1 12 6 ’
6 3 13
) (6)"~* . .
where, B" ™+ = . From which, we obtain
0 (_7)7171
(6)7171 12*(77)7171 7(6)71 6*(77)7171
APl — 3t 13 i3+ 13
- —2(6)" ! 2x(=7)" "1 2x(6)™ (=)t
13 + 13 13- T 13
and hence the result follows. O

Theorem 3.7 The number of spanning trees of general (kC,, — snake)satisfies the following

recursive relation 7(kC,, — snake) = n¥

Proof Consider a graph kC,, — snake constructed from kC',/I — snake by deleting two edges.
See Figure 6 following.

We put kC,, — snake = 7(kC,, — snake) and kCY, — snake = T(kC',/I — snake). Tt is clear
that
kC,, — snake = 5((k — 1)C,, — snake) + 6((k — 1)C/. — snake)

and
kC/ — snake = 2((k — 1)C,, — snake) — 6((k — 1)C/. — snake)
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with initial conditions (C,, — snake) = n, (C,/l — snake) = 1. Thus we have

kC,, — snake 4 (k — 1)C,, — snake
kC/l — snake (k— 1)07/1 — snake

3

T X
o .

kC,,-Snake kC/,-Snake
Figure 6 General kCg-Snake

which implies that

kCy, — snake | 4 (k — 1)C,, — snake g
kC/l — snake (k- 1)07/1 — snake C/L — snake

C,, — snake

We compute A”~! as follows:

det(A—AL) =X 2+ A—-42=0, X =—(n+1) and \y =n, A\; # Xo.

A0
Then, there is a matrix M invertible such that A = M DM !, where B = ! and
0 A
M is an invertible transformation matrix formed by eigenvectors
1 1 . 1 __=n__ B B B
M = = M = (2n+1) (2n+1) = A" 1 _ MB" lM 1 ,
1 2n n
—2 n (2n+1) (2n+1)
_ (n)" 0 : :
where B"~1 = . From which, we therefore obtain
0 (=(n+1)"!
(™t | 2nx(=(ntIN" —()™ | k(= (nt1)" !
AP~ — (2n+1) + (2n+1) (2n+1) + (2n+1)
—2()" ! | 2¢(=(nt1)" ! 2«(n)" (=(nt1))" !
(2n+1) (2n+1) (2n+1) (2n+1)

and hence the result follows. O
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Remark 3.8 The number of spanning trees of the subdivision of general S(kC, — snake)
satisfies the following recursive relation: 7(S(kC,)) = 2n7(S(k — 1)C,, — snake) = (2n)*
where k is the number of blocks.

Theorem 3.9 The number of spanning trees of the subdivided fan graph satisfies the following
recurrence relation

T(S(F)) = >—=[(3 + V5)" = (3 = V)",

b
2V5
where 7( S(Fy) ) =1 and 7( S(F2) ) =6.

Proof Consider a graph S(F},) constructed from S (Fé) by deleting two edges. See Figure
7 following.

S(F,) S(FY)
Figure 7 Subdivided Fan Graph
We put S(F,) =7(S(F,)) and S(Fré) = T(S(F,{) ), It is clear that
S(Fy) = 328(Fu_z) — 24S(F)_),
where S (Fé) is the number of odd block and
S(F[) = 65(Far) — 4S(F/,).

where S(F,) is the number of even block with initial conditions S(F;) = 6, S (F1/ )=1 and

S\ _ [ SE-)
S(F) S(FL_y) )

6 —4
where, A = , which implies that
32 —-24
S(Fp) 4 S(Fp-1) e S(F1)
S(Fy) S(F)_) S(F)) )
1061 23561
1 and )\2 = )\1 75 )\2.
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A0
Then, there is a matrix M invertible such that A = M BM ~! where B = ! and M
0 A
is an invertible transformation matrix formed by eigenvectors
1 1 1 1.2615 —0.2031 1 a1
M = ;s M™° = i AT =MB" M,
1.2878 6.2121 —0.2615  0.2031
Jr (0.8488)"~1 0
0 (—18.8488)" 1

From which, we therefore obtain

An-1 1.2615(0.8488)™ " — 0.2615(—18.8488)" !  —0.2031(0.8488)" ! 4 0.2031(—18.8488)" !

1.6246(0.8488)" " — 1.6245(—18.8488)" !  —0.2616(0.8488)" "' + 1.2617(—18.8488)" "
and hence the result follows. |
Theorem 3.10 The number of spanning trees of the subdivided ladder graph satisfies the fol-
lowing recurrence relation

2n72

T(S(Ln)) = 7

for anyn > 1, where 7( S(L1) ) =1 and 7( S(L3) ) = 8.

[(2+V3)" = (2 V3)"]

Proof Cousider a graph S(F;,) constructed from S (Fé ) by deleting two edges. See Figure
8 following.

Figure 8 Subdivided Ladder Graphs S(L,) and S(L,/L)
We put S(L,) =7(S(Ln)) and S(L}) = 7(S(L4) ), It is clear that
S(Ln) =8S(L)_1) — 45(Ln-2)
where S(L,,) is the number of even block,
S(L}) = 60S(L],_,) — 328(Ln )

with S(L,/l) the number of its odd block with initial conditions S(L;) = 8, S(L{) = 1. Thus,
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we have
S(Ln) — A (Lnfl)
S(Lh) Sy )

8 —4
where A = , which implies that

60 —32

Ly, S(Ly— S(L
R IY R Y R
S(Ln) S(Li-) S(L1)
)\1 =0.49 and )\2 = —24.49 ) )\1 7§ )\2.
. : . . A1 0
Then, there is a matrix M invertible such that A = M BM ~! where B = and M
0 A

is an invertible transformation matrix formed by eigenvectors

1 1 1 1.3006 —0.1601 1 a1

M = ;s M™° = i A" =MBY M,
1.8775 8.1225 —0.3006 0.1601
. B (0.49)"~1 0 . .
with B"~1 = . From which, we therefore obtain
0 (—24.49)"1

1.3006(0.49)" 1 — 0.3006(—24.49)"~1  —0.1601(0.49)"~* + 0.1601(—24.49)" "
2.4419(0.49)" 1 — 2.4416(—24.49)"~1  —0.3022(0.49)" ! + 1.3004(—24.49)"

An—l _

and hence the result follows. O

84. Spanning Tree Entropy

The entropy of spanning trees of a network or the asymptotic complexity is a quantitative
measure of the number of spanning trees and it characterizes the network structure. We use
this entropy to quantify the robustness of networks. The most robust network is the network
that has the highest entropy. We can calculate its spanning tree entropy which is a finite number

and a very interesting quantity characterizing the network structure, defined as in [15, 16] as:

) In7(G)
Z(G)= lim ——=,
LR R (6
. In 4%
Z(KCy—snake) :nlingo Sl 0.4621,
In 6"
Z (K Cg—snake) = lim - = 0.3584

n—oo bk + 1
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) Inn* In(n)
Z(KCn = snake) = lim o—=y=a = 77

n(—_ x n_ (3 _ n
Z(S8(F,)) = lim In(g * B+ V)" (3~ v5) )zln(\3/3+\/g) =0.5513

Z(S(Ly)) = lim_ o+ 2 +5:1/§_)’;— 2= v3m —In(V/2+V3) + @ =0.4020

85. Conclusion

In this paper, we described how to propose the combinatorial approach to facilitate the cal-
culation of the number of spanning trees in linear and general cyclic snake networks. In par-
ticular, we derived the explicit formulas for the linear kcy — snake, linear kcg — snake and
linear kc, — snake . Finally, we derived explicit formulas for the general kcy — snake, general

kcg — snake and general kc,, — snake.

References

[1] G.Kirchhoff, Uber die Auflosung der Gleichungen, auf welche man bei der Untersuchung
der, Linearen Verteilung galvanischer Strme gefhrt wird, Ann. Phys. Chem, 72 (1847),
497-508.

[2] Kelmans A.K. and V.M.Chelnokov, A certain polynomial of a graph and graphs with an
extremal number of trees, J. Comb. Theory, 16 (1974), 197-214.

[3] G.A., A theorem on trees. Quart, J. Math., 23 (1889), 276-378.

[4] L.Clark, On the enumeration of complete multipartite graph, Bull. Inst. Combin. Appl.,
38 (2003) 50-60.

[5] R.Zbigniew Bogdanowicz, Formulas for the Number of Spanning Trees in a Fan, Applied
Mathematical Sciences, Vol. 2, no. 16, (2008) 781-786

[6] J.Sedlacek, On the Spanning Trees of Finite Graphs, Cas. Pestovani Mat., 94 (1969)
217-221.

[7] A.Modabish, M. El Marrak, Counting the number of spanning trees in the star flower
planar map, Applied Mathematical Sciences, Vol. 6, no. 49, (2012) 2411 - 2418

[8] E.M.Badr and B.Mohamed, Generating recursive formulas for the number of spanning
trees in cyclic snakes networks, 4" International conference on Mathematics € Information
Science, 05-07 Feb.(2015), Cairo, Egypt.

[9] E.M.Badr and B. Mohamed, Enumeration of the number of Spanning Trees for the Sub-
division Technique of Five New Classes of Graphs, Applied Mathematical Sciences, Vol.9,
No. 147 (2015), 7327-7334.

[10] W.Feussner, Zur Berechnung der Stromstarke in netzformigen Letern, Ann. Phys, 320
(1904), 385-394.

[11] A.Rosa, Cyclic steiner Triple Systems and Labelings of Triangular Cacti, Scientia, 5 (1967),
87-95.



Complexity of Linear and General Cyclic Snake Networks 71

[12] G.Chartrand and L. Lesniak, Graphs and Digraphs, Chapman and hall/CRC, Boca Raton,
London, New York, Washinton, D. C., 1996.



