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0.1 Abstract

The Proof involves Functional Equation of the Riemann Zeta function de-
fined on the whole of Complex plane except for a Pole at s=1.

Next we prove that the above functional equation is monotonically increasing
in a domain.

Till date, 100000000000000 trivial zeroes of the Riemann Zeta function
has been found, but for non trivial zeroes in the Critical Strip,

THE RIEMANN HYPOTHESIS (1859): The real part of every non triv-
ial zero of Riemann Zeta Function is 1/2.
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0.2 Proof

The analytic continuation (Ref.-[1]) of the Zeta Function is

ζ*(s) = s
∫∞
0

([x]− x)/xs+1 dx ; 0<Re(s)<1

let, s = σ + iη; 0< σ<1.

Claim:- | ζ*(σ + iη) | is Monotonically increasing on 1/2< σ <1.

Let, σ<ρ ; 1/2< σ, ρ <1

| ζ*(σ + iη) |2 − | ζ*(ρ+ iη) |2=

| (σ + iη)
∫∞
0

([x]− x)/x1+σ+iηdx|2 − | (ρ+ iη)
∫∞
0

([x]− x)/x1+ρ+iηdx|2

≤ (| (σ2+η2) ||
∫∞
0

([x]−x)/x1+σ+iηdx|2 − | (ρ2+η2) ||
∫∞
0

([x]−x)/x1+ρ+iηdx|2
)

σ<ρ, implies

≤| (ρ2 + η2)( ||
∫∞
0

([x]− x)/x1+σ+iηdx|2 − |
∫∞
0

([x]− x)/x1+ρ+iηdx|2)

≤| (ρ2+η2)( ||
∫∞
0

([x]−x)/x1+σe−i η lnxdx|2 − |
∫∞
0

([x]−x)/x1+ρe−iη lnxdx|2
)

≤| (ρ2+η2)( ||
∫∞
0

([x]−x)/x1+σ| e−i η lnx | dx|2 − |
∫∞
0

([x]−x)/x1+ρ| e−iη lnx |

dx|2)

≤ (ρ2 +η2) ( (
∫∞
0

(x− [x])/x1+σdx)2− | (
∫∞
0

([x]−x)/x1+ρ(e− iη lnx)dx|2) | )
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Since1/2 <σ< 1.

so,

≤ (ρ2 + η2) ( (
∫∞
0

1/x3/2dx)2 −

(
∫∞
0

1/x2cos( η lnx)dx)2

+ ((
∫∞
0

1/x3/2sin(ηlnx) )2) dx

cosθ, sinθ ≤ 1;

≤ (ρ2 + η2) ( (
∫∞
0

1/x3/2dx)2 −

(
∫∞
0

1/x2dx)2

+ ((
∫∞
0

1/x3/2 )2) dx

≤ (ρ2 + η2)( ( 2(
∫∞
0

1/x3/2dx)2 −

(
∫∞
0

1/x2dx)2) )

≤ (ρ2 + η2) ((−1/x1/2)2 − (1/x)2

≤ (ρ2 + η2) (1/x2−1/x2)

≤ (ρ2 + η2) 0

≤ 0

| ζ*(σ + iη) |2 − | ζ*(ρ+ iη) |2≤ 0.

| ζ*(σ + iη) |2 ≤ | ζ*(ρ+ iη) |2 .

So,
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σ < ρ, implies

| ζ*(σ + iη) |2 ≤ | ζ*(ρ+ iη) |2 .

CLAIM: ζ*(σ + iη)is Monotonically Decreasing on (0, 1/2].

Observe,

| ζ*(s) |=| ζ*(1− s) |

1/2 ≤ η, σ ≤ 1,

imply

| ζ*(σ + iη) |2 ≤ | ζ*(ρ+ iη) |2 .

0< 1− σ< 1− η ≤ 1/2

Implies

| ζ*(1− σ − iη) |2≥| ζ*(1− ρ− iη) |2 Put, 1− σ = σ1and

1− ρ = ρ1

So,

0< σ1 < η1 ≤ 1/2implies,

| ζ*(σ1 + iη) |2 ≥ | ζ*(ρ1 + iη) |2 .

So,| ζ*(σ + iη) | is Monotonically Decreasing

Thus,
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0<σ<ρ<‘1/2 implies

| ζ*(1/2 + iρ) |≥| ζ*(σ + iρ) |

Also, 1/2 ≤ σ < ρ ≤ 1, implies

| ζ*(σ + iη) | ≤ | ζ*(ρ+ iη) | .

| ζ*(1/2 + iη) | ≤ | ζ*(σ + iη) | .

Combining the above ineualities,

| ζ*(σ + iη) |≤| ζ*(1/2 + iη) | ≤ | ζ*(σ + iη) | .

By hypothesis, | ζ*(σ + iη) = 0, 0< σ<1

0 ≤| ζ*(1/2 + iη) | ≤ 0.

| ζ*(1/2 + iη) | = 0

Hence, all non trivial zeroes lie on the line with real part 1/2.

This proves the Riemann hypothesis.
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