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Abstract

A new formula for the energy density of electrostatic field is derived.
Based on the conservation of energy and momentum, the classical equa-
tions of motion of an electron, which is considered as a point particle, are
then obtained by establishing a delay coordinate system. The resulting
equations are exact but not covariant. Finally we calculate the self-energy
of a free electron in quantum electrodynamics using a new cut-off proce-
dure.

1 The Energy of Electrostatic Field

In many books about classical electrodynamics[1] , the electrostatic energy den-
sity

u=—E (1)

is derived from
1 n
W= 53 avie 2)

(1) can not be correct since one will get an infinite result after integrating it
while (2) is always finite. Obviously (1) contains the potential energy shared
by charges as well as the field energy owed by charges themselves which re-
mains constant in electrostatic. (2) is just the former. The latter shall not be
counted in the deduction of (1). Hence we will give a new derivation about the
electrostatic energy density.

We rewrite (2) as

1 n
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where V; is the total potential at r; produced by all the charges except the
charge i. The second subscript of V; means ‘at r;’. In order to use integral
afterwards we write ¢; as

gi = piAV; = (Ji5(ri)AVi

where AY; is a small volume at point r;. Substitute this equation into (3) we
obtain

1 n
W = 3 Z 40 (r;) AV;Vy; (4)

i=1
According to Gauss’s law we have at r;

We use E;; to denote the field strength at r; produced by g;. Then the electric
field strength E at r; can be split into two parts*

E=E; +E;
Where the two parts satisfy respectively
V- E;; =4mq;6(r;) (5)
and
V-E;; =V -E;+V -Egi+- +V-E;_1;+V-Eiy1,+V -E;=0 (6)

The reason for (6) is that except the charge ¢; all the other charges are not at
r;, i.e.

V- -Ei; =0, fork#1i

Thus we can retain the term V - E;; or abandon it. Retaining it means we are
calculating the action Vy; of on E;;, which is exactly the self-action. Therefore
we abandon it. Plugging (5) into (4) we get

1 n
W =_— BV AV
- ;Zlv MINY (7)

As mentioned previously, the divergence of E;; vanishes everywhere except at
r;. We can add the term below to every term of the sum on the rhs of (7)

> V-E;V,AY;

=15

Consequently

*The meaning of the subscripts of Ey; is the same as that of Vy,. Similarly, E;; denotes
the field strength at r; produced only by g;.
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In the last step we have thrown away the second index of E;; and V}; since we
are integrating them in a volume V . V shall be big enough to include all the
charges. After applying an integration by parts we obtain

1 n
W= — —/ Ei~VV¢dV+7{ V/E; - dS (8)
87 P v S

If we choose the volume V to be the whole space, the second integral in the
bracket of (8) would vanish. Due to

VV, = -E,

(8) becomes

1 n
W= ; /E -E/dv (9)

Consider a system of two point charges, we have

E, = E,, B, = E,
(9) gives

1
I /El EadV (10)
47

(3) being always finite guarantees the same holds for (9). The form of (9) implies
that the energy of electrostatic fields origins from ‘interaction’ between charged
particles. One can verify easily (10) for two point charges[2].

2 The Classical Equations of Motion of an Elec-
tron
The success of eliminating the self-action of a point charge in last section mo-

tivates us to go further. If we continue to apply the method to general elec-
tromagnetic phenomena in which electrons are usually in motion, however, we



would still obtain only the energy of ‘interaction’. As it is known, when an elec-
tron is accelerated its own field will ‘twist’, which implies the field has indeed
changed. In addition, electromagnetic radiation always takes away some energy
and momentum from the electron. Therefore reaction of the field exerting on
the electron shall exist. It is expected then we would encounter some infinity
in view of (1). But we shall keep in mind that only the change of the energy
and the momentum of the field, which corresponds to the reaction, is mean-
ingful to us. In other words, the motion of the electron interacting with the
electromagnetic field may be learned by calculating the change of the latter.

We want to obtain an equation of motion with manifest Lorentz covariance.
To this end, it is suitable to adopt the covariant form of electrodynamics*. The
equations for the electron interacting with electromagnetic fields are

dpﬂmec 1 v -
AiﬂJz:_7i/ﬁgﬂﬂﬁx (11)
w 4,
8uFtlot = _?J (12)

where p!/ ., is the mechanical energy-momentum vector of the electron and Ff,;
is the total field strength tensor. According to the principle of superposition,
the latter can be split into two terms, namely, those of external fields and that
of the field of the electron itself:

Flor = Fio + Flay (13)

There aren’t any other charged particles except the electron in the space we
consider. Therefore,
O Fly, =0

X

In view of (12) we obtain then a equation

47

o, = =% (14
Using the four-potential we write F% as
0AY, oA~
Fﬂl/ — sel sel 15
sel Oz, oz, (15)
In Lorentz gauge (14) now becomes
4
DAL, = -5 (16)

Let x*(7) be the world-line function of the electron which we regard it as a
point charge. The current density is then

@) =ec [~ 5= xr) (s

*We use guv = diag{—1,1,1,1} in this section.



In order to use some delay quantities to express the solution of (16), we introduce
a vector u* which satisfies

By — By —
utu, =1, u'v, =0

The potential to be solved at x* is produced by the electron when it was at x*.
If we let

RF = gt — x# (17)
The delay relation is then
R'R, =0
We also introduce an invariant
p=
c
(17) now can be written
P
R = p(u + ) (18)

We find that the solution of (16) is[3]

e vH
Al;ez(x) = E?

The field strength tensor can be calculated from (15). The result is[4]

v

e Ay U

1 1
Fi = ﬁ(v”u”—v”u“)—&—%[E(a”v”—a”v“)—&—u”(a“—i——aucv )—ut(a” +

)]
(19)
where a,, is defined by
ay, = al'uy,

We are interested in the symmetric tensor which is given by

14 1 v « 1 « v
Qfot = 16771'9“ (Fiot)as(Frot) B‘i‘E(Ftot)u (Ftot)a

Substituting (13) into it yields
6?012 - @g:l + @5;t + Gg:s

where

1 1 v Vo
eﬁ:‘; = ggHV(F‘sel)aB(Fezt)aﬂ + E[(Fezt)ua(lysel)a + (Femt) (Fsel)ozu] (20)



We call O the ‘cross’ term. It is composed of the field variables of the electron
nv

and the external field variables while ©%7) contains only the former and ©%7,

the latter. From (19) it can be shown that

2 I | 2 RMRY (v Rv) (v Rv)
e vl e v a
gé/l = 1 (uMuV - I 79;111) + 2 3 (au 2 — Oy -
4d7p c 2 2wccp p cp P
oy Ova
2 %1%
e 9 PR
Tnci 2 (au” —axa™)—;
oL

O + O + O

The divergence of the total symmetric tensor is
0,04y = lF“” j
nFtot = = ot Jv

We integrate the two sides of the above equation in a four-dimensional volume
V' of which we choose the time coordinate varies from 0 to tg. Due to (11) it
follows that

to dp?
/ d*20,01 = / cdt SPmech (22)

According to Gauss’s theorem, the lhs of the above equation can be rewritten
as

[ dtav,et = [ assm,et;
|4 3

where n,, is the tangent vector of the three-dimensional area element dS. (n)

is +1 when dS is space-like and —1 when dS is time-like. Suppose that the

relation between the coordinate time ¢ and the proper time 7 of the electron is
t=t(1)

We set

t(O) = O7 t(To) = to
Differentiate both sides of (22) with respect to 79 we obtain

d o dp®
d tot _ mech 2
dTO/E Se(n)ny c dTo (23)

We choose that the volume V' contains only the electron being studied. Hence,

9,0M, =0

ext —



Thus we do not need to consider the external term in (22). Consequnetly, (23)
becomes

d

1 uv n dp'U h
- vy mec 2
i /E ASe(n)n (%, + OLr,) = Lmech (24)

crs dTO

We assume that the electron was moving uniformly with velocity vy until it
begins to accelerate at ¢ = 0 under the action of the external field, as shown
below™. The shape of volume V' can be chosen arbitrarily without affecting our
result of calculation as long as the electron is located in V. We choose it to be
a rectangle so that the calculation would be simple. As exhibited in the figure,
the furthest points at which the electromagnetic signals arrive at ¢y are labeled
by P and P'. With the exception of the segment PP/, we denote with ¥ the
remainder of the boundary Y. The electromagnetic fields on Y are all produced
by the uniform motion of the electron, of which we use ©4” to represent the
symmetric tensor. When evaluating the integral on the lhs of (24), we don’t

A ct

Figure 1: the world-line of the electron in two dimensional space-time.

need to calculate directly that involving ©4”. If the electron continues to move
uniformly after ¢ = 0 with the absence of external fields, we have from (23)

L ase(myn, Lom = d(/PdSs(n)n 1@W+/ dSe(n)n, Lom) = o
dro Jx e v dry Jpr Ko 5! He vl
(25)
or
d 1 a (" 1
—_— d O = d e Y%
o ) S&:(n)nﬂc@v0 dre o S&:(n)nﬂc@v0

According to (21) and the above equation, the first term on the lhs of (24)
is

*For the sake of brevity, we drew the diagram in only two dimensions.



" / AS=(n)n, + 62,

N / dSe(n)n,~ (OB + O + @) 1 / dSe(n)n, 2 om]

= wo\Oam + Oa + )+ [ ne O
1

uv 7 ny ny

d’To/ dSe(n n“c@ + 0L + eLY — kY

Vo

(24) becomes then

dSs( n @ +— d PdSs(n) (@Hu+@/“’/+@/~“/ ony = %
dT() # crs d To va vo ) — dTO
(26)

To get an equation of motion of the electron, what we need to do next is to
calculate the integrals on the lhs of the above equation. The calculation has
been exhibited in Appendix A. The result is(See (A.10))

dpmech d [2e348 vxB 2 ¢2 N
z — E 27
dr * dr (3 cag T T c BT (27a)

cdr dr c gcja oy (27b)

cagp

where aq is the radius of cut-off. Note that this equation is exact without any
approximation.

3 The Self-Action of a Free Electron in Quan-
tum Electrodynamics

We immediately recognize the terms in the brackets on the LHS of (27) if we
write down the energy and the momentum according to (A.5) and (A.6) of the
field of a point charge moving uniformly

2 298 1e3y(1+ 38%)
2 Lricla= g———————
3 cap

2 ag
For comparison, the electrostatic energy of a point charge is e2/2ag. Therefore,
the terms in the brackets on the LHS of (27), which do not form a 4-vector,
correspond to the electromagnetic mass of an electron. The LHS of (22) is
generally a 4-vector unless the symmetric tensor O}, has singularities, which is
our case in virtue of (21). An interesting aspect of our result (27) is that the
radiation reaction

Pfield = (28)

2e?
7—511)\@)‘1)“
3c



exactly constitutes a 4-vector, although ©*¥ has a quadratic singularity p—2.
This is due to the quadratic zero of the volume element of integral (See (A.4)).
But this zero can not cancel the divergent in ©#” and ©4”. It has been a
problem up to now[5] that the electromagnetic mass being not covariant. It is
very interesting that if the electron moves with velocity ¢, the energy and the
momentum of the field would form a 4-vector in view of (28).

To solve the problem many attempts have be made[2]. One of them, for
example, was brought forward by Born and Infeld. They modified the Maxwell
equations in the region of small distance away from an electron to reduce the
infinity of the fields to a finite value. But we are not in the situation yet in
which we have to propose hypotheses. Because it has been proved in quan-
tum electrodynamics that the effect of the self-action of a free electron can be
included in the observed mass[6]. However, it seems that the meaning of this
procedure-renormalization, hasn’t been clarified thoroughly, especially the link
between it and the classical theory.

The self-energy of a free electron can be calculated by using the perturbation
theory. What the change of the wave-function the self-action leads to is just
a factor e *AET_ The first-order of the change is given by[7](au = 1,g"" =

1,-1,-1,-1})

Jim —iAET = %62 / / d*zd*y(x)(—iv,,)iSe(z — y) (—iv,)iDy (x — y)(y)
(29)

where N is a normalization factor. It equals to §2(0) if continuum normalization
is applied to 1 (x). After integrating over one of the coordinate variables, we
get

AE =i [ d'wil@)ySe(e — 9)uDf (@ - 1))
It reads in momentum space

m [ d*k 1 1
AE = —4me?i— - 4u7“p — ]é - m’yuuﬁ (30)
This integral divergences. Omne can regulate it using Pauli-Villars’ procedure
or Feynman’s method. Here we will use a simpler regularization. We first
transform the Minkowski space of the integral to Euclidean space by a Wick
rotation[9]. Then we impose a cut-off on it at a large momentum.
To illustrate our method, let us calculate first

/ d*k 1
(2m)t k2 +ie — L

we make a substitution: kg — ikg, so that

E? = — (k2 +k?) = —k%, (31)



kg is obviously a Lorentz invariant. Therefore,

/d4k 1 z/4k 1
@) k2 +ie—L  (27) P2+ L
—1
ot
)\2+L
8772( Elog L)

Here in the last step we have cut off the integral at A. Replacing the integration
variable k with k — p gives

/d4k 1 _i(Aj_AJFp?O >\2+A+p2)
Q)R —2p k—A 872 2 2 BT AT
Differentiating both sides of the above equation with respect to A and p®
spectively yields

/ d*k 1 _i{llo N+A+p? A2 ]
2m)* (k2 —2p-k—A)? 872 [2 & A+ p? 2(\2 4+ A +p?)
/d4k ka i { N+A+pE N, ]

(2m)* (k2 —2p-k—A)° 1672 7 A+p?  NH+A+p?

With the help of these integrals and Feynman parameters, we are now able to
calculate (30):

meQ

A

Or

2
Am= . 3mlogi
2m m

This additional mass would lead to additional momentum and energy which are
of course relativistically covariant®. The self-action of a free electron in quantum
electrodynamics differs greatly with that in classical theory. The difference can
be classified into three aspects: spin, vacuum fluctuations and the electrons in
negative energy states in vacuum|8].

What if when the electron is accelerated? (27) are far from being the ap-
propriate equations of motion. The actual situation is definitely not that the
electron can be treated as a point particle. But we have done our best without
the aid of hypothesises. Continuing to seek an answer in the classical regime of
electromagnetic dynamics is hopeless and unwise.

*Note that the way we prove the covariance is not the same as that we used in previous
discussion about classical electrodynamics. What the perturbation theory of quantum me-
chanics concerns is the change of the energies of free eigenstates when their momentums are
fixed.
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Appendix A

We first establish a coordinate system for the four-dimensional space-time. It
is convenient to employ the delay quantities as the coordinates. From (17) and

(18), we obtain
yn

o = X (T) + p + ) (A1)

Consider the case where the electron is moving along the x axis of our reference
frame. We set

x"(r) = (ct(r),z(7),0,0) (A.2)
o = (76,70,0,0) (A.3)
Note that the speed v is a unknown function of 7 and so is 7. p and u* is R

and (0, R) respectively in the frame where the electron is instantaneously rest.
R is the unit delay vector. More precisely,

(u") Rest = (0, cos @, sin 6 cos @, sin Osing)
We can infer then u* is in our reference system

u* = (yBcos b,y cosb,sin b cos p,sin Osinp)

According to (A.1), (A.2), (A.3)and the above equation, every point z* in the
space-time now can be determined by using p, 7, 8 and ¢. Thus the coordinate
system has been established as we want.

The segment PP in Figure 1 is actually a three-dimensional sphere in our
space-time. To label the points of this part, one needs only 3 coordinates. In
fact, the Oth component of (A.1) is

ct = ct(r) + pyBcosb + py

where ¢ is fixed and equal to ty on PP'. Therefore we can eliminate from the
above equation a coordinate such as p which would be given by

_ ctg—ct(T)
P= ~v(1 4+ B cosb)

The points of PP are now labeled by 7, 6 and . After some cumbersome
calculation we find the Jacob’s determinant from the space components of (A.1)

o(w,y,z) cp?sind
a(r,0,0)  y(1+ Bcosh)
where we have retained the appearance of p. With the above equation we are

able to compute the integrals on the lhs of (26). The normal vector of the
surface represented by PP is

(A.4)

n, = (-1,0,0,0)

11



From (21), we get

2w
mz/‘wdymewf / w/ m/dmw 1)- (27mﬁ)
P 4dre

“[=v(1+ Bcosh)] - y(Bcosh+1) -
0 2 e2 N
_/0 dTgc?&*a Y

T0 2 62
Pg = */ dTgcj’)’aAaA
0

~(1+ Bcos@)

where we have used:

axa® — a2 = aya*(1 — cos?h)

The remaining components of p# are equal to 0. The velocity term is

P 1 ) 1 62’)/3 1
w=[ dSe @w_—/ drs——"—— (14 -3
P /P () "e 0 2 (ctg — ct(r))Q( 35 )

/ dr ,A
3 ¢(cty — ct(r))’
The term O4Y gives

P 2
1 3Ba')
0 0 _
= ds -O4 d
pva /P’ €(n)nﬂc va / T Ct() —Ct( ))
o [l ot e
ve 0 3 2 (cty — ct(7))
We may expect the term p#, can be canceled out. This is true. We apply an
integral by parts to p? and p}:

o 1e’(1+38%)

Pv= "3 c¢(ctg — ct(T))

T0 N /7—0 p 627(2(10 _ %,@al)
T
0 0 e (cto — ct(7))

o2 P8
v 3c(ctyg — ct(r))

The result is what we expected.
The term corresponding to ©4 is

7 70 2 e2y(Ba’ + at)
+A T et — ci(r)

0

oo 1e22(1+ 1600 |
]&:_/ mm—iﬂi—4u-m)— Lelr b)) ()
0 2 (cto — ct(r )) 2 c(cto — cyo)

2 €238 7o

3 c(cto — cyoT) |,

12



where 79 = 1/4/1 — v¢/c? and

() =07, to="0T0 (A7)
is the relation between the coordinate ¢ and the proper time 7 for uniform
motion of the electron. When substituting the bound my(or 7) of the integrals
we would get infinities. These infinities will not bother us, as we will see in
section 3. Hence we retain the zeros in the denominators but in the limit form.
For instance,

)a~>0

= (10

. a . a
cto — ct(mp) = ‘11_% cto — ct(ro — E) = (113})7(70)2

where we have used

a

tm = 2) = t(r0) = (m0)

a is an invariant and has the dimension of length. The treating for the substi-
tuting of 7 is analogous. Summing up pl, py, and pi together gives

d (1 e*y(1+ §ﬁ2)>

10 n0 ©n0
o / AS=(njn + Lo 4 om — ono) = " o

2 e2f3
/ dSe(n nu (@5&4—@51 @”1) a <€7 )
dTO

dTO 3 Ca—0

When calculating the integral of the term ©%7, we regard the external fields
as constants. This can be justified by two reasons. One is that we can make the
volume V' very small so that the external fields becomes homogeneous*. The
second is the electron is subjected only to the field at the location where it is.
Thus we can just choose the external field as a uniform electric field Ey without
loss of generality. Analogous to our previous discussion, it is not necessary to
calculate directly the part on ¥X’. Instead, it can be evaluated in the following
way: Suppose that a constant force f = —eFEj begins to act on the electron at

t = 0 so that it keeps moving uniformly. Thus (24) becomes

d dSe( nu (@“”+@ )+f” _d dsg( ) @xw = APrmech _ 0
dTO crs(vo) dTO crs(vo) - dro -

in virtue of (25). Here ©" T” (uy) 18 the OLY, when the electron is moving uniformly

with velocity vg and f" is the covariant form of f:
f-v
v — f
fr=al—1)
Hence,

*We can’t treat the fields of the electron in this way because they have a source-the
electron, i.e. a singularity.

13



P
/, dSE( ) @5:9(1)0) = 7fV7:0 7L dse(n)nﬂ @f:s(vo)

Now we have

P/
p) ! ’ P

P’ P’

i / AS=(n)n, T2, ) + / AS<(n)n, - O,
P 0 P

“as)

Let the electric field be along the x axis, we have then

(Fewt)(n = _E07 (Fext)lo = EO

All the other componemts of (F,;)"" are equal to 0. We only need to consider
0%, due to n,. Let us calculate first its 0 component. From (20) it can be
shown that

@00 _ EO

o Fse
crs 471'( l)lO

According to (19),

e e .1 Ay V1 Qq, V0
F. = —(v1ug — vou —|—(a1v9 — agv ug(a —) —ui(a
(Fse)10 CPQ( 1Uo — Vo 1)+02p[c( 1v0 — agv1) + uo(a1 + p ) —ua(ao + )l
e ea’ 1 — cos?6
= —cosf — —-
cip VB

The following equations are helpful for us:

,d dy A8, dy dv

= — _— = — :7—37
a_ﬁ’dv e T % 76dr

The velocity term of ©%° gives

/PldS( 1)1E0 < cosO Eo 27Td / d / dcosf - cost9
-1-—= =—— T
P ¢ 4w p? 4me 7 (14 Bcosf) ,BCOS 0)
E
= _° 0/ d’T/ dx - 7 +5$)

_eE() $+ﬂ
‘T/o dT/_ld“{B‘(uﬂx)}

Then we can immediately write down

14



P » 2 T+
[ somer - ol ]
—1

P 2 1+ Box)
eEy /1 [ z + Bo ]
=—t dx -
3 o) Bo 0+ for)
where (A.7) has been used in the last step. The acceleration term gives
P’ 2 T 1 2
1Ey—ea”1— 0 E 0 d 1-
| asenig cal Lo B0 [y i) Lar e
P cir 2 B 2¢ Jo dr J_1  (1+Bx)
E 7o 1
] [to — t(7)]d [/ d:cw}
2 Jo 1 (1+Bz)

eFotg ! x + By eE() T+
=— dx dx
2 -1 (1 + BOI‘ + Bl‘

Summing up these results according to (A.8) yields

1 70
/dS&(n)nﬂf@Mq = 6E0/ ~BdT
by c 0

The treatment for the 1 component similar. Thus it follows that

d v
dT() / dSE( ) 957’5 = _7Feztv)\

After collecting all the results of our calculation, we finally obtain(replace 7
with 7)*

dpmech d 2 62'}’ﬂ v x B 2 e A
—+ — (= = E A9
dr + dr (3 ca_yq A c Y A (A-92)

dEmech d 1 62'7 (1 + %ﬂz) ev-E 2 6 A
— T 3-\>5 = A.9b
cdt dr (2 Ca_so 7 c 3t AL ( )

Now we apply a cut-off on 7, i.e. we replace a_,o with a constant ag:

dPmech d [2e3~8 vxB 2 ¢2 A
— | = = E A.10
dr * dr (3 cag T T c BT ( 8)

ABpeen,  d [1€2y (1+36%) ev-E 22

cdr + dr cag T T 3AY ( )

This procedure is equivalent to digging out a sphere of radius ag(in the instanta-

neously rest reference frames) from the volume in which we calculate the energy
and momentum of the electromagnetic fields.

*Although they are derived for the case of rectilinear motion, they can apply to the cases
of curvilinear motion since there is no limit on the duration of the motion of the electron in
our calculation.
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