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Abstract

The orders of the perturbation approximation to the Schrédinger-picture time evolution operator in
powers of the presumed-small perturbation part of the Hamiltonian operator are developed by the it-
eration of an identity; the possibly confusing switch to the “interaction picture” isn’t needed. Those
time-evolution operator approximations are sandwiched between two orthogonal, normalized eigenstates
of the “unperturbed” part of the Hamiltonian operator to produce the transition amplitude approxima-
tions, whose calculation is reduced to quadrature when every occurrence of the perturbation part of the
Hamiltonian operator in them is expanded in the “unperturbed” basis. That expansion also reveals the
time-dependent parts of those approximations to be multiply nested integrals which in the long-time limit
approach simple products of non-singular inverses (principle value plus delta function) of differences of
“unperturbed” energy eigenvalues. Closely related to the long-time limits of transition amplitudes are the
long-time averages of transition rates. When the “unperturbed” basis is that of free-particle states, sums
over relevant final states of transition rates from an initial state, divided by the initial state’s particle
flux, produce cross sections. Here the perturbation approximations to generic quantum transition rates
are parlayed to the corresponding approximations to differential cross sections for nonrelativistic-particle
potential scattering.

Introduction

Given a Hamiltonian operator H of the form H = H, 0+‘A/, where all of the eigenvectors @ZJ§0) and corresponding
eigenvalues E](O) of the “unperturbed” Hamiltonian operator f[o are known in analytic form, and where the

additional operator term V is a small perturbation of flm the time-dependent transition amplitudes,
(9, =i H=10/m 4O where (¢, ) =0, (1)

can be reduced to quadrature when they are calculated to only a finite order in the small perturbation V.

To show in detail the reductions to quadrature of the perturbation approximations to finite orders in 1%
of the Eq. (1) time-dependent transition amplitudes, we need to work out the expansion in orders of V of
the crucial time-evolution operator exp(—iH (t — to)/h) which is present in Eq. (1). If it should happen that
the operators Hy and V commute, expanding exp(fiﬁ(t —tg)/h) in orders of Vis straightforward,

o~ i (t—to)/h —i(Ho+V)(t—t0)/h — g—iHo(t—to)/h ,—iV (t—to)/h _

N o A @)
e—iHo(t—to)/n (I + (—i/V(t —to) + Xpo(—i/R)F (V) (t — to)’“/k!)~

When the operators Hy and V don't commute, the expansion in orders of V of exp(—iﬁ(t — tg)/h) will
of course be much more complicated than the Eq. (2) result, but its form can still be expected to have
recognizable similarities to Eq. (2). Motivated by the form of Eq. (2), we write,

e—iH(t—t0)/h — p—iHo(t—to)/h (6+iﬁo(t7to)/h efiﬁ(tfto)/h). (3a)
We now note that,
d(e“ﬁo(t-t‘))/h e—iﬁ(t—to)/h)/dt — (—i/n) (e+iﬁo(t—to)/h(_ﬁ0 + ﬁ)e—iﬁ(t—to)/h) -
(i) (e Fott=t0) /1 Gemifiti=to) /1),

and we also note that, R N
<e+z‘Hg(t7to)/7L efiH(tfto)/h)t:to T (3¢)
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Egs. (3b) and (3c) together imply that,
(6+¢ﬁo(t—t0)/h e—iﬁ(t—to)/h) _ (f+ (—i/h) ft dt(D) g +iHo (1D —to) /h ﬁe—iﬁ(t(l)_to)/h) (3d)
to
Egs. (3a) and (3d) yield that the time evolution operator exp(—iH (t — to)/h) satisfies the identity,

e—iH (t—to)/h _ ,—iHo(t—to)/h (f+ (—i/h) ftto dtD g+iHo(t ~t0) /R f/e—iﬁ(tm_to)/h)_ (3e)

Inserting the Eq. (3e¢) identity for exp(—iH (t — to)/h) into itself yields the more elaborate identity,
e—iH(t—to) /R _ p—iHo(t—t0)/h <f+ (—i/h) ftt dt (D etiHo(tV —to) /1 {7 —iHo (1) ~t0) /1 n
0

~ ~ ~ ~ (3f)
(—i/h) ftt dt (D e+iHo (™ —to) /h f}efiHo(t(l)ftg)/h(ii/ﬁ) ftt(l) dt @ +iHo(t® —to)/h ‘7672‘H(t<2>7t0)/n),
0 0
which shows that the first-order in V perturbation approximation to exp —iH(t - to is,
hich sh hat the fi der in V b H h
o—iH(t—to)/h _ g—iHo(t—to)/h (f+ (—i/n) [ At eFiHo(tM —to) /h {7 g—iHo(tD ~to) /1 O(‘A/Q)). (3g)
0

Inserting the Eq. (3e) identity for exp(—iﬁ(t —1t9)/h) into its Eq. (3f) identity yields the yet more elaborate,
e—iﬁ(t—to)/h = e—iﬁo(t—to)/h <f+ (—i/h) f: dt(l)e-i-iﬁo(t(l)—to)/h ﬁe—iﬁo(t(l)—to)/h +
0

(=i/h) [, dt e+ T =t0)/h Gomiot —to)/m( ) [ gy tiot®—to) /0 o=iHlo(t D —to) /1

) (3h)

(—i/h) [} At o (1D —10) /1 [ o=iHo (1) —t0) /h(_j /1) ft“) dt@ +iHo(t ~t0) /{7 o—iHo () —t0) /o
0

to

(—i/h) ftm) At +iHo(t® —to) /n ﬁeﬂ-ﬁwx),to)m)’
0

which shows that the second-order in V perturbation approximation to exp(—iﬁ(t —to)/h) is,
e—iH (t—t0)/h _ p—iHo(t—to)/h (f+ (=i/h) Lt At e +iHo (6D —t0) /7 {7 o —iHo (V) —to) /B (—i/h) x
0
~ ~ ~ ~ (31)
[F dtW e +iHo? —to) /5 o=iHo (D ~to)/h(_; /1) ft“) dt@ +iHo(t® —to) /h {7 g—iHo (P ~to) /R . 0(173)).
to to

Continuing in this way can be proved by induction to, for n = 2,3,4, ..., generate the sequence of identities,
_iH (t— —iHo(t— - . t i (¢ (1) — S i et — .
e~ tH (t—to)/h — o—iHo(t—to)/h (I + (_z/h) fto dt(D) e+iHo(t to)/h V7 e—iHo(t to)/h 2222 [(—Z/h) %

ey -~ Ry (k—1) Ry ~ .73
ftto dt(D) e F+iHo (¢ —to) /A {7 g —iHo (tV —to) /R, ., (—i/h) ttok ' dt (k) eF+iHo(t*) —to) /R VeszO(t(M,to)/h}

N . . (33)
(i) [ 0T =) =it =t /m () (17 gy

e+iﬁ0(t<n)—t0)/h ?e_iﬁo(t(n)_to)/h(—i/h) ft(n)

) dt(n+1)e+iﬁo(t("+1)—to)/h?e—iﬁ(t“”l)—to)/h).
0

which shows that the nth-order in V perturbation approximation to exp(—iH (t — to)/h) is,

e—iH(t—to) /R _ p—iHo(t—to)/h (f+ (—i/h) ftto dt (D) g+ iHo(tV —to) /1 T o —iHo (tD) ~t0) /1 +

S o [(=i/h) [} dt et —to)/h Fe—ifotV—to)/n .. (3K)

t(k*l)

(=i/n) [,

Eqs. (3j) and (3k) suggest that exp(—iH (t — to)/h) may have the formal perturbation series representation,

At (B) g+iHo (1) ~t0) /1 Ve—iﬁo(ﬂw—tg)/h] n O("}n—&-l)).

e—iH(t—to) /R _ p—iHo(t—to)/h (IA+ (—i/h) ftto dt (D) g+ iHo(tV —to) /1 7 —iHo (tD) ~t0) /1 +
2L [(=i/h) [} dt et —to)/h Fe=ifotD—to)/n .. (31
(ifm) [ ATt —t0)/ oot —to)/n] )
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When the operators Hy and V commute, it is easily worked out that Eq. (31) is exactly the same as Eq. (2).
However, if the operators ﬁo and V don't commute, it isn’t guaranteed that the Eq. (31) putative formal
perturbation series representation of exp(—iH (t — to)/h) converges.

Using the Eq. (3k) perturbation approximation of nth order in V to exp(—iH (t — ty)/h), we now wish
to reduce to quadrature the corresponding perturbation approxzmatzon to the time- dependent transition am-

plitude described by Eq. (1). Since Eq. (1) specifies that ( w(o ) = 0, and since Hy w(o E§O)w§0), we
obtain by application of Eq. (3k) to the Eq. (1) transition amphtude that,
( 1(0)’ e—iH(t—t0) /R z/}Z(O)) _
L (N N Tt i L (O T ot L
S [(i/h) [ @t e E o) /1 (0 Pt —ta/n
- 0

t(k 1)

(—ifm) Ji) " @tOer ot Gy 0B WO )1 4 ().

To reduce each term on the right side of Eq. (4a) to quadrature, every occurrence of the 1% operator in that
. . (0) o
term is expanded in the 9;™ basis, i.e.,

(61, Vo) = Zmu(z) (1, wm))(wﬂ(l) w](2))(wﬂ2)’ ¢2), (4b)
after which the following two transparently true relations are applied,
s i (‘0) —
eilHO(t_tU)/h w](_()) = ei EJ (t to)/h w](O) and (w](0)7 wj(g))) = 6jj' (40)
Upon completion of the w;o)—basis expansion procedure described by Egs. (4b) and (4c), Eq. (4a) reads,
( 1(0)’ e—iH (t—t0) /R z/}Z(O)) _

o—iB" (t—to /h( —i/h) f dt(D) B (¢ — to)/h(w(o qu(o)) —iB{” (¢ —to)/h 4

4 [ O 0 0, G0 e
(—i/h) [ t(k R, +1E5?; ™ —to)/n (% . w(o e 1E§0)(t(k>—t0)/h] + O(‘/}n-i-l)),
whose terms it is very useful to separate into time-dependent and time-independent factors as follows,
(%0)7 e—iH (t—t0)/h wZ(O)> _
o—iE” (t—to) /h ([(72‘/71) ftto dt(1)€+i(El(0)—E,fo))(t(l)—to)/h] [(7/150)» ‘7%(0))] +
Sy Zj<1)-~~j<k_1> [(—i/h) f; dt(1)e+i(E{0>_E§?1)>)(t<1>—to)/h . (4e)
(i) [ e iy BT (0 D0y © | u0)] 1 o(7m)).
The nested-integral time-dependent factors which occur in Eq. (4e) are of the general form,
—i/h) [ @D+ AEIEDto)/n L (ifp) [17T gyl HiAE) P ~t0)/n, (5)

Here we are interested in the long-time ¢ — 400 behavior of the Eq. (1) transition amplitudes, to which
Eq. (4e) gives the perturbation approximations. We specifically wish to calculate perturbation approxima-
tions to long-time averaged transition rates (asymptotic transition rates), which are,

lim {] (v’ e—iH(t—to)/h )P /(¢ —to)}. (6)

t——+o0
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Therefore we wish to obtain the ¢t — +o0 limiting behavior of the Eq. (5) time-dependent entities. We begin
with the simplest k£ = 1 instance of Eq. (5),

lim {(—i/h) ftt dt(l)e‘i’i(AEl)(t(l)*tO)/h} = lim {(1 - eTAEN—10)/h) [(AE)} =
0

t—+o0 t—+4o00
ti}?oo{ ((1 — cos((AEl)(t — to)/h))/(AEl)) — i(sin((AEl)(t — to)/h)/(AEl))} = (7a)

P(1/(AEy)) —in §(AEy),

where P(1/(AE4)) in Eq. (7a) stands for the principal value of (1/(AE1)). An alternative approach to
obtaining this limiting behavior, which proves to be of decisive importance for dealing with arbitrary values
of k in Eq. (5) is,

lim {(—i/h) ftt dt(l)e+i(AE1>(t“>—to)/h} = lim {(—i/h) ft+°° dt(1)6+i(AE1+ie)(t(l)—to)/ﬁ} =
0 0

t—+o0 e—0+

lim {(AB +i0)71} = lim {((AB)/(AE)? +¢)) = i(e/ (AEL? +€))} = ()
P(1/(AEy)) —im 6(AEy).

Egs. (7b) and (7a) show, inter alia, that the limit entities,

. . +oo i ie) (¢t — BT CN—
61—1>I(§1+{(_Z/h) fto dt(DetiABHOED —to) /2 — 61—1>I(I)1+{((AE) +ie)71}, (7c)
and,
. . t i 1) _ o . i _
Jim (/) [, eSOy o i (1 HARE0R) (AR, (1)

are interchangeable, a fact that will be very useful further on.
We now apply the approach used in Eq. (7b) to the evaluation of the ¢t — +o0o behavior of the general
Eq. (5) time-dependent entity,

. . t i ) _ . k=1 i (k) _
tlginoo{(_z/h) fto dtW et A —to) /R (_j /h) M dt(F) e ti(AE( to)/ﬁ} = -
e
. . +o0 i i) (e _ . A i *) _
ELH&{(,Z/E) fto AtV eti(AER+ie)(t ) —to) /A . (—i/h) b dt(F) e ti(AEL)(t to)/h}7
which motivates us to attempt to evaluate all of the nested integrals which are defined as,
I (AEg, AE;_q, ..., AE}) def (—i/h) ft:r‘x’ AtV pHi(AE +ie) D —to) /R o -

(—i/h) ftt(l) dt@ e Hi(AE_ ) —to)/h (i /1) ;“H’ (k) pHi(AE) (M) —to) /.
0 0

From Eq. (7b) we of course already know that ZS(AFE;) = (AE; +ie)~!. By carrying out an integration
by parts on Zf | (AEg 41, AEy, ..., AE;), we obtain a recurrence relation which, along with the value of
Z{(AE), leads to a closed-form result for Zy (AEy, AEg_1, ..., AE1). The terms of the integration by parts
that are evaluated at the endpoints t() =t and t(Y) — 400 turn out to both vanish,
Ti 1 (AEgy1, AE, ..., AE) =
(—i/h) ftj“’ AtV i A Eria+ie) (D —to) /R (_j /) fttom At i AB) (P —to)/h o
(2) . (k) . .
(—i/h) J;to dtB3) i (AE_ ) (P —to)/h . (—i/h) ft’; dtF+1) o+ (A BN EFTD —t0) /B _
(ABjs1 + i)~ (—i/) [} dtM e i(ABrn+ABO0 o)/

e

(—i/h) J dt(?)e—ﬁ-i(AEkfl)(t(z)—to)/h...(_i/h) ftt(k*l) dt(F) e +Hi(AE) () —to) /R _
0 0

(AEk+1 -+ Z'G)*l IE(AEk+1 + AEk, AEkfl, ey AEl)
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The relation Zp | (AEg 11, AEy, ..., AE)) = (AEk +i€) I (AEg+1 + AEg, AE,_q, ..., AE}) of recur-
rence obtained in Eq. (7g) yields, starting from Z{(AE;) = (AE; +ie) !, that,

T5(AEs, AEy) = (ABy + i) \I{(AEy + AEy) =
(ABEy +i€) "L (AEy + AE; + €)1,
I5(AEs, AEy, AEy) = (AE3 +ie) ' IS(AEs + AEs, AE,) =
(AE3 +ie) H(AE3 + AEy +ie) 1 (AE3 + AEy + AEy +ie)™1,
I5(AEy, AE3, AEy, AEy) = (AEy +ie) 'IS(AEy + AEs, AEy, AE,) = )
(AE; +ie) Y (AEy + AEs +ie) Y (AEy; + AE3 + AEy +i€) Y (AEy + AE3 + AEy + AE; +ie) ™1,
so obviously, Z¢ (AEy, AEg_1, ..., AE)) = (AEy, +ie) Y (AE, + AEp_1 +ie)~ '+ x
(AE, + AEp_1+ -+ AFEy +ie) Y (AE, + AEg_1 + -+ + AE; +ie)7 1,
where the final (general) result given in Eq. (7h) can easily be proved by induction using the Eq. (7g)

recurrence relation. The nested-integral time-dependent factors which occur in the Eq. (4e) perturbation
approximations to Eq. (1) correspond to the Eq. (5) nested-integral form via the following relations,

0 0 0 0
(AEy) = (B —E](.(l))), (AE,_1) = (Ej(u)) EJ((;), .

(ABp) = (ES)  — B ) and (AEy) = (B —BEY), (71)
which implies that,
(AEy) = (B ~ EY), (AB + AB) = (B” —EY), -, .
(AEy+ ABg 1+ + ABy) = (B = E{Y) ) and (AEx+ ABy 1+ + AE) = (B - E[). w
Inserting the results given by Eqgs. (7h) and (7j) into Eq. (4e) yields,
Jim {eHBem/m (O =ittt/ yO)) = tim {((E” — EY) +ie) " x
(@, Vo) + 0 Sy, (0, VU ) (B = BL)) +ie)) ™ - (7k)

(0 =B ) +i9) " (v, Vi) +0o(Vm+)]].

The Eq. (7k) result also formally yields what we are specifically interested in, namely the perturbation
approximations to the Eq. (6) long-time averaged transition rate (the asymptotic transition rate), as

lim {’(w(o) esz(t to)/h ¢(0))|/ )}:

t——+o0

lim lim {(((El“” ~ B )t — 1) x

t—+o0 e—=0+

_ _ (71)
[, T®) 4 Sy S g, (@, T2 (B~ BD) +i)) ™
_ 2
(B =B ) +i) T (vl Vi) +o(7)[ ],
but the Eq. (71) mized limit entity,
lim lim {((( ) —EZ-(O))Q-FGQ)(t—tO))_l}, (7Tm)

t—+o00 e—0+

seems ill-defined at first glance. Egs. (7c) and (7d), however, tell us that lim. o4 {(AE + ie)~1} is inter-
changeable with limy;_, o {(1 — exp(+i(AE)(t — to)/h))/(AE)}, which resolves the mixed limit puzzle,
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lim lim {(((E(O Z-(O))2 + 62)(t — to))_l} =

t—+00 e—=0+

tihmoo{“ o Hi(EO —E®) (t— to)/ﬁ| /(B <0>7E<o>) t0))} = (Tn)
lim {2(1— cos((B{" ~ B{”)(t — 10)/m)) / ((B{" — B{”)" (¢ = t0)) } = (2n/D) 6(E(") ~ B"),

t——+oo

so more transparently, the perturbation approximations to the Eq. (6) asymptotic transition rate are,

Jim ([0, emiHe0m O 2/ — o)} = (2n/m) 55 — B”) x
el—i>r(I)1+{ ‘( 1(0)7 V’(/}Z(O)) + ZZ:Q Zj(l)"‘j(kfl) ((( ij(l)) (( © EJ(?1))) + ’ie))_l s (70)

(B — B0 ) i) (0, 7o) + o)}

Perturbation approximations in nonrelativistic-particle potential scattering

The total cross section o for a free-particle collision interaction is an asymptotic transition rate of the type
approximated to nth order in the perturbation V by Eq. (70), divided by the initial free-particle fluz and

summed over all final states wl(o). A variety of partial cross sections are defined by omitting selected parts

of the sum over the final states 1/)1(0). In this section we use the nth-order perturbation approrimation to the
asymptotic transition rate that is given by Eq. (7o) to obtain the corresponding perturbation approximation
to the cross section for the scattering of a nonrelativistic free particle—whose “unperturbed” Hamilton
operator is Hy = |p|?/(2m)—by a localized static potential-energy operator V(). Since Eq. (70) implicitly
deals with “unperturbed” states 1/)](»0) which are normalized to unity, we definitely cannot use the familiar
continuum plane-wave momentum eigenstates of a free nonrelativistic particle whose Hamiltonian operator
is Hy = |p|*/(2m). We therefore replace the continuum plane-wave momentum eigenstates by momentum
eigenstates which adhere to periodic boundary conditions in a cubical box of finite, but arbitrarily large, volume
V. The detailed form of the discrete cubical-box-periodic normalized-to-unity momentum eigenstates is,

1

zlz(nm,ny,nz)(r) =V 3 exp (27m'(xnx +yny + znz)/V%) = V3 Pr/h (8a)
where ng, n, and n, are integers. Eq. (8a) yields that the momentum eigenvalue p of ’(/}(nz,ny,nz)(r) 1$,
P= (QWh/V%)(nza Ny, nz)’ (Sb)

which shows that these discrete momentum eigenvalues tend toward a continuum as the box volume V — co.
Eq. (70) features sums over the quantum numbers j of the “unperturbed” states 1p§°), and of course
such a sum (over all final states) is fundamental to the definition of the total cross section o. In the
nonrelativistic potential scattering case, we see from Eq. (8a) that those sums over j are sums over all of
the integer triplets (ng, ny, n.), and since the “unperturbed” free particle’s momentum p = (p,, py, p-) =
(27h/V3) (N, Ny, 2, of course (ng, ny, n,) = (V3 /(27h))(px, py, p-), and since the momentum eigenvalues
(Pz, Py, P=) approach a continuum as the box volume V — oo, then for a sufficiently large box volume V,

Z(nmanyanz) = Z"z Z"y Z"z =

(8¢)
(V3 /(2nh))[dp, (V3/(27h))[dp, (V3/(2nh))[dp. = (V/(27h)?)[d®p.
Thus, in the nonrelativistic potential scattering case, > ; in Eq. (70) becomes,
E — (V/(27h)3) [d®p;. (8d)

Furthermore, since Eq. (8a) tells us that in the nonrelativistic potential scattering case the 1/)§0> of Eq. (7o) is
\V exp(ip;-r/h), and also, since in that case the V of Eq. (70) is the static potential energy operator V (T),
we see that in the nonrelativistic potential scattering case the entities (tm o ‘71050)) of Eq. (70) become,

(1#7(,2), ‘71ﬁ§0)) — V' Vz(pm — pj), where Vr(q fdgr exp(—iq-r/h) V(r). (8e)
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Also the EJ(O) of Eq. (70) is of course |p;|?/(2m) in the nonrelativistic potential scattering case,
B — [p;[?/(2m). (86)

Finally, the fluz of the initial nonrelativistic free particle of momentum p; is its speed (|p;|/m) divided by its
wave-function normalization volume V. Dividing Eq. (7o) by that flux, specializing the rest of Eq. (70) to
nonrelativistic potential scattering by applying Egs. (8d)—(8f) to it, and summing the result over all of the
final states wl(o) yields the perturbation approximation of nth order in the localized static potential operator
V() to the total cross section o for the scattering of a nonrelativistic free particle by that potential,

o = (m/|p:])(27h) =3 [ d*py(2m /) (2m)é (|pil? — |pil?) ‘V}‘(pl —pi)+

. n _ _ .y —1
Gl_l)rgl+{2k:2(277h) 3 f d3pj(1> U (27Th) 3 f dgpj(k—l)VJ:(pl - pj(1))(2m)(|pl‘2 - |pj(1) |2 + ZG) e (Sg)

(Zm) (|pl|2 - |pj(k—1) |2 + i€)71 V]:(pj(k-—l) - pl)} + O((V(?))an) ’2'

The box volume V has canceled out in the Eq. (8g) perturbation approximations to the total cross section
o for nonrelativistic potential scattering, as physical reasoning very strongly indeed suggests that it must in
the limit of V — co. The “unperturbed-energy” conserving delta-function factor (2m)é(|pi|? — |ps|?) that
is present in Eq. (8g) makes it possible to immediately evaluate the fooo Ipi|?d|pi| - -+ part of the [d®p;---
integral that occurs in the Eq. (8g) expression. The integration over the differential solid angle df)p, of
the final particle momentum p; remains to be carried out, but if we choose to simply omit that differential
solid-angle integration, we will have obtained the perturbation approximations to the very useful differential
cross section do/dQp, for nonrelativistic potential scattering; it is easily worked out from Eq. (8g) to be,

do [dQp, = ’(m/ (277712)> (V]—‘(pl —pi)+ E£%1+{ZZ:2(27h)_3 S &pj,, - @2rh) 73 [dPpj,_,, *
. 1 .1
V]:(pl - pj(1))(2m) (|pl|2 - |pj(1) |2 + ZE) T (Qm)(|p2|2 - |pj(k71) |2 + ZG) X (8h)

Ve — pi)}) O((V(f))n+1)> ’2.

[pi|=Ipil

A specific simple example of Eq. (8h) is the lowest-order perturbation approximation to the differential cross
section for scattering from a Yukawa potential V (r) = &2 exp(—|r|/ro)/|r|, where the coupling strength &2
has the dimension of energy times length. The lowest-order perturbation approximation to the “scattering
length” for this Yukawa potential—the absolute square of which is the corresponding approximation to the
differential cross section—is, from Eq. (8h),

(m/(27h%)) V) (5, ), (9a)
where,
(Yukawa) _ 2 3 i _ _
Vy (q) = e? [dr exp(—iq - r/h) exp(—|r|/ro)/|r| =

e2 [Cdrr e~ /T (21) Jy df sin6 e~Halreos0/h — 2 (o7 Jdrr e~T/mo fil da e~ ilalre/h —

(9b)
e2(4nh/|ql) fooo dre~"/m sin(|q|r/h) = €2 (47h/|q|) Im(fooo dr e’r((l/ro)*i(‘qvh))) =
-1
e?(4m) ((lal/R)* + (1/r0)?) .
Therefore this Yukawa potential’s lowest-order “scattering length” comes out to be,
ukaw —1
(m/ (27h?)) VR (py = pi) = €2(2m) (Jp — pil* + (B/70)?) ", where [pi| = [ps]- (9¢)

This Yukawa potential becomes a nuclear Coulomb scattering potential when ro — oo and €2 = Z; Z5€?, in
which case the lowest-order perturbation approximation to the “scattering length” is,

ZldeQm/(|pi|2(1 — cos 9(”))), (9c¢)
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and the corresponding approximation to the differential cross section is of course the square of Eq. (9c¢).
Ernest Rutherford obtained exactly that differential cross section result classically by relating the final
asymptote of the classical particle’s hyperbolic trajectory to its initial impact parameter. Although we have
only calculated this result quantum mechanically in the lowest-order perturbation approximation, it has
been established that the higher-order corrections to this “scattering length” result are the perturbation
expansion of a pure phase factor, which of course becomes exactly unity upon taking the absolute square
of the “scattering length” to obtain the differential cross section. Thus nonrelativistic Coulomb potential
scattering presents the unusual circumstance of perfect agreement of exact quantum mechanics with its
lowest-order perturbation approximation, and also with the classical result.



