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Abstract

We investigate some properties of balayage of measures and their potentials on

domains or open sets in finite-dimensional Euclidean space. Main results are Duality
Theorems for potentials of balayage of measures, for Arens—Singer and Jensen measures
and potentials, and also a new extended and generalized variant of Poisson—Jensen
formula for balayage of measure and their potentials.
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We have are considered in the survey [37] various general concepts of balayage. In this
article we deal with a particular case of such balayage with respect to special classes of
subharmonic functions. We use in this paper part of the results from the previous article
[34]. But the main results on potentials from Sec. 2 in its main part are new, although studies
on the of Jensen and Arens-Singer potentials and their special classes with applications were
partially carried out in Gamelin’s monograph [10, 3.1, 3.3, in articles [1], [46], [43], as well
as the first of the authors together with various co-authors previously in articles [18]-[36],
[5], [38], [39], [44], and also in [41, II1,C], [6] etc.

1 Definitions, notations and conventions

The reader can skip this Section 1 and return to it only if necessary. We use definitions,
notations and conventions from [34] with some additions.

1.1 Sets, order, topology

As usual, N := {1,2,...}, R and C are the sets of all natural, real and complez numbers,
respectively; Ny := {0} UN is French natural series, and Z := Ny U Ny.

For d € N we denote by R? the d-dimensional real Fuclidean space with the standard
Euclidean norm |z| := \/a? + -+ a2 for x = (zy,...,24) € R? and the distance function
dist(-,-). For the real line R = R! with Euclidean norm-module | - |,

Row:i={-0}UR, Rip :=RU{+o0}, | 0| :=+00; Rino =R UR ;o (1.1x)

is extended real line in the end topology with two ends +o0o, with the order relation < on R
complemented by the inequalities —oco < z < +o0o for x € R, with the positive real axis

+ .
R" :={z e R: z >0}, Rf :=R" U {+o0}, {z - En_a;(){f,x}, for v € Ry, (1.17)
St={z>0:2eS}, S, :=8\{0} forSCRiy, RI:=(R"),, (1.1])
x - (F£00) 1= too =: (—x) - (Foo) for z € R} U (400), (1.11)
T
T = 0 forzeR, but0-(+oo):=0 (1.1p)

unless otherwise specified. An open connected (sub-)set of Ry, is a (sub-)interval of Ry .
The Alezandroff one-point compactification of R? is denoted by R% := R U {cc}.

The same symbol 0 is used, depending on the context, to denote the number zero,
the origin, zero vector, zero function, zero measure, etc. The positiveness is everywhere
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1.1+

understood as > 0 according to the context. Given z € R? and! r R, we set
B(z,r) :={2' e RY: |2/ — 2| <7}, B(a,r):={2 eR |2’ — x| <1}, (1.2B)
B(oco,r) :={z € RL : |z| > 1/r}, B(oo,r):={r € RL: |z| > 1/r}, (1.25)
B(r) := B(0,7), B:=B(0,1), B(r):=B(0,r), B:=B(0,1). (1.29)
Bo(z,7) := B(z,7)\ {z}, Bo(z,7):= B(z,r)\ {z}. (1.2,)

Thus, the basis of open (respectively closed) neighborhood of the point z € RZ is open
(respectively closed) balls B(x,7) (respectively B(z,7)) centered at o with radius r > 0.

Given a subset S of RZ | the closure clos S, the interior int S and the boundary 0S will
always be taken relative R% . For S’ C S C R% we write S’ € S if clos S’ C int S. An open
connected (sub-)set of RL is a (sub-)domain of RY,.

1.2 Functions

Let X,Y are sets. We denote by Y* the set of all functions f: X — Y. The value f(z) € Y
of an arbitrary function f € XY is not necessarily defined for all z € X. The restriction of
a function f to S C X is denoted by f {5' If F CYX, then F }S:: {f ’S: f € F}. We set

(1.1s) (1.1s0) (1.1s)
R = (Row)®, R = (Rix)™, Ry = (Riw)™. (1.3)

A function f € R is said to be extended numerical. For extended numerical functions f,
we set

Dom_o = f'(R_o) C X, Domio f:i=f'(Ris) C X,
Dom f := f ' (Riwn) = Dom,oofUDoeroof C X,
dom f := f~'(R) =Dom_ f[ | Domo f C X, (1.4)

For f,g € RY, we write f = g if Dom f = Domg =: D and f(x) = g(z) for all z € D, and
we write f < g if f(x) < g(z) for all z € D. For f € RY_, g € RY__ and a set S, we write
“f=gonS"or“f <gonS”if f |SOD: g ’50D or f }SQDS g }SmD respectively.

For f € F C R, we set fT: 2+ max{0, f(z)}, z € Dom f, F* :={f >0: f € F}.
So, fis positive on X if f = fT, and we write “f > 0 on X”.We will use the following
construction of countable completion of F' up:

F' .= {fe R : there is an increasing sequence (f;)jen, f; € F,
such that f(x) = lim f;(z) for all x € X (we write f; 7 f)}. (1.5)
j—o0

j—00

LA reference mark over a symbol of (in)equality, inclusion, or more general binary relation, etc. means
that this relation is somehow related to this reference.



Proposition 1. Let F C RY be a subset closed relative to the maxzimum. Consider sequences
F>fy /2 f /7 [ Then F > max{fi;: j < n,k < n} S f. In particular,

Jj—o0 k—o00 n—00

(FYt = FT.

The proof is obvious.

For topological space X, C(X) C R¥ is the vector space over R of all continuous
functions.

We denote the function identically equal to resp. —oo or +o00 on a set by the same bold
symbols —oo or 4o0.

For an open set O C R | we denote by har(O) and sbh(O) the classes of all harmonic
(locally affine for m — 1) and subharmonic (locally convex for m = 1) functions on O,
respectively. The class sbh(O) contains the minus-infinity function —oo;

sbh,(O) := sbh (O) \ {—oo}, sbh*(0) := (sbh(0))". (1.6)

Denote by d-sbh(O) := sbh(O) — sbh(O) the class of all §-subharmonic functions on O |[2],
[35, 3.1]. The class J-sbh(O) contains two trivial functions, —oo and +oo := —(—00);

5-sbh.(0) 2 6-sbh(0) \ {00}, (1.7)

If o ¢ O > oo, then we can to use the inversion in the sphere B(0,1) centered at o € R%:

0 for x = oo,
*oi T 20 = o—i—ﬁ(x—o) for x # 0, 00, * 1= kg =: *oo (1.8%)
o0 for z = o,

together with the Kelvin transform |17, Ch. 2, 6; Ch. 9]

w(r*) = |z — o] Pu(x), x* € O* :={a*:z e 0}, (1.8u)

<u € sbh(0)> — <u e sbh(O*“)). (1.85)

For a subset S C RZ, the classes har(S), sbh(S), §-sbh(S) := sbh(S) — sbh(S), and
Ck(S) with k € N U {oo} consist of the restrictions to S of harmonic, subharmonic, J-
subharmonic,and k times continuously differentiable functions in some (in general, its own
for each function) open set O C R containing S. Classes sbh,(S), 6-sbh,(S) are defined
like previous classes (1.6), (1.7),

sbh™(S) (2 {u € sbh(S): u>0on S}. (1.9)

By constg, 4,,.. € R we denote constants, and constant functions, in general, depend on
ai,as, ... and, unless otherwise specified, only on them, where the dependence on dimension
d of R% will be not specified and not discussed; const™ > 0.
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1.3 Measures and charges

Let Borel(S) be the class of all Borel subsets in S € Borel(R%). We denote by Meas(S) the
class of all Borel signed measures, or, charges on S € Borel(R% ); Meas.(S) is the class of
charges 1 € Meas(S) with a compact support supp u € S;

Meas™t(S) := {u € Meas(S): u > 0}, Meas, (S) := Meas.(S) N Meas™ (9); (1.10%)
Meas' " (S) := {u € Meas™ (S): u(S) = 1}, probability measures. (1.10%)

For a charge u € Meas(S), we let u™, u~ := (—u)" and |u| := p™+p~ respectively denote its
upper, lower, and total variations. So, 0, € Meas.(S) is the Dirac measure at a point x € S,
ie., supp 0, = {x}, 0,({z}) = 1. We denote by p |, the restriction of u to S € Borel(R%).

If the Kelvin transform (1.8) translates the subharmonic function u into another function
u} (1.8u), then its Riesz measure v is transformed common use image under its own mapping-
inversion of type 1 or 2. These rules are described in detail in L. Schwartz’s monograph [48,
Vol. I,Ch.IV, § 6] and we do not dwell on them here, although here interesting questions arise,
for example, for the Bernstein — Paley - Wiener -Mary Cartwright classes of entire functions
[15], [41], [3], |38] etc.

Given S € Borel(R%) and ;1 € Meas(S), the class LL (S, i) consists of all extended nu-
merical locally integrable functions with respect to the measure pon S; Li . (S) := L (S, \a).
For L C L} (S, i), we define a subclass

loc

Ldp := {v € Meas(S): there ezists g € L such that dv = gdu} (1.11)
of the class of all absolutely continuous charges with respect to . For p € Meas(.S), we set

w(z,r) = p(B(z,r)) if B(z,r) (1C2) S. (1.12)

Let A be the the Laplace operator acting in the sense of the theory of distributions, I' be
the gamma function,

22

T )

(1.13)

be the surface area of the (d — 1)-dimensional unit sphere OB embedded in R?. For function
u € sbh,(O), the Riesz measure of u is a Borel (or Radon [45, A.3]) positive measure

(1.13) 1 '(d/2)
Au = AueM + O ) = - .
caAu eas’ (0), «cq sac1(1+(d—3)F)  2rd2max{l,d — 2}

(1.14)

In particular, A,(S) < 400 for each subset S € O. By definition, A_(5) := +oo for all
S co.



We use different variants of outer Hausdorff p-measure s, with p € Ny:

2#,(S) ==, Oliggoinf{z r S C U B(zj,1;),0<r; < r}, (1.15H)
jeN jeN
1 if p=20,
by G ?9 if p=1, is the volume of the unit ball B in RP.  (1.15b)
pl ifpel+N,

Thus, for p = 0, for any S C R? its Hausdorff 0-measure s¢(S) is to the cardinality #S

L15H
of S, for p = d we see that sy ( =: ) Aq is the Lebesque measure to Borel proper subsets
S C RY, where, if co € S, we preliminary use the inversion(1.8u), and o4y == 24, ‘8]3 is

the (d — 1)-dimensional surface measure of area on the unit sphere OB in the usual sense.

1.4 Topological concepts: inward-filled hull of set

Let O be a topological space, S C O, xz € O.

We denote by Conng S and conng (S, z) € Conng S a set of all connected components
of S and its connected component containing x, respectively. We write closp S, intp S, and
00S for the closure, the interior, and the boundary of S in O. The set S is O-precompact if
closp S is a compact subset of O, and we write S € O.

Definition 1. An arbitrary O-precompact connected component of O \ S is called a hole
in S with respect to O. The union of a subset K C O with all holes in it will be called an
inward-filled hull of this set K with respect to O and is denoted further as

hull-ing K := KU(U{C € Connp(O\ K): C € 0}). (1.16)

Denote by O the Alexandroff one-point compactification of O with underlying set Ol {00},
where U is the disjoint union of O with a single point co ¢ O. If this space O is a topological
subspace of some ambient topological space T' O O, then this point co can be identified with
the boundary 0O C T, considered as a single point {00}.

Throughout this article, we use these topological concepts only in cases when O is an
open non-empty proper Greenian open set [17, Ch.5, 2| of R =: T, i.e.,

@#0=intgs O= | | D;#R%, j€NoCN, Dj=comgs (0,2;), (1.170)

J€No
where points z; lie in different connected components D; of O C RZ;

@ # D #R% is an open connected subset, i.e., a domain. (1.17D)



The dependence on such an open set O or such domain D for constants const will not be
indicated in the subscripts and is not discussed. For an open set O from (1.170), we often
use statements that are proved in our references only for domains D from (1.17D). This is
acceptable since all such cases concern only to individual domains-components D;. So, if
S & O, then S meets only finite many components D;. In addition, we give proofs of our
statements only for cases O, D C R% If we have 0o ¢ D; = D 5 oo, then we can to use the
inversion relative to the sphere dB(o,1) centered at o € R as in (1.8).

Proposition 2 (|11, 6.3, [12]). Let K be a compact set in an open set O C R Then
(i) hull-ing K is a compact subset in O;
(ii) the set Oy \ hull-ing K is connected and locally connected subset in O ;

(iii) the inward-filled hull of K with respect to O coincides with the complement in Oy of
connected component of O \ K containing the point 0o, i. e.,

hull-inp K = Oy \ connp_\ x (00);

(iv) if O' C R is an open subset and O C O' then hull-ing K C hull-ing K;
(v) R4\ hull-inp K has only finitely many components, i. e.,

# Connga_ (R%\ hull-ing K) < oo.

2 Potentials of charges and measures

Further everywhere we will assume for simplicity and brevity that
(OCRY) & (0 0), (DcCRY e (c0¢ D) (2.1)

in addition to (1.17). If co € O, 0 € R% \ O, we can always easily go to cases (2.1) using a
inversion %,, and the Kelvin transforms (1.8).

Definition 2 ([34]). Let ¥, € Meas(S), S C Borel(R%). Let H C RS be a class of
Borel-measurable functions on S. Let us assume that the integrals [hdd and [hdu are
well defined with values in Ry, for each function h € H. We write ¢ <y p and say that
the charge u is a balayage, or, sweeping (out), of the charge O for H, or, briefly, u is a
H-balayage of 1, if

/hdﬁg/hd,u for all h € H. (2.2)
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Definition 3 ([45], [16], [42]). For ¢ € R, we set

logt if =0
k(1) =48 Ra= teRY, (2.3k)
—segn(q)t™1 if ¢ € R,,
kd72(|$_y|) if v #y,
K o(z,y) =< —o0 if t=yandd>2, (7,y)€RxR"% (2.3K)
0 ifr=yandd=1,

Definition 4 ([45], [28, Definition 2|, [35, 3.1, 3.2]). Let u € Meas.(R%) be charge with
compact support. Its potential is the function pt, € d-sbh, (R%) defined by

p,(0) 2 [ Kicalany) duto), (2.4p)

where the kernel K, 5 is defined in Definition 3 by the function k, from (2.3k). The values
of potential pt,(y) € Riy is well defined for all

_ d. M7<y7 t)

T(y,t
y € Dom,  pt, = {y c R¢: /Oﬂtrgy_’l ) dt < —i—oo} (2.4d+)
y € Domo pt, = Dom_o, pt, U Dom,  pt,, (2.4d+)
y € dompt, = Dom_, pt, ﬂ Dom o, pt,, (2.4d)

and their complements R?\ Dom_,, pt,, and R?\ Dom pt,, are polar sets in R?.
If € Meas! (O) be a H-balayage of a measure ¢ € Meas! (O), then we consider the

potential

Pty =y pt, — pty € d-sbh(R?) (2.5)

where under the conditions d > 1 and 1 € H it is natural to set pt,_4(oo) := 0. The latter
is based on the following

Proposition 3. Let u € Meas.(R%). Then

pt,(z) 2 (R kgo(|2]) + O(1/)2]*), 2 — oo. (2.6)

Proof. For d =1, we have
Ipt, () — u(R)]z]] < / e — y| — || dlul(y) < / iyl dlul(y) = O(1),  |a] = +oo.
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See (2.6) for d = 2 in [45, Theorem 3.1.2].
For d > 2 and |z| > QSup{\y]: Y € supp u}, we have

Ipt,, () — (R kg (|2]) !— ‘/ (led il 1|d2> dﬂ(y)‘

2472 d—2 d—2
< / - | dAl(0) < / e — 12— 21| )
d— 3
d—3
< T [l 3 ) Aplty) < 25 [ldlel) = 0().
k=0
[
Proposition 4. If
p € Meast (R?), LeR? oecR\L, (2.7)
then
(2.3k)
inf pt,,(#) > p(RY)kaa(dist(L, supp ), (2.81)
(2.4p) d ]
1r€1£pt 5, (@) > (RN kg_o(dist(L, supp p1)) — kq—s ( sup |z — of (2.80)
z xel

Proof. 1f dist(L,supp 1) = 0, then the right-hand sides in the inequalities (2.8) are equal to
—00, and the inequalities (2.8) are true. Otherwise, by Definition 4, we obtain

pt, () = /kd 2 (Jz = yl) dp(y) >

> inf kg ( inf |z — y|) (R = p(RY) kg (dist(z, supp p)), (2.9)

inf kd o(|lz — y) (R d)

yesupp

YESUpp i YESUpp i

since the function k, from (2.3k) is increasing, which implies the inequality (2.8i) after
applying the operation inf,c; to both sides of inequality (2.9). Using (2.8i), we have

. (2.4p) . .
JICIEIE pt, s () = ;gg(ptu(x) — kg—a(|lz —o])) = ;Ieli pt, () — ilellL) ka—o(z — o)

(2.8

)
> u(Rkg_o (dist(L, supp u)) — kg (sup |z — 0])

zeLl

which gives the inequality (2.80). O



2.1 Duality Teorem for har(O)-balayage

Duality Theorem 1 (for har(O)-balayage). If a measure u € Meas! (O) is a har(O)-bala-
yage of a measure ¥ € Meas, (O), then

pt, € sbh,(R?) Nhar(R\ supp p), (2.10p)
pt, = pty on R4\ hull-ing (supp 9 U supp pU). (2.10=)

Conversely, suppose that there is a subset S € O, and a function p such that

(2.10p)
p € sbh(O)Nhar(O\S), (2.11p)
P . pty on O\S. (2.11=)
Then the Riesz measure
, 2.11
o= A, 0L caAp ( € ) Meas™ (clos S) C Meas! (O) (2.12)

of this function p is a har(O)-balayage of 0.

Proof. The first property (2.10p) is evidently. For each y € R? the kernel Ky o(-,y) is
harmonic on R%\ {y}. By

Proposition 5 ([34]). Let u € Meas.(O) be a balayage of 9 € Meas.(O) for har(O). Then

/de13l = /hdu for any h € har(hull—ino(suppu U supp 19)) (2.13)

(see Subsec. 1.4, Definition 1 of inward-filled hull of compact subset supp p U supp ¢ in O).
for h:= K4 5(-,y) in (2.13), we have

pty(y) = / Ky a(x,y) do(z) 27 / Kao(w,y) du(z) = pt,(y) (2.14)

for all y € hull-inp(supp p U supp ¢). This gives (2.10=).
In the opposite direction, we can extend the function p to R¢ so that p = pty, on R4\ S.
In view of (2.37), we have p € sbh(R?) N har(R?\ S), and

(2.11

plx) — (O)kaa(fz]) = p(x) — ptox) + O(1/2") “E7 0(1/2*), & 0. (215)

Hence the function p is a potential with the Riesz measure (2.12), and p(0O) = 9(0), i.e.,
p = pt,,. Further, we can use the following
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Lemma 1 (|11, Lemma 1.8]). Let F' be a compact subset of RY, let h € har(F), and € > 0.
Then there are points yi,ya, - - ., Yx in RT\ F such that

k
‘h(x)—Zk:d_g(h:—ij‘ <e forallzeF. (2.16)

2.11p
Applying Lemma 1 to the compact set F' ( ::I) clos S Usupp? € O and a function

h € har(O), we obtain

o

\/hdu 9~ 3 vty ) - Pty (1))

7j=1

< sup|h( Z kaa(12 = u3]) | (4(0) + 9(0)) < (u(0) + 9(0))
xe
for any € > 0. Hence the measure p is a har(O)-balayage of ¥. O

Corollary 1. Let ¥, u € Meas.(O), suppd Usuppu C S € O. If p is a balayage of U for
the class
H={%kio(ly—-]): y € R?\ clos S}, (2.17)

then p is a har(O)-balayage of V.
Proof. We have (2.14) for all y € R*\ clos S. By Duality Theorem 1, ¢ =pa(0) i O

Corollary 2. Let u € Meas! (O) be a har(O)-balayage of measure 9 € Meas! (0O), and
¢ € Meas! (O) also be a har(O)-balayage of the same measure V. If

hull-ing (supp ¢ U supp¢) C hull-ing (supp ¢ U supp p), (2.18)

then the measure p is a har(O)-balayage of the measure .

2.2 Arens—Singer measures and their potentials

Example 1 (|10], [28]). Let = € O. If u € Meas! (O) is a balayage of §, for har(O), then
such measure p is called a Arens —Singer measure for x. The class of such measures is
denoted by AS,(O) D J,(O). Arens—Singer measures are often referred to as representing
measures.

By Example 1, if we choose z € O and ¢ := 0, <pa0) # € Meas (0), L.e., pis a
Arens —Singer measure for z € O, then potential

pty_s. (y) = pt,(y) — Kao(z,y), y€R\ {2} (2.19)
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satisfies conditions
Pt,—s, € sbh(RL), pt, s, (00) =0,
pt,_s, =0 on RZ \ hull-ing ({z} U supp p)
pt, s (¥) < —Kao(z,y) +O(1) forz#y— . (2.20)

Remember, that the function V' € sbh, (R% \ {z}) is called a Arens—Singer potential on O
with pole at x € O [28], |30, Definition 6] (partially in [10, 3.3,3.4], [1], [46]), if this function
V satisfies conditions

V=0 onR%\ S(V)) for asubset S(V) € O
V(y) < —=Kg o(z,y) + O(1) for x £y — z. (2.21)

The class of all Arens—Singer potential on O with pole at x € O denote by PAS,(O). In
this class PAS,(O) we will consider a special subclass

PAS,(0) :={V € PAS,(0): V(y) = —Ky_s(z,y) + O(1) for x £ y — z} (2.22)
By Duality Theorem 1, we have
Duality Theorem A (|28, Proposition 1.4, Duality Theorem|). The mapping
Pr:pp— pt,_s, (2.23)
is the affine bijection from AS,(O) onto PAS,(O) with inverse mapping

PV R GAV [, + (1 ~ i sup %) 6, (2.24)

Let x € intQ = Q € O. The restriction of P, to the class
{u € AS,(O): suppunN@ = @} (2.25)

define a bijection from class (2.25) onto class (see (2.22))
PASL(O) [ har(Q\ {z}). (2.26)

The restriction of P, to the class
{n € AS,(0): suppunQ = o} )(C™(0)d\) (2.27)
define also a bijection from class (2.27) onto class

PASL(0)(har(Q\ {x}) ()= (0 \ {a}). (2.28)

This transition from the main bijection P, to the bijection from (2.25) onto (2.26) or
from (2.27) onto (2.28) by restriction of P, to (2.25) or (2.27) is quite obvious.
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2.3 A generalization of Poisson — Jensen formula

Theorem 1 (extended Poisson—Jensen formula for har(O)-balayage). Let p € Meas, (O)

be a har(O)-balayage of 9 € Meas! (O). If u € sbh(O) is a function with the Riesz measure
(1.14)

A, ="cg Au e Meast(0), then

/ud19+/ pthAu:/ pty dAu—i-/ud,u, K := hull-ing(supp ¥ Usupp p). (2.29)
K K

In particular, if

/udﬁ > —00, (2.30)

then (2.29) can be written as

/udb‘ /udu / pt,_y dA.,. (2.31)

Proof. Consider first the case (2.30). Choose an open set O’ such that K € O" € O. By
the Riesz decomposition theorem u = pt,, +h on O', where V' := A, |, and h € har(O").
Integrating this representation with respect to dv and du, we obtain

/ud,u: /ptV, du—i—/hdu, (2.32p)
/udﬁ - /pt,,/ d19+/hdz9, (2.320)

where the three integrals in (2.32¢) are finite, although in the equality (2.324) the first two
integrals can take simultaneously the value of —oo, but the last integral in (2.324) is finite.
Therefore, the difference (2.321)—(2.32¢) of these two equalities is well defined:

/udu /udﬁ /pt dp — /pt,j, d19—|—/h,d(u—19), (2.33)

where the first and third integrals can simultaneously take the value of —oo, and the remain-
ing integrals are finite. By Proposition 5, the last integral in (2.33) vanishes. Using Fubini’s
theorem, in view of the symmetry property of kernel in (2.4p), we have

/ pt,, dif = / / Koy, ) dv/ (y) di(z)

_ / / Koo, y) dd(z) 4/ () = /O Tty A, (239

and the same way

/ pt, dp = / / Ka(y, ) dv'(y) du(z)

_ / / Kooz, y) du(z) 4/ () = / A, (2.3)
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even if the integral on the left side of equalities (2.35) takes the value —oo because the
integrand Ky_5(-, -) is bounded from above on the compact set clos O’ x clos O’ [16, Theorem
3.5]. Hence equality (2.33) can be rewritten as

/udu—/udﬁz/ ptudAu—/ ptﬁdAu:/pthAu—/ptﬁdAu
/ o’ K K

since pt, = pty on 0"\ K. This gives equality (2.29) in the case (2.30).

If condition(2.30) is not fulfilled, then from the representation (2.329) it follows that
the integral on the left-hand side of (2.34) also takes the value —oco. The equalities (2.34) is
still true |16, Theorem 3.5]. Hence, the first integral on the right side of the formula (2.29)
also takes the value —oo and this formula (2.29) remains true. O

Remark 1. If ¥ := §, and p = wp(x,-) for z € D € O, then the formula (2.31) is the
classical Poisson —Jensen formula [16, Theorem 5.27]

u(z) = / udwp(z,-) — / gp(-,x)dA,, =z €D, (2.36a)
oD clos D
0z Zsbh(0) Wn(T,+),  Dlyp ) — Pts, = Plup @) s, = 90 (). (2.36b)

2.4 Duality Theorem for sbh(O)-balayage

Duality Theorem 2 (for sbh(O)-balayage). If a measure u € Meas!(O) is a sbh(O)-
balayage of a measure 9 € Meas! (O), then we have (2.10), and

pt, > pty on R, (2.37)

Conversely, suppose that there is a subset S € O, and a function p such that we have (2.11),
and p > pty on closS. Then the Riesz measure (2.12) of p is a sbh(O)-balayage of V.

Proof. If ¥ g0y 1, then ¥ <yar0) 1 and we have properties (2.10) by Duality Theorem 1.
For each y € RY, the function Ky o(-,y) is subharmonic on R? and (2.37) follows from
Definitions 2 and 4. Conversely, if a function p is such as in (2.11), then, by Duality
Theorem 1, this function is a potential pt,, = p with the Riesz measure (2.12), this measure
p € Meas! (O) is a har(O)-balayage for ¥, and K := hull-in(supp 9 U supp ) C closS. Let
u € sbh,(O). It follows from pt, > pty on K that [, ptydA, < [, pt,dA,. Hence, by the
extended Poisson —Jensen formula (2.29) from Theorem 1, we obtain [udd < [udp. O

2.5 Jensen measures and their potentials

Example 2 ([10], 7], [8], [47]). Let = € O. If a measure u € Meas, (O) is a balayage of
the Dirac measure d, for sbh(O), then this measure p is called a Jensen measure for x. The
class of such measures is denoted by J,(O).
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By Example 2, if we choose z € O and ¥ := 6, Zgn0) 1t € Meas? (O), i.e., u is a Jensen
measure for x € O, then potential

pt,_s. (1) = pt,(y) — Kao(z,y), y€R\ {2} (2.38)

satisfies conditions (2.20) and pt, s, > 0 on RZ \ {z}. Remember, that a positive function
V € sbh™ (RZ \ {z}) is called a Jensen potential on O with pole at x € O 28], [30, Definition
8], if this function V satisfies conditions (2.21) The class of all Jensen potential on O with
pole at x € O denote by PJ,(O) C AS,(O). In this class J,(O) we will consider a special
subclass

(2.22)

PJ}(0) =" PJ,(0)[|PAS}(O) C PAS,(O). (2.39)
By Duality Theorem 2, we have

Duality Theorem B (|28, Proposition 1.4, Duality Theorem|). The mapping (2.23) is the
affine bijection from J.(O) onto PJ,(O) with inverse mapping (2.24).
Let x € int Q = Q € O. The restriction of P, to the class (cf. (2.25))

{pwe J.(0): supppnQ =} (2.40)
define a bijection from class (2.40) onto class (see (2.39), cf. (2.26))
P.J}O)( \har(Q\ {z}). (2.41)

Let x € intQ = Q € O. The restriction of P, to the class (cf. (2.27))
{ne€ J.(0): suppunQ =2} |(C*(0)dA) (2.42)
define a bijection from class (2.42) onto class (cf. (2.28))
P (0)(har(Q\ {z}) (C=(0\ {z}). (2.43)
This transition from the main bijection P, to the bijection from (2.40) onto (2.41) or
from (2.42) onto (2.43) by restriction of P, to (2.40) or to (2.42) is quite obvious.
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