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STUDY OF (0,7)-GENERALIZED DERIVATIONS WITH THEIR
COMPOSITION OF SEMIPRIME RINGS

AJDA FOSNER' AND MEHSIN JABEL ATTEYA??

ABSTRACT. The main purpose of this paper is to study and investigate certain
results concerning the (o, 7)-generalized derivation D associated with the (o, 7)-
derivation d of semiprime and prime rings R, where ¢ and 7 act as two automorphism
mappings of R. We focus on the composition of (o, 7)-generalized derivations of
the Leibniz’s formula, where we introduce the general formula to compute the
composition of the (o, 7)-generalized derivation D of R.

1. INTRODUCTION AND PRELIMINARIES

Ring hypothesis is a masterpiece of scientific unification, bringing together a several
branches of the subject and offering a capable mechanism with which to consider
issues of impressive verifiable and numerical significance. Rings with derivations are
not the kind of subject that experiences colossal transformations or great leaps in
methodology. Be that as it may, this subject has been subject to the scrutiny of
numerous creators in the last 70 years, in particular in terms of the connections
between derivations and the structures of rings. The hypothesis of derivations and
automorphisms of affiliated rings are a particular milestone in the advancement of
classical Galois Hypothesis (cf. Suzuki [31] and L. Taelman[32]) and the hypothesis
of invariants.

Commutative ring theory is significant insofar as it is one of the foundations of alge-
braic geometry and complex analytic geometry. The study of generalized derivations
of partially ordered set has its roots in the study of the Krull dimension of rings and

Key words and phrases. Semiprime rings, prime rings, (o, 7)-derivations, torsion free rings, com-
muting mappings.

2010 Mathematics Subject Classification. Primary: 16W25. Secondary: 16N60, 16US80.

Received: May 30, 2018.

Accepted: February 06, 2019.



2 A. FOSNER AND M. J. ATTEYA

modules, where the concept of Krull dimension of commutative rings was originally
developed by E. Noether and W. Krull in the 1920s.

Following [27], the fundamental relations between the operations of derivation and
those of the addition and multiplication of functions had been recognized for some
considerable time because of the perception of the derivative. These relations were
used when it was a construct that the operation of differentiation of mappings on the
smooth diversity with considerations to a given tangent field not just has the regular
properties of differentiation save also conversely, the operation can define the tangent
field as fully characterized. Subsequently, the tangent bundle in terms of sheaves of
functions could also be reliably defined. It is extremely active the perception of the
ring with derivation and has a highly significant role in the integration of analysis,
algebraic geometry and algebra. From the rule of common experience, the idea of a
Picard-Vessiot approach to the Galois concept of linear regular differential equations
(see van der Placed and Singer [28] for information). Moreover, that the concept
covered derivation in its inventory of tools. The classical operation of differentiation
of monotony on sorts gave us the perception of differentiation of singular chains on
types which is a fundamental notion of the topological and algebraic principle of
homology. Differential algebra, which represented a new branch of algebra, was first
introduced in the 1950s through the work of Ritt [44] and, in 1973, Kharchenko [30],
who wrote the classical texts on differential algebra. The search for derivations in
rings actually began many decades ago, but it was only after Posner [31], who in 1957
established two very striking results relating to derivations of prime rings, that this
field of study gained a particular impetus. A common question is that of why should
derivations should be studied. Initially, we used derivations of rings to help us gain a
better understanding of rings, and in particular a description of the structure of rings.
For instance, a ring is commutative if, and only if, the only inner derivation of the
ring is zero. Also, derivations can be helpful in relating a ring to the set of matrices
with entries in the ring (see [23]). Additionally, derivations can play a significant role
in determining whether a ring is commutative or otherwise (see [5,11,13-15,18] and
[46]).

Derivations can be useful in other fields. For example, they play a significant role
in the calculation of matrix eigenvalues (see [17]), which is important in mathematics
and other sciences, business, engineering and quantum physics (see [19]). Derivations
can be added and subtracted and still produce a derivation, but when we compose a
derivation with itself we do not necessarily get a derivation.

Let R be an associative ring. A map d : R — R is a derivation of R if d is
additive and satisfies the Leibnitz’ rule: d(ab) = d(a)b + ad(b) for all a,b € R. A
simple example is, of course, the usual derivative of various algebras consisting of
differentiable functions. Basic examples in noncommutative rings are, however, quite
different.

Note that [a,zy] = [a, x|y + z[a,y] for all a,z,y € R. For a fixed a € R, we define
d: R — R by d(z) = [z, a] for all z € R. Function d is additive and d(zy) = [zy,a] =
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zly,al + [z,aly = zd(y) + d(x)y for all z,y € R. Thus, d is referred to as an inner
derivation of R associated with a, and is generally denoted I,. It is obvious that every
inner derivation on a ring is a derivation; however, one can find plenty of examples of
derivations which are not inner.

Throughout the current paper, R will denote an associative ring with a center Z(R).
Any z,y € R the bracket symbol, [z, y], represents the commutator xy — yz and for
a non-empty subset S of R, whilst the set of all commutators of elements of S will
be written [S, S]; a similar convention is adopted for zoy = zy + yz. We will always
use the commutator formulae [z,yz] = yla, z| + [z,y]z and [xy, 2] = x|y, 2| + [z, 2]b
for x,y,z € R. Also, let 0,7 be any two endomorphisms of R. For any x,y € R, we
set [x,ylor = xo(y) — 7(y)x and (xoy),, = zo(y) + 7(y)z for all z,y € R.

Recall that the ring R is prime if xRy = 0 implies x = 0 or y = 0, and semiprime if
2Rz = 0 implies x = 0. In fact, a prime ring is semiprime, but the converse is not true
in general. Given an integer n > 1, the ring R is said to be (n-torsion free) if for r € R
nx = 0, which implies x = 0. An additive mapping d: R — R is called a derivation if
d(zy) = d(z)y + xd(y) for all z,y € R. Let o and 7 be two automorphisms of R. An
additive mapping d: R — R is called a (o, 7)-derivation if d(xy) = d(z)o(y)+7(z)d(y)
holds for all =,y € R. Of course, a (1, 1)-derivation where 1 is the identity map of R is
a derivation. An additive mapping D : R — R is called a generalized derivation if there
exists a derivation d : R — R such that D(zy) = D(x)y + zd(y) holds for all z,y € R.
Obviously, every derivation is a generalized derivation of R, but the converse is not
true in general. A significant example is a map of the form D(z) = ax + xb, where for
some a,b € R such generalized derivations are called inner. Generalized derivations
have been primarily studied in operator algebras; therefore, any investigation from an
algebraic point of view might be interesting in itself (see for example [46] and [35]).
In this way, generalized derivation covers both the concepts of derivation and the left
multiplier of R.

Inspired by the definition of (o, 7)-derivation, the notion of generalized derivation
was extended as follows: let o, 7 be two automorphisms of R. An additive mapping D :
R — R is called a generalized (o, T)-derivation of R if there exists a (o, 7)-derivation
d : R — R such that D(zy) = D(z)o(y) + 7(x)d(y) for all z,y € R. Of course, a
generalized (1,1)-derivation is a generalized derivation on R, where 1 is the identity
mapping on R. A mapping d : R — R is said to be centralizing if [d(x),z] € Z(R)
holds for all € R. In the special case when [d(z),z] = 0, the mapping d is said
to be commuting on R. Furthermore, a mapping d: R — R is said to be (o, 7)-
centralizing (vesp. (o, T)-commuting) if [d(z), x|, € Z(R) (resp.[d(x), z],, = 0) holds
for all z € R. Of course, a (1, 1)-centralizing (resp. (1, 1)-commuting) mapping is a
centralizing (resp. commuting) on R.

In fact, there are some applications of (o, 7)-derivations which can help to develop
an approach to deformations of Lie algebras, and which have various applications in
modelling quantum phenomena and in the analysis of complex systems. The map
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has been extensively investigated in pure algebra. Recently, it has been treated for
Banach algebra theory.

There are several results in the existing literature that deal with centralizing and
commuting mappings in rings. The study of centralizing mappings was first introduced
by E. C. Posner [24], who stated that the existence of a nonzero centralizing derivation
on a prime ring forces the ring to be commutative (referred to as Posner’s Second
Theorem). In an attempt to generalize the above result, J. Vukman [25] confirmed
that if R is a 2-torsion free prime ring and d: R — R is a nonzero derivation such
that the map = ~ [d(z), z] is commuting on R, then R is commutative.

M. J. Atteya [16] gave the proof that if R is a 2-torsion free semiprime ring and
d : R — R is a derivation of R such that d"(zoy)+(zoy) € Z(R) for all z,y € R, then
there exists C' and an additive mapping &: R — C' such that d(z) = Az + £(z) for all
r € R, where n is a fixed positive integer. O. Gélbast and E. Kog [21] proved that (f, d)
is a generalized (o, 7)-derivation of a prime ring R with char(R) # 2. If af(z) = 0 for
all z € R, then a = 0 or d = 0. M. Ashraf, A. Khan and C. Haetinger [12] showed that
under certain conditions for the prime ring R, every Jordan (o, 7)-higher derivation
of R is a (o, 7)-higher derivation of R. B. Dhara and A. Pattanayak [23] proved that
if R is a semiprime ring, I a nonzero ideal of R, and ¢ and 7 are two epimorphisms
of R, an additive mapping F': R — R is a generalized (o, 7)-derivation of R if there
exists a (o, 7)-derivation d : R — R such that F(zy) = F(x)o(y) + 7(x)d(y) holds
for all z,y € R. If 7(I)d(I) # 0, then R contains a nonzero central ideal of R if the
condition Fz,y] = £(zoy),, holds.

Moreover, the results determined by Ajda Fosner in [33] concentrated on the as-
sumption that I was a separated set of an M-bimodule contained in the algebra
generated by all idempotents in A, and let «, 5 be endomorphisms of A such that
a(l) = I, B(I) = I. Then, every local generalized («, 3)-derivation (local (a, 3)-
derivation, resp.) from an algebra A into an A-bimodule M is a generalized (o, 3)-
derivation ((a, §)-derivation, resp.), while in [34] the Hyers-Ulam-Rassias stability of
(m, n)(a,p)-derivations on normed algebras, where m and n are non-negative integers,
were studied.

Conversely, Marubayashi et al. [36] stated numerous results connecting derivations,
(0, 7)-derivations and generalized derivations to the generalized (o, 7)-derivation of R.
More precisely, the authors studied the commutativity of a prime ring R admitting a
generalized (o, 7)-derivation F', satisfying certain conditions such as [F(z),z],, = 0
for all x in an appropriate subset of R, where o, 7 are automorphisms of R.
Recently, Ajda Fosner and M. J. Atteya in [46] introduced the concept of semigener-
alized semiderivations of semiprime rings, alongside some of the associated results.
Throughout the present paper, we shall use, without explicitly mentioning, the fol-
lowing basic identities:

[zy, Z](LT =y, Z]U,T + [z, 7(2)]y = z[y, 0 (2)] + [z, Z]O',Tya
[, y2]o,r =0 (y)[z, 2o + [, Yloro(2),
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(20(y2))or =(20Y)o,-0(2) = T(Y)(202)0.r = T(y)(202)0r + (20Y)or0(2).

In the present paper, we establish a number of results concerning the (o,7) -
generalized derivation D associated with the derivation d of the semiprime ring and
prime ring R, in addition to presenting the general formula for the composition of a
(o, 7)-generalized derivation D, and some example applications of such.

2. THE Basic FACTS

We begin with the following known results, on which our derivation subsequently
depends:

Lemma 2.1. ([40, Lemma 3]). Let R be a semiprime ring and let d : R — R be an
additive mapping. If either d(x)x = 0 or xzd(x) = 0 holds for all x € R, then d = 0.

Lemma 2.2. ([3, Problem 14, p. 9]). A seminear-ring R has no non-zero nilpotent
elements if, and only if, x* = 0 implies v = 0 for all x € R.

Lemma 2.3. ([6, Lemma 3.1]). Let R be a semiprime ring and leta € R. Ifa[z,y] =0
for all z,y € R, then there exists an ideal I of R such that a € I C Z(R).

Lemma 2.4. ([4, Lemma 2.4]). Let R be a semiprime ring and let a € R. Then
[a, [a,z]] = 0 holds for all x € R if, and only if, a®,2a € Z(R).
Lemma 2.5. ([1, Lemma 2]). Let R be a prime ring. If a,b,c € R are such that

axb = cxa for all v € R, then either a =0 or c =b.

Lemma 2.6. ([2, Lemma 1.1.8]). Let R be a semiprime ring and let a € R. If
la,[z,y]] € Z(R) for all z,y € R, then a € Z(R).

3. THE MAIN RESULTS

Theorem 3.1. Let R be a 3-torsion free semiprime ring and let o, T be automorphism
mappings of R. If D is a generalized (o, T)-derivation such that D*(R) = 0, then d = 0.
Proof. For any x € R, we have D?(z) = 0. Replacing z with xy, we get

D(D(zy)) =D(D(z)o(y) + 7(x)d(y)) =0, z,y €R,

D(D(zy)) =D(D(x)o(y)) + D(r(x)d(y)) =0, =,y €R,
and

D*(x)a(y) +7(D(x))d(o(y)) + D(r(x))o(d(y)) + 7(x)d*(y) = 0.

In view of the mappings, o and 7 act as automorphism mappings of R and we
obtain

(3.1) D?*(z)y + 2D(z)d(y) + xd*(y) = 0.

According to the relation D*(R) = 0, the first item of equation (3.1) becomes zero,
which produces

(3.2) 2D()d(y) + =d*(y) = 0.
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In relation (3.2), we reconstitute y by ty, t € R, we gain
2D(z)(d(t)o(y) + 7(t)d(y)) + zd(d(t)o (y) + 7(t)d(y)) = 0.

Then, after simple calculation, from the left side of the above relation we get the
following

(3.3) 2D(2)d(t)o(y) + 2D (2)7(t)d(y)) + zd*(t)o*(y)
+ar(d(t))d(y) + 2d(7(t))o(d(y)) + 27°()d* (y) = 0.

In agreement with the relation (3.2), the first item of relation (3.3) becomes —xd?(t)y,
which is cancelled with the item zd?(t)o?(y) where, based on the fact that the map-
pings o and 7 act as automorphism mappings of R, relation (3.3) becomes

(3.4) 2D(2)7(t)d(y)) + 27(d(t))d(y) + zd((1))o(d(y)) + 27*(t)d*(y) = 0.

Conforming the fact that o and 7 acts as automorphism mappings of R, the relation
(3.4) produces

(3.5) 2D (z)td(y)) + 2zd(t)d(y) + wtd*(y) = 0.
Again, relation (3.2) modifies relation (3.5) to
(3.6) 2D(x)td(y)) + 2zd(t)d(y) — 22 D(t)d(y) = 0.

Restitution of x by D(x) and application of the relation of hypothesis D?(R) = 0
reduces relation (3.6) to

(3.7) 2D(z)d(t)d(y) — 2D(z)D(t)d(y) = 0.
We rewrite relation (3.7) in agreement with relation (3.2) as
—zd?(t)d(y) + D(x)td*(y) = 0.
The above relation replacing z with D(z) is dependent on the fact that D*(R) = 0,
from which we achieve
(3.8) D(x)d?(t)d(y) = 0.

Replacing y with ys, s € R in relation (3.8) and applying the result, we propose
D(z)d?(t)yd(s) = 0. Replacing y with yD(z) and s with d(t) for the reason that R is
a semiprime ring, we have
(3.9) D(x)d*(t) = 0.

Again, in relation (3.2) we set y = d(y), and we retain 2D(z)d*(y) + zd3(y) = 0.
Obviously, according to relation (3.9) with consideration for the semiprime nature of
R, we can say d>(y) = 0. In the above result replacing y by zy through application
of the relation d*(y) = 0, we achieve 3d*(z)d(y) + 3d(z)d*(y) = 0, for all z,y € R.
Substitution of z with d(x) will depend on the hypothesis that R is a 3-torsion
free semiprime ring, in which the above relation reduces to d*(z)d*(y) = 0. Right-
multiplying the above relation by rd?(x), r € R and left-multiplying by d*(z)r, r € R,
with applying Lemma 2.2, we obtain d?(z) = 0.
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Using the same argument as in the last part of the proof, we receive the required
result. U

Theorem 3.2. Let R be a 2-torsion free semiprime ring and o and T be two auto-
morphism mappings of R. Suppose that there exists a (o, T)-generalized derivation D
such that [D(z),x],r = 0 for all x € R, then

(i) if the generalized derivation D is the commuting mapping of R then d is
commuting mapping of R;

(ii) if the derivation d is the commuting mapping of R then D is the 2-commuting
mapping of R.

Proof. (i) Let us introduce the mapping 7 : R xR — R for all 2,y € R by the relation

7(‘% y) = [D('T>7 y]cm' + [D(y>7 x]o,r-

We have the fact that v is symmetric, which means y(z,y) = v(y, z) for all z,y € R
is additive in both the arguments. Notice that for all z,y, z € R,

Y(zy,z) = [D(7y), 2]or + [D(2), 2Ylor

Previously, we had

1(zy, 2) = [D(x)o(y) + 7(2)d(y), 2lo,r + [D(2), 2Ylo,r

After that, from the right-hand side of the above relation we gain the following
equation

(3.10) ~(zy,z) =D(z)[0(y), 2lor + [D(x), 2|60 (y)
+7(@)[d(Y), 2]or + [7(2), 2]07d(y) + 2[D(2), Ylor + [D(2), 2]6+y.

On account of ¢ and 7 acting as an automorphism mappings of R, then

Y(zy, 2) =D(2)[y, 2]or + [D(2), 2]ory + 2[d(Y), 2]or + [, 2]0+d(y)
+ 2[D(2),Ylor + [D(2), 2]0ry-

Again we suggest an additive mapping k£ from R onto itself by k(z) = ~(z,x).
Then, we gain k(x) = 2[D(z),z],,. In fact, the mapping x satisfies the following
relation

k(e +y) =2[D(@ +y), @ + Yo

(3.11) 2([D(2), 2lor + [D(@), Ylor + [D(Y), #lo,r + [D(Y), Ylor)-
By reason of r(z) = 2[D(x),z],, the relation (3.11) yields that

(3.12) k(x+y) = k(z) + K(y) + 27(z, y).

According to the fact that x is an additive mapping, the relation (3.12) becomes
29(z,y) = 0. In view of R being a 2-torsion free semiprime ring, we gain v(z,y) = 0.
Now, in the relation v(x,y) = 0, replacing y with xy, we get

Az, 2y) = [D(e), 2yls + [D(y), alor = 0.
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Then

[D(2), 2ylor + [D(@)o(y) + 7(2)d(y), 2o = 0.
Consequently, from the left-hand side of the above relation, we obtain the following
equation

(3.13) z[D(2),Ylor + [D(@), 2]ory + D(@)[0(y), 2]or
+[D(2), 7]oro(y) + 7(2)[d(y), #lor + [T(2), 2]0,-d(y) = 0.
Subsequently, the mappings ¢ and 7 act as automorphism of R, and the relation (3.13)
becomes
2([D(x), Ylor + [d(y), 2]o.r) + D(@)[y, z]or + K(x)o(y) = 0,
where the additive mapping D acts as a commuting of R, i.e., k(x) = 0, and replacing
y with x so the above relation is changed to

(3.14) zld(z), z],r = 0.

Now we left-multiply the relation (3.14) by [d(x), x],.. and right-multiply by z to gain
([d(x),z],-2)? = 0. for all z € R. By applying Lemma 2.2 to the above relation and
subtracting the result from relation (3.14), we achieve [[d(x),z],r, Z]s- = 0. and we
get the required result. This completes the proof.

(ii) When d acts as commuting of R. In relation (3.10) in part (i), we reconstitute
z and y with x by applying the fact that the mappings cand 7 act as automorphisms
and d acts as commuting of R, we achieve

(3.15) 2[D(x), x|z = —x[D(x), 2],

where we suppose the mapping k = 2[D(x), z|, with which relation (3.15) becomes
k(zx)r = —x[D(zx),z] for all z € R. In above relation, by linearizing = by = + y, we
gain

k(@) + Kk(y)z + K(2)y + k(Y)Y

= —a([D(x), 2] + [D(x),y] + [D(y), =] + [D(y),y]) = y([D(x), 2] + [D(x),y]
+[D(y), 2]+ [D(y),o]), =yeR.
According to the relation x(x)z = —x[D(x), x|, the relation should be

—[D(x), 2] + k(y)z + £(2)y = y[D(y), Y]
= —2([D(x), =] + [D(x), 4] + [D(y), 2] + [D(y), y]) — y([D(x), 2] + [D(z),y]
+[D(y), =]+ [D(y),9]), =yeR
Again, we depend on the fact that x(zx)x = —z[D(z),z], and by replacing y with

x,we obtain —2z[D(x),z],, = —6x[D(z), z|s,. In consideration of the fact that R is
a 2-torsion free semiprime ring, we get x[D(z), z],, = 0 for all x € R. Then
(3.16) xD(z)r = 2°D(x).

Substituting the result z[D(x), z],, = 0 into relation (3.15), we gain
(3.17) xD(z)x = D(x)z’.
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Obviously, the subtraction of equations (3.17) and (3.16) gives [D(z),2?%],, = 0 for
all z € R. Depending on the this relation, we complete the proof. O

Proposition 3.1. Let R be a ring and o and 7 be two automorphism mappings of R.
Suppose that there exists a (o, T)-generalized derivation D such that D(z)[x,y|s- = 0.
Then

(i) if R acts as semiprime ring then (o, T)-generalized derivation D is commuting
of R;

(ii) if R acts as prime ring then either (o, T)-generalized derivation D =0 of R or
R is commutative ring.

Proof. (i) In the main relation D(z)[z,y|,, = 0 for all z,y € R. Replacing y by yt,
t € R, we gain

(3.18) D(z)ylz,t]o,r + D(x)[z, t]5-t = 0.

Obviously, the second term of the relation (3.18) depends on the main relation be-
coming zero, which leads to D(z)y[z,t|,, = 0 for all z,y,t € R. According to the
hypothesis, R is a semiprime ring, so in the above relation we replace y with xR and
t by D(x) to get

(3.19) D(z)zR[z, D(z)],.» = 0.

Again, in the previous relation, we substitute y by R and left-multiply by z, after which
we subtract the result to produce relation (3.19), and we obtain [D(z), z],, = 0 for
all x € R. Straightforwardly, we gain the fact that D is commuting (o, 7)-generalized
derivation of R.

(ii) When R acts as prime ring, we again depend on the following relation

D(z)ylz,t]lpr =0, z,y,t€R.

Restitution of y with R in the above relation produces D(x)R[z, ], = 0. In agreement
with R acting as a prime ring, we gain the following results: either D(z) = 0 or
[,t], = 0. Now we discuss the above options. Let [z,t],, is not equal to zero.
Obviously, we get D = 0 for R. Otherwise, if D is nonzero, then [z,t],, = 0 for all
x,t € R. Conforming to o and 7 being two automorphism mappings of R, we get the
result that R is commutative. U

Theorem 3.3. Let R be a 2-torsion free semiprime ring and o and T be two auto-
morphism mappings of R. Suppose that there exists a (o, T)-generalized derivation D
such that D(xy) = D(yz) for all x,y € R, then the derivation d is the commuting
mapping of R.

Proof. Suppose ¢ € R is a constant, i.e., an element such that D(c) = 0, and let ¢ be
an arbitrary element of R. According to the hypothesis, we have D(zy) = D(yz) for
all z,y € R. We replace x with ¢ and y with z, through which we get D(cz) = D(zc)
for all z € R. Then

(3.20) D(c)a(z) + 7(c)d(z) = D(z)o(c) + 7(2)d(c)-
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Applying the fact that D(c) = 0 to the relation (3.20), we then have
(3.21) T(c)d(z) = 7(2)d(c).

Now, for all z,y € R, the commutator [z,y], . is a constant and hence from rela-
tion(3.21) we obtain

([, Y|or)d(2) = T(2)d([x, y]sr), forall z,y,z € R.

As stated in the hypothesis, let 7 be a automorphism mapping of R and the above
equation becomes

(3.22) [z, Y]o-d(2) = zd([z, yo.r)-
In equation (3.22), replacing z by zr, we get

[z, Ylord(z)o(r) + [z, y](,’TT(z)d(T) = zrd([z, y]U,T):

for all z,y,z,r € R. In agreement with relation (3.22) the above equation can be
modified to zd([z,y])o(r) + [z,y],,T(2)d(r) = zrd([z,y]s-). Then

(3.23) zld([z,y]or), 7] = = [T, Y]or2d(T).

Substituting 7 for d([z,y],,), we obtain that [z,y],,2d*([z,y],,) = 0 for all x,y,z €
R. Left-multiplying by d?([z,y|,.) and right-multiplying by [z, y],., we gain

d2([$, y])[l’, y]U,TRd2([x> y]U,T)['r7 y]O,‘r =0.

According to the hypothesis that R is a semiprime ring, we achieve

dQ([Iv y]cr,’r)[x7 y]O’,T - 0

We establish that a = d*([z,y],.) in the above relation, and by applying Lemma 2.3,
we achieve a € Z(R), i.e., @([z,y],-) € Z(R). In the relation (3.22), we substitute z
with d([z,y],.,), and use the relationship d*([z, Y]y )[T,Y]or = 0, where d?([z, y],..) €
Z(R), and we thus have d([z,y],.)* = 0 for all z,y € R, i.e., we obtain d([x,y],,)* €
Z(R) for all z,y € R. In agreement with Lemma 2.4, we obtain 2[d([x, ys.r),7]o.r =0
for all z,y,r € R. Since R is a 2-torsion free semiprime ring in the above relation, we
modify this to [d([x,Y]sr), 7]sr = 0 for all z,y,r € R. Moreover, we gain d([z, yl,.r) €
Z(R) for all z,y € R. Now, in relation (3.23) the above fact produces [z, y],zd(r) =0
for all z,y,r, z € R. Left-multiplying by d(r) and right-multiplying by the commutator
[%,Y]or, and depending on R being a semiprime ring, we get d(r)[z, y],» = 0 for all
z,y,r € R. In agreement with Lemma 2.3 the above relation gives d(r) € Z(R), which
implies that [d(r),7],, = 0 for all » € R, which is the desired result. O

Obviously, depending on Lemma 2.3 which used in the proof of Theorem 3.3, this
implies the following result.

Corollary 3.1. Let R be a 2-torsion free semiprime ring, U be an ideal and o and
T be two automorphism mappings of R. Suppose that there exists a (o, T)-generalized
derivation D such that D(zy) = D(yx) for all x,y € R, then R contains a non-zero
central ideal.
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Theorem 3.4. Let R be a 2-torsion free prime ring, and o and T be two automorphism
mappings of R. Suppose that there exists a (o, T)-generalized derivation D such that
[D(x), D(y)|sr = 0 for all x,y € R and that d and D commute, then either D
(o, 7)-commute of R or d*(R) o d(R) = 0.

R) —
Proof. In the main relation [D(z), D(y)|sr = 0 for all z,y € R. Replacing y with zy,
we obtain [D(z), D(z)o(y) + 7()d(y))]sr = 0 for all z,y € R. Moreover, we obtain

(3.24) D(z)[D(x),0(Y)lo.r + 7(y)[D(2), d(y)or + [D(2), 7(2)]5-d(y) = 0.

In relation (3.24), we substitute y with D(z), z € R, and since ¢ and 7 act as
automorphisms of R as depending on the main relation [D(x), D(y)],» = 0, we
achieve

‘T[D(I)ad(D<z))]a,T - _[D(I>7I]d(D(Z))7
for all z,z € R. Putting b = [D(z),d(D(2))]s» and a = —[D(x),z]d(D(z)), then

we have zb = —a. Left-multiplying by a and right-multiplying by xa, we again
have az(bra) = —a?za. In consonance with Lemma 2.5, we have: either a =
[D(z),z],-d(D(2)) = 0 for all z,z € R or (bra) = —a?, which is guaranteed to

be equal to zero where the value of a is zero in the first case. However, we focus
on the item [D(z),z]|,,d(D(z)) = 0. According to the fact of the hypothesis that d
and D commute with each other, we have [D(z),z|,,D(d(z)) = 0 for all z,z € R.
Moreover, after replacing z by zy, we obtain

[D(2), z]orD(d(2)y) + [D(x), 2]o-D(2d(y)) = 0,
[D(x), 2]0-D(d(2))o(y) + [D(2), 2]0,7(d(2))d(y) + [D(2), 2]o-D(2)o(d(y))
+ [D(.’E), x]cr,TT(Z)dQ(y) = 0.

Again, in agreement with the fact that [D(x), z],.d(D(z)) = 0 with restitution of 2
with d(z), we have [D(z), x],,d*(2)d(y) + [D(z), x|, ,d(z)d*(y) = 0. Left-multiplying
by (d?(2)d(y)+d(z)d*(y))r and right multiplying by 7[D(z), 2], and applying Lemma
2.2, where r € R, we have [D(z), 2], .r(d*(2)d(y) + d(z)d*(y)) = 0. Conforming to the

primness of R, we get: either D is (o, 7)-commuting of R or d*(R) o d(R) = 0.
U

Remark 3.1. In previous results, we cannot exclude the condition that the mappings
o and 7 should be automorphism mappings of R, as shown below.

Ezample 3.1. Let R=M(FF) be a ring of 2 x 2 matrices over a field FF, that is: R =

e {(i)

a,be IF} Let d be the inner derivation of R given by

wor-e(33)-(04)-



12 A. FOSNER AND M. J. ATTEYA

and the additive mapping D be defined as D(z) = ( 0 > for all z € R. Now, let

a,b,g,h € F. We suppose that x = ( 00 ) and y = ( ) Then D(zy) =
d(x)o(y) + 7(x)d(y) holds for all z,y € R, where

(34585 2)- (3
({5 D)5 8)

Since o and 7 act as automorphism mappings implies the both sides of the above

equation to give us ( 8 aog )
In 1984, J. Krempa and J. Matczuk [8] showed that for any associative ring R

and a derivation d such that d° = id even d = 0. Leibniz’s formula is d"(zy) =

—o (:) di(x)d ! (y) for all z,y € R, where r and ¢ are positive integers.

The effort of the authors continue to study this idea until to 2007, where M.
Samman and N. Alyamani [9] introduced the idea of reverse derivation on a ring R.
More precisely, they provided the reverse derivation version of Leibniz rule for higher
derivations have the formula: if n is odd, d"(zy) = 31, (?) d"(y)di(x); if n is even,
d"(zy) = ( )d” ‘(z)d'(y) for all z,y € R where n and i are positive integers.

Nurcan Argac and Hulya G. Inceboz [10] provided that if we let R be a prime
ring, I be a nonzero ideal of R, d a derivation of R and n a fixed positive integer, if
(d(z)y + zd(y) + d(y)x)" = zy + yx for all z,y € I, then R is commutative.

In [37] Hvala initiated the algebraic study of generalized derivations; in particular,
the generalized derivations whose products are again generalized derivations were
characterized.

Results concerning generalized derivations can also be found in [38-40] and [41].
Moreover the results in [42] and [43] evidence the relationship between the behavior of
generalized derivations in a prime (or semiprime) ring and the structure of the ring.

In this paper we supply the composition of (o, 7)-generalized derivations of the
Leibniz’s formula as follows.

Definition 3.1. Let D be an additive mapping which acts as a (o, 7)-generalized
derivation on a ring R, and ¢ and 7 be automorphism mappings of R such that
the mappings o and 7 commute with D and d. Then, the composition of D on R
can be defined as D" (zy) = ( )D" "(o™ " (x))d"(7"(y)) for all z,y € R, where
n and r are positive integers, Wlth important note that the D°(z) = id = x and
d’(y) = id = y.

For motivation and a close view of the composition of (o, 7)-generalized derivations,
we provide the following example.
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Ezample 3.2. Let R be a ring and D be a (o, 7)-generalized derivation of R, and o
and 7 are automorphism mappings of R such that the mappings ¢ and 7 commute
with D and d. Then, for all z,y € R the composition of D satisfies the relation

n

D) =3 ()0 o) o)

r=0
for all z,y € R, where n and r are positive integers.
Take n = 2, then we have
2

D) =3 (2) e ) o7 )

r=0

(o) et +

2
+ (5) D @nE )
for all 2,y € R. We depend on the fact that D°(z) = id = z and d°(y) = id = y when
computing the binomials, and from the above relation we obtain
D*(zy) = D*(0*(2))y + 2D(0(2))d(7(y)) + zd*(7*(y))-

According to the hypothesis that the mappings ¢ and 7 commute with D and d, we
have

2

) o e )

D*(zy) = 0*(D*(2)y) + 2D(o(x))d(r(y)) + 27%(d*(y)).
Apply that the mappings ¢ and 7 act as automorphisms of R, we get
D*(xy) = D*(2)o*(y) + 2D(o(2))d(7(y)) + 7°(2)d*(y).
On the other hand, we compute the left side
D*(zy) =D(D(x)o(y) + 7(z)d(y))
=D(D(z)o(y)) + D(r(x)d(y))
=D*(z)0*(y) + 7(D(x))d(a(y)) + D(r(z))o(d(y)) + 7*(x)d*(y)).
Furthermore, where the mappings ¢ and 7 commute with D and d, we get
D*(zy) = D*(2)o*(y) + 2D(0(2))d(7(y)) + 7°(2)d*(y).

Remark 3.2. When the values of 0 = 1 and 7 = 1 in Definition 3.1 modify the formula
of the composition of (o, 7)-generalized derivations into:

D" (zy) =1, <:”) D" (z)d"(y) for all x,y € R, where n and r are positive integers,
with the important note that D°(z) = id = z and d°(y) = id = y.

We need the following lemma

Lemma 3.1. ([6, Lemma 1.1, 2.1 (ii)])
(i) Let R be a semiprime ring. If a,b € R are such that axb = 0 for all v € R,
then ab = ba = 0.
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(ii) Let R be a semiprime ring, d a derivation of R and a € R some fized element,
then ax — xa € Z(R), for all x € R, implies a € Z(R).

We begin this section with the following main result.

Theorem 3.5. Let n and r be a fixed positive integers. Let R be a 2-torsion free
semiprime ring, o and T two automorphism mappings of R such that the mappings
o and T commute with D and d, D a (o, T)-generalized derivation with an associated
derivation d of R such that [D™(x), 2", =0, then

5 (1)@ 0,57 = ~{pr (o), € 2@)

for all x € R.

Proof. Initially we have the relation [D"(z),2"|,, = 0 for all z € R. Replacing x
with yz, we obtain [D"(zy), (zy)"],. = 0 for all z,y € R. Now we apply the formula
of Definition 3.1 to above relation, and we get

= (7)o erewmr| <o

for all =,y € R, where n and r are positive integers. Then

[(Z) D" (" (2))d(°(y)) + (?) D" (0" (@))d(r(y))
()0 ) - () Do ) | =0

o,T

Moreover, after simple calculations, with the important note that the D°(z) = id = x
and d°(y) = id = y, from the above relation we get

n(n

Do @)y + 0D (0" @)d(r(w) + " D2 ) (2 )
+ o+ ad(7"(x)), (2y)"]6r = 0.
Then, we divide the above relation into

G )

oot ad (7 (2)), (29) o + (D" (@), (29)"] =0,

o, T

We rewrite the relation above as

325 X ()0 @ ), () e+ 1D ) o) =
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At same time, we left-multiply and right-multiply the relation(3.25) by ¢, where
t € R, we retain

)3 (”)t[D”—T<a"—T<m>>dT<TT<y>>, (29) ot + LD (0" (@))y, (29) st = 0.

We set S0y ()¢[D"" (0" (2))d" (7" (1)), (2y)"]or = a and
[D" (o™ (2))y, (zy)"]ort = b.

The above relation reduces to

(3.26) at + b = 0.
Left-multiplying relation (3.26) by s, where s € R, and we get
(3.27) sat + stb = 0.

In relation (3.26), we replace ¢t with st, and we obtain ast + stb = 0 for all s,t € R.
Subtracting this result from relation (3.27), we achieve

(3.28) [s,a)y-t =0,
where we assume that a = 3" (Z)t[D"‘T(J”_T(x))dT(TT(y)), (zy)"]s,r and after that

r=1
we replace ¢ by st. Therefore, a = Y1, (’;)st[D”_’"(a”"’(x))dr(ﬂ(y)), (zy)"] o7, SO
from the relation (3.28), we obtain

n

3 (1) 51D (0" 575 () 09) ot =0

r=1

We displace s by ¢ and set h = >, <’:) (D7 (o™ " (x))d" (T"(y)), (xy)"]s,r, thus,
the above relation becomes t2[t, h], .t = 0. Left-multiplying by ¢[t, h],, , we gain
(t[t, h),~t)*> = 0. Obviously, we gain (t[t,h],,t)* € Z(R), which implies, with the
application of Lemma 2.4 2(t[t, h|,,t) = 0. Conforming to the fact that R is a 2-torsion
free semiprime ring, and right-multiplying by [t, h],., we achieve (t[t,h],,)*> = O.
Repeating the previous same technique, we have

(3.29) t[t, h]yr = 0.

Left-multiplying the relation (3.29) by [s,7],., we gain [s, 7|, t[t, h]o,r = 0 for all
s, € R. Additionally, using Lemma 3.1 (i) with replacing s by ¢ and r by h, we have
[t,h]2 . =0 for all t € R. Again, as dependent on Lemma 2.4 and R being a 2-torsion
free semiprime ring,we get [t,h],, = 0 for all ¢ € R. Clearly, we obtain h € Z(R),
which means

(330 > ()i o ) (570, () € 2(R)

Now we depend on relation (3.30), and from relation (3.26), we obtain
() (0" (@) d (7 W), (29) o = —[D(0™(@))y, (29)")o € Z(R).
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In consideration of the fact that o and 7 act as two automorphism mappings of R
when replacing y with x, we get the required result. This completes the proof. O

Corollary 3.2. Let n and r be a fized positive integers. Let R be a 2-torsion free
semiprime ring, o and T be two automorphism mappings of R such that the mappings
o and T commute with D and d, D is a (0, T)-generalized derivation with an associated

derivation d of R such that D™(x) € Z(R) for all x € R, then

Z (“) (D" () (x),2%"] = —[D"(x), 2™z € Z(R),

for all x € R.

In view of Theorem 3.5 and Lemma 2.4 with 2.2, we immediately get the following
corollary.

Corollary 3.3. Let n and r be a fized positive integers. Let R be a 2-torsion free
semiprime ring, o and T be two automorphism mappings of R such that the mappings
o and T commute with D and d, D is a (o, T)-generalized derivation with an associated
derivation d of R such that [D"(z),2"],. = 0, then [D"(0"(x)), *"]0,7, Z]o,r, T]o,r = 0
for all x € R.

Proof. By the same manner as in the previous theorem, we have the relation
[D™(0™(2))y, (zy)"]sr € Z(R) for all z,y € R. Furthermore, we obtain

[[D™(c™(2))y, (xy)"]o, 7)o =0, z,y,r €R.

Replacing y and r by x, we receive [[D"(0™(x)),2*"]y+,%]o-x = 0. Now, we left-
multiply by z and right-multiply by [[D"(¢"(x)),2*"]s,,%],» and apply
Lemma 2.2 and subtract the result from the above to complete the proof. O

Theorem 3.6. Let n and r be fized positive integers. Let R be a 2-torsion free
semiprime ring, and o and T be two automorphism mappings of R such that the
mappings o and T commute with D and d, D a (o, T)-generalized derivation with an
associated derivation d of R such that [D"(x),z" "], =0, then

D

r=1 r

>[D(”“)_r(x)dr(m),x%“] = —[D"*(z),2*" |z € Z(R), z€R.
Proof. As stated in the hypothesis we have the relation [D" ™ (zy), (zy)"*!],., = 0 for
all x € R, after we replace  with xy in the main relation [D""!(z), 2" ™|,, = 0 for
all x € R. Now, we apply the formula of Definition 3.1 to the above relation, and
afterwards rewrite it to become a suitable power of D, we obtain

>

r=0

) D ) ) =0, R
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where n and 7 are positive integers, though with the important note that D°(x) =
id = x and d°(y) = id = y. Additionally, we get

K” g 1) D" (o™ (2))y + (” T 1) D"(o" (x))d(7(y))

n+1
n+1

- <n42rl> D" (0" Ha))d* (T (y)) + - - + ( >xdn+1(7_n+1<y)>7 (xy)"“] o

o, T

After a simple calculation, from above relation we get

l(n—l—l)' (n+1)!

o D@ @A) + g D e @) ()

%D"”(a"-?(z))d?’(#(y)) +oad (T (), (a:y)"“]

+ [D" (0™ (2))y, (2y)"er = 0.

o,T

We rewrite the above relation as the composition of generalized derivations of Leibniz’s
formula, and we get

ntl (n—l— 1

D

r=1

) (DO (=7 () (7 (), ()™ o

+ D" (0" (2))y, (xy)" or =0, =,y €R. O

r

Using a similar approach as above in Theorem3.5, we can complete the proof.
Analogously, we can prove the following (though we omit the proof for the brevity)
where we depend on Lemma 2.4 and Lemmal.2.

Corollary 3.4. Let n and r be a fized positive integers. Let R be a 2-torsion free
semiprime ring, o and T be two automorphism mappings of R such that the mappings
o and T commute with D and d, D a (o, T)-generalized derivation with an associated
derivation d of R such that [D"*(z), 2", =0, then

[[Dn—l-l(O_n-i-l(x))’x2n+2]077_7x]0’7_,x]0’7_ =0, rz€eR

Theorem 3.7. Let R be a 2-torsion free prime ring, o and 7 be two automorphism
mappings of R such that the mappings o and T commute with D and d. Suppose that
there exists a (o, T)-generalized derivation D such that D™(x) € Z(R) for all x € R,
then either D"(c™(R)) = 0 or R is commutative, where n is a fized positive integer.

Proof. From the hypothesis, we obtain [D"(x),r] = 0 for all z,r € R. After some
calculations that depend on the same technique as given in Theorem 3.5, from the
relation (3.30), we have the further relation

n

> ()i o o (5 1), 7l € 2R

r=1
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Again, by the same manner as in Theorem 3.5, from relation (3.25) we achieve
[D™(0"(2))y,Tor € Z(R).

Moreover, applying the relation D"(c"(x)) € Z(R) to the above commutator, we
have D™(0"(x))[y, 7)o € Z(R). Then [D™(0™(2))[y, r]or, Slor = 0 for all z,y,r, s € R.
Again, in agreement with the fact that D™ (c"(z)) € Z(R), the above relation becomes
D"(o™(2))[y, r|ors Slor = 0 for all z,y,7, s € R. Replacing s with st,t € R, with
apply the primeness of R and receive: either D"(¢™(R)) = 0 or [R,R] € Z(R), which
implies that R is commutative. U

The following results are inspired by the work of Motoshi Hongan [7]. We put
Vr(S) ={z € R: [z,s] =0} for all x € S, where S is a subset of R and R represents
a ring.

Corollary 3.5. Let R be a semiprime ring, U be a non-zero ideal of R, o and
T be two automorphism mappings of R such that the mappings o and T commute
with D and d. Suppose that there exists a (o,T)-generalized derivation D such that
D[z, Ylo) F D[, Ylo) F [,9]0r € Z(R) for all 2,y € U, if D"(U) F DI(U)
Vr(U) then U is commutative and U C Z(R), where n and q are fized positive integers.

Proof. Suppose that a € U; in agreement with the hypothesis that D"([z,y],.) F
D[z, y]or)Flz,Ylor € Z(R) forall z,y € U, we obtain [D™([U, U], ,)FD([U, U], ,)F
[, Yo+, alsr =0 for all z,y € U. Hence,

[Dn([Uv U]O’,T) + DQ([[[L U]a,r): a]O’,T + [[l‘, y]: a]O’,T = 0.

In consideration of the hypothesis (D"(U) F+ D%(U)) C Vg(U), ie., [a,D"(U) F
D?(U)],- = 0. Thus, the above relation reduces to [[z,y],al,, = 0 for all z,y € U. In
agreement with Lemma 2.6, we have a € U C Z(R). O

In a similar manner, as dependent on Lemma 2.6, we can prove the following
corollary.

Corollary 3.6. Let R be a semiprime ring, U be a non-zero ideal of R, and o and T
be two automorphism mappings of R. Suppose that there exists some (o, T)-generalized
derivation D such that D™([z,ylsr) F [, Ylor € Z(R) for all z,y € U, and such
that the mappings o and T commute with D and d. If D™(U) C Vg(U), then U is
commutative and U C Z(R), where n is a fized positive integer.

In the following theorem, we exclude the conditions D™(U) F D?(U) C Vg(U) and
U as non-zero ideals of R, as per the hypothesis used in previous corollaries.

Theorem 3.8. Let R be a 2-torsion free semiprime ring, and o and T be two automor-
phism mappings of R. Suppose that there exists a (o, T)-generalized derivation D, and
the mappings o and T commute with D and d such that D([z,yls.r) F D"([, y]o.r) F
[, Y|lor € Z(R) for all x,y € R. If

(i) D #0, then D7~ (c9"(R)) F D" (0" (R)) € Z(R);
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(ii) D =0, then [z,y],. € Z(R),

where n and q are fixed positive integers.

Proof. (i) Firstly, we suppose that D # 0, putting y = [y, 2],.-, for all z,y,z € R,
we have D([x,yl,-) F D"([2,Y]or) F [, Y]or € Z(R). Clearly, after substituting the
value of y the above relation becomes

(3.31) D[z, [y, 2loslor) F D"([2, [y, 2lorlor) F (2 [Ys 2lorlor € Z(R).
Now, we simplify the items of the relation(3.31), and we get

D([z, [y, 2]orlor) = qul(D(xa([y, Zlor)) — qul(D(T([y, z]or)7)))
and

D*([x, [y, |or)or) = D" H(D(z0([y, o)) — D" H(D(1(ly, 2lor)))).
Applying Definition 3.1 on the right-hand side, we get

DUl [, o) = 5 (q - 1) (DY @) (7 [y, 2lor))

r=1 r

— (DT N0 [y, 2lo)))d (77 (2)).
In a similar manner for D"([z, [y, z]s.r]0.r), We get

D ([, [gs o) = 3 (“ - 1) (Do @) (g, o))

(D o [y, ) (7 (),

Furthermore, when we substitute the previous values in relation (3.31), we obtain
Dn([l’, [y7 Z]O’,T]O’,T)

_ (q 0 1) (D (0" @) s e — (DT (0% ([, 21 (@)

F [z, [y, 2lorlor € Z(R).
Additionally, we have
(DT (o™ (@) [y: 2o — (DT (0" ([, 2]o,r))) ()
+ o @dH TNy, 2or) = [y 2o dTTH (TN (@), o F DTN T @)Y 2o
= D" Ho" Uy, o)) (@) + -+ 2d" T N[y, Zor) — [y, 2o d™ (7" (@), 7o
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+ Hxa [ya Z]U,T]U,Ta 7"] =0, zyzrek

We rewrite the above relation as per below

(DT o (@)Y, 2o — (DTH(07 ([y: 2]0r)))
— (D20 (ly, 2o ) (@) + -+ (2d" (1N [y, 2lor) = [y, 2o d®H (797 (2)

F (D" " @)y, 2o — D" 0" [y, o)) (@) + - +2d" (T [y, 2]or)
- [yv ]UTdn 1( (x)) [ 7[y7Z]U,T]U,TaT]J,T =V, =,y,z,TE€ R.
In the same manner as Theorem 3.5

(Do (@)Y, or — (DT (0" [y, 2loir)))2), 7]or € Z(R),
for all z,y, z,r € R. Obviously, according to Lemma 3.1 (ii), we obtain

Do (@)Y, 2lor — (Do [y, 2lor))2 € Z(R),

for all x,y,z € R. Then

[Dq_l(aq 1( I 2o Tlor — [Dq_l(aq_l([%z]a,f))$’r]o,f =0,

for all z,y, z,r € R. Again, as dependent on the same technique as used in Theorem
3.9, we get

(), 7lr + (DT (0" (@) [y, 2o
(
)

(D (0" [y, 2lovr))z, 7)o € Z(R),
which implies to [D4 (o1 (2))[y, 2]o.r, T]or € Z(R). In agreement with Lemma 3.1 (ii)
on the second relation above, we achieve D7 !(c%!(x))[y, z],» € Z(R). Apparently,
we get [DT (o971 (2))[y, ]M, Tlor =0, for all z,y, z, € R. Possibly, we can rewrite
the above relation as

Dq_l(aq_l(x))[[ya oy Tor + [Dq_l(aq_l(x))v Tor [y, 2]or = 0.

We put a = [DH (097} (2)),7]or [y, 2]orr and b = DY (09"} ())[[y, 2lor, 7]or, and by
applying the same method as in Theorem 3.5 to above relation, we obtain

[Dq_l(aq_1<$>>7r]aﬁ[y7Z]U,T € Z(R).

Replacing r with 2 and y with D?!(¢97!(x)), as dependent on Lemma 2.4, we gain
2[D7 (097 (x)), 2]5» = 0 for all z, 2 € R. Conforming to the fact that R is a 2-torsion
free semiprime ring throug the use of Lemma 3.1(ii), we have that D7 ! (097 (z)) €
Z(R), for all z € R. In other words, we achieve D97 1(c? }(R)) € Z(R). Also, in a
similar way we gain D"~ !(¢""!(R)) € Z(R), which completes the proof of branch (i)
of the theorem.

The proof of branch (ii) is straightforward in manner. g

Proposition 3.2. Let R be a 2-torsion free semiprime ring, and o and T be two
automorphism mappings of R. Suppose that there exists a (o,T)-generalized deriva-
tion D, and the mappings o and T commute with D and d such that DI([x,yl,) F
D™([x,ylo.r) F (x0y)or € Z(R) for all x,y € R, and the square of each element of R
lies in Z(R), where n and q are fized positive integers.
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Proof. Conforming to the hypothesis, we have that DI([z,y|s,) F D"([z,Y]sr) F
(xoy),.r € Z(R) for all x,y € R. When we replace y by « with depend on the fact that
R be a 2-torsion free semiprime ring, and ¢ and 7 act as automorphism mappings of
R, and we obtain 22 € Z(R) for all z € R, the result we desire. O

Using a similar approach as above, we can prove the following.

Proposition 3.3. Let R be a 2-torsion free semiprime ring, and o and T be two auto-
morphism mappings of R. Suppose that there exists a (o, T)-generalized derivation D,
and the mappings o and T commute with D and d such that DY(x0y),» F D™ (x0Y)sr F
[z,Y]or € Z(R) for all z,y € R, then Di(2?) F D"(2*) € Z(R), where n and q are
fixed positive integers.

We close the paper with the following theorem.

Theorem 3.9. Let R be a semiprime ring, and o and 7 be two automorphism map-
pings of R. Suppose that there exists a (o, T)-generalized derivation D, and the
mappings o and T commute with D and d such that D*(R) = 0, then [[4; d'(R) = 0,
where n is a fixed non-negative integer.

Proof. As per the situation in the hypothesis, we have D*(R) = 0. Then, for all
z,y € R, we have D(D(x)o(y) + 7(x)d(y)) = 0. After that,

D(x)*0*(y) + 7(D(x))d(o(y)) + D(7(x))o(d(y)) + 7*(x)d*(y) = 0.
According to the main relation D*(R) = 0, the above relation reduces to
(3.32) 7(D(z))d(o(y)) + D(7(x))o(d(y)) + 7*(x)d*(y) = 0.
Since we suppose that the mappings ¢ and 7 commute with D and d, relation (3.32)
becomes D(7(x))d(o(y)) + D(7(z))d(o(y)) + 7(x)d*(y) = 0. Obviously, we gain
(3.33) 2D(7(x))d(o(y)) + 7% (x)d*(y) = 0.
By replacing = by D(z) with depend on the facts that D*(R) = 0 and the mappings
o and T acts as automorphism of R. From relation (3.33), we get D(z)d?*(y) = 0. Re-
placing z by xr,r € R, using the fact that the mappings o and 7 act as automorphism
of R in the above relation, we get that D(z)rd*(y) + zd(r)d*(y) = 0. Replacing r
with d?(y), as dependent on the result D(z)d?*(y) = 0, we obtain zd(d?*(y))d*(y) = 0.
Right-multiplying by d(y)y and left-multiplying by (d"™!(y)d"(y)d"~'(y)---) and ap-
plying the fact that R is a semiprime ring, we get [1/2, d’(R) = 0. This is the result
which is required. U

Remark 3.3. In previous results, we can not exclude the condition “n-torsion free”, as
below.

Ezample 3.3. Let R=Mj(F) be a ring of 2 x 2 matrices over a field FF, that is R =
My(F) = { ( (C)L 8 > a,b e IF}, with char R = n. For all x € R, let the additive
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mapD(a;)=<g 8>andd(x):[x,a]:1:<8 ?)-(8 ?)x:<8 8)
8 8>,r(x)=<8 8>

Take x,y € R such that x = < 8 8 ) and y = ( g g ), where we know that
the additive mapping D is a (o, 7)-generalized derivation which has the formula
D(zy) = D(z)o(y) + 7(x)d(y) for all z,y € R. The left side produces D(zy) =

D(ag ah \ [ ag O

Also, we define the mappings o and 7 as follows o(x) = (

0o o =g o) Moreover, the right side gives

pwatn+ @i =5 0 ) (5 6)+ (0 o) (0 8)= (% %)

By reason of R having char R = n, then the above matrix can be modified to

= aog 8 . Obviously, the sides are equal to each other, i.e., the above formula is

satisfied.
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