Derivation of field equations of f(R) gravity from Euler-Poisson
equation
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Abstract
We derived the field equations of f(R) gravity using Euler-Poisson
equation, which allows the boundary term to vanish in a natural way from

the principle of Calculus of variation in contrary to the original theory of
H. A. Buchdahl 1970, in which the boundary term was not treated.

Keywords: Calculus of variation; f(R) gravity

Contents

1. Introduction

. Euler-Poisson equation of the calculus of Variation
. Derivation of the field equations of f (R) gravity

. Trace of the field equations of the f (R) gravity

. Conclusion

. References

NNk~ W

1. Introduction

In his paper "Non-Linear Lagrangians and Cosmological Theory" [1] H.
A. Buchdahl, proposed his generalization to the Einstein field equations
by considering a generalization of the gravitational Lagrangian ¢(R) to be
a general function the Riemanian scalar tensor rather than just a linear
function proportional to the Riemanian curvature tensor. Nowadays it is
called f(R) gravity. Most references that discuss f(R) gravity rarely
refer to H. A. Buchdahl as the first to propose such non-linear Lagrangian
functional model.

He suggested a Lagrangian functional of the form

L=¢(R) (1.0)

Where ¢(R) is unspecified.

He has given the generalization to the Einstein field equations as a tensor
equation, which contains derivatives of ¢(R) with respect to the Ricci
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scalar as well as derivatives of the Ricci scalar with respect to space-time
coordinates, which reads

am n " ’ 1
(_R;k R,+gy R, R ) ¢ +(_R;k1 +g, OR) ¢"-R,, ¢ +§ gu 9=T, (1-1)

He has given the result of variation of \/-g #(R) as

5(\/5 ¢)z\/§Pk1 08y (1-2)

Where the sign ~ denotes equality to within additive divergence, and P,
is given by

am n " ’ 1
(_R;k R,+g, R, R ) @ +(_R;k1 +g, OR) ¢"-R,, ¢ +§ gu 9 (1-3)

Without treating the boundary term.

2. Euler-Poisson equation of the calculus of Variation
The Euler-Poisson equation of a general Lagrangian functional L is
given by the following expression [2], [3]

2
L dZ)a(Z)-o @
oq dt\oq ) dt~\ oq
With the boundary term given by
(2.2)

oL d oL oL | ..
— = |99 +| — |9¢q
oq dt 0q oq

Which vanishes if §¢ and 84 vanish at the two end points x, and x, .

To derive field equations for any functional of the fundamental metric
tensor g, (x°) we make into the Euler-Poisson equation the following

change of variables
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t=>x"

qt)=g,,(x")

. _dq(t) e _agmp(xe) 23
q(t)_ dt :>gmp,s(x )_ axs ( . )
. dq@) .0 [0g,,x)) &g, &)

q(t) - dt2 :>gmp,sr(x )_ axs axr - 6)6 K 6xr

L(t, q@). G@) G@))=L(x%, g,,(x ) 8, (X): &,y (&)

The Lagrangian of the /' (R) gravity is [4-6],

L(gab’ gab,c’ gub,cd): _g Lvaity (24)
Where
LGravity (&w> 8awbes gab,cd):f (R) (2-5)

Substituting Eq. (2.3), (2.4) and (2.5) in Eq. (2.1), the Euler-Poisson
equation of the Lagrangian of f/ (R) gravity may be written explicitly as

[6[\/§f(R)]]_ o [6[\/§f(1'?)]}r o’ Lﬁ[@f(mqo (2.6)
Oox

6gmp ox* ﬁgmp,s Tox’t ﬁgmp,sr

This is our Euler-Poisson equation, which produces the same equation of
motion of f/ (R) gravity as Buchdahl equation.

Recalling that the Ricci scalar R may written in terms of the metric
tensor and its partial derivatives by

1 .
R :E g“b g ! [(gch,ab _gac,hb)_(gbh,ac _gab,hc)]

— (/4 g 8° " [(Cue +&ara—&aen) (Zige + &g —&hey) (2.7)
- (gah,b +gbh,a _gab,h) (gcq,e +geq,a _gce,q )]

This in local coordinates like a geodesic coordinate system [4], a local
inertial frame [5], or a Riemann Normal Coordinates system [7], which
are characterized by
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And

0 (0g, or,. or,’
#0, cx0, —2L-%0(2.9
Ox (6}(‘1] ox ¢ ox ! 2.9)

Where I',, is the Christoffel symbol of the first kind so, the Ricci Scalar
in Eq. (2.7) may be rewritten as

1 :
R :E g“b th [(gch,ab _gac,hb)_(gbh,ac _gab,hc)] (210)

In which the first partial derivate of the metric tensor vanishes.
Since (a, b, ¢, h)are dummy indices (=summed over), the Ricci Scalar

R may be rewritten as

R = gab gCh [(gch,ab _gac,hb)_(gbh,ac _gab,hc)]

gab gCh [(gch,ab 8t " Evhac T 8ab e )]

(8" 8" Qo —8" 8" s 8" 8" e +8" &% Gy )]

(8" 8" Qo —8" 8" G 8" 8" Curn +8" 8% gun)] (2.11)

[(2 g“b gCh gub,ch _2 g“b gCh guc,bh)]

= [(g“b gCh gab,ch _g“b gCh guc,bh)]
:gab gCh [(gab,ch & i )]

This is resulting from making the indices changes (¢ —>c¢, » > h) in the
first term and (a — b, ¢ — h)in the second term, respectively.

To determine the various differentiations in three terms in brackets in Eq.
(2.6) in the Euler-Lagrange equation we make use of the derivation of
Einstein field equation from Einstein-Hilbert [4-7] in which

o R
S =R 212)
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When written as

OR
S R=—n- 6g” (2.13
It implies
IR _r, (2.14)

Since we are using the covariant metric tensor, we may transform the
above equation to be rewritten in terms of the contra-variant metric tensor
as

ab ab
OR :6Rab 0g _R, og (2.15)
’g, 0g% dg,, og

mp

Using the identity

=— g™ g” (2.16)

This is resulting from differentiating
¢® g, =0, (2.17)

With respect to g

mp °
We get the differentiation of the Ricci scalar with respect to the covariant
metric tensor as

aR aR am am am m
2e 27 (—g" g”)=R, (—g" g")=(-g™ g” R,)=—R"™ (2.18)
mp

Since we are considering local coordinates in which the Christoffel
symbols of both kinds and the first derivative of the metric tensor vanish
and do not appear in R expression in Eq. (2.7), we get

R __H (2.19)

mp s

)



The derivative of Ricci scalar with respect to second derivative of the
metric tensor with respect to coordinates is given by

OR 0 a c a c
= [g ’ gh (gab,ch _gac,bh):': g ’ gh (gab,ch _gac,bh)
ag mp ,sr gmp ST gmp ST
ab ch
= &g 4 (gab,ch)+ (_ gac,bh )\]
[a mp ,sr ag mp ,sr
L[ o 5
= gab g ! (gab,(;h)_— (gac,bh)
0 mp ,sr ag mp ,sr

= g g [(5° 5bp 5 5hr)_5bm 5hp 5 5]
= g g ¢, 5hp 5. 5br_6am 5, 5hs 5br)
= (g g 5 5hp 5 5br)_(gab g 5 éwp 5hs 5br)
= (g"g")-(g" g")=(g"g" -g" g")
(2.20)

Now we have at our disposal all the derivatives needed to derive our field
equations of f (R) gravity. We summarize these as

R __ o

08 p
B 2.21)

O R

:(gl’llp gsr _gmr gp.Y)

mp ,Sr

Having derived the main terms needed we are now ready to derive the
field equations of the /' (R) gravity.

3. Derivation of the field equation of /' (R) gravity

We derive the field equations of f(R) gravity in absence of external
energy-momentum source by applying the Euler-Poisson equation to
f(R) gravity

(6)



0 0 _
E[(\/_g f)]—a - [ﬁ(\/ g [+ 6 - [6 - (V—g N]=
6 —
g ;f o 8 6f oy S8 (3.1)
gmp mp s ag mp s
— g 6“ -0

mp ST mp ,sr

Make use of the following identities

N=E _, 6*/— =0 (3.2)

agmp ) mp Sr

Then Eq. (3.1) becomes

[Eazf+ gy % 1Jme 2

0? — of 3
% — [V-g 5 170 (3.4)

6x’

mp mp K] mp ,sr

Using the chain rule of differentiation

o _df oR o __d R 55
agmps dR 6gmps 6gmp,sr dR agmp,sr ‘
Substituting Eq. (3.5) into Eq. (3.4), we get
vl N a & ok Y R
[ dR og, + agm T, g, ax VT8 R 6gmp o
(3.6)
Since 5 =0 in a local coordinate system, the third term in Eq. (3.6)
gmp,s

disappears from the equation of motion, so we are left with

Jz [ZLR(—R’"mlg'"Pf]
Vg R L1t
E[—Rmpr+ g [+

[E (g’””g -g" g")]=
[F PTG S S-Sl 0(3.7)

663

; a ;
[x/_fR(g'""g -g" g")}=

6’63
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Where we have substituted

OR O\—g 1 df
—:—Rmp’ = —./— mp’ = — 3.8
e, o, SVgg v=p 3-8)

Performing the first partial differentiation - the s — differentiation - in the
third term of Eq. (3.7) we get

0
ox"

V8 R fy 428" f 1= A8 o (g™ 8" —g™ g™ )]

+W-g (afs fo) (@ gm—g" g”)H(%J%) fro (g™ g —g" g™ =0
(3.9)

Making use of the following identities

O\-8 :6\/% 6gmp

ox “ og,, Ox

_4g )20 (3.10)

= 2

mp

: o : : .. 0
Since we are considering a local coordinate system in which % =0, Eq.
X

(3.9) yields

aa, Wg X r) (™ ¢ —g™ g™} =0
X ox

(3.11)

V& LR fyvk g s

Writing partial derivative with respect to space-time coordinates of the
derivative of f (R) with respect to Ricci scalar explicitly as

0
ox*

0 p_d 4,0 R:(dzf

d
f’*_dT(f’*)axs dR “dR’ ox® dR’?

) R,s :fRR R,s (312)
Substituting Eq. (3.12) into Eq. (3.11) yields

0
ox"

(W-¢g (fee R,) (€™ g7 —g" g")]}=0
(3.13)

L& LR vk g s

Performing the r —partial derivative in Eq. (3.13) becomes

(8)



mp ps

V=8 R fy+28™ 11408 (i R
+{[J§ L R (87 8" —g" g (3.14)
E) (Fee R)) (€™ g7 —g™ g™)]=0

Substituting the identities in Eq. (3.10) into Eq. (3.14), we get

m 1
V-8 [-R™ 1% 78

mp ps

R)]=0 (3.15)

Using the Leibniz rule of differentiation

0 0
R,s):fRR ax_,(R,s)"'R,s _r(fRR)

OR
:fRR R,s,r +R,s (fRR) _r
d d f
= R. +R
fRR 8,7 K dR dR
d’f
= R ]
fRR 8,7 K dR3

:fRR R,S,r +R,s R,rfRRR

Substituting Eq. (3.16) into Eq. (3.15), we get

1 , ,
J-g [-R™ f, Y g"” [1+IN-g (€™ g"~g" ") (frx Ry, +R, R, [1zz)1=0
(3.17)

Multiplying the two brackets in the second term in Eq. (3.17), we arrive
at

©)



m, 1 m, m, sr mr S
V=& {[_R pr +5 8 pf]+[(fRR R,.v,r 8 g g _fRR R,s,r g gp )

+(R,s R,r Sree 87 87 _R,.v R,r Srer &7 7)1 =0
(3.18)

m, 1 m, r m, m,p
V=& {[_R pr +5 g pf]+[(fRR R’,rg p_fRRR’ 71)

+HR' R,rfRRR 8" =R" R free)} =0

Since \/-g #0, the form of the field equations of f (R) gravity in a local

coordinate system in absence of external energy-momentum source
would be

m 1 m, r m, m r mp m
[-R™ fr +5 g™ 1+ ra R’,rg P —fre R +(R R,rfRRR g —R" R f )]

=0
(3.19)

Rearranging in the descending order of the derivative of f(R) with

respect to Ricci scalar R yields our completed derivation of the field
equations of the / (R) absence of external energy-momentum source as

m r m m r m m, 1 m,
(g™ R R, -R R") frer +(g pR’,r_R’ ) fre —R™ [y +5 g"f =0
(3.20)

Using the principle of general covariance Eq. (3.20) can be made to be
valid in any general coordinate system by replacing the partial derivatives
with covariant derivatives; in simple language the commas (,)in the Eq.

(3.20) will be replaced by semicolon (;), i.e. ((,) = (;)).

So, our equation of motion of the f (R) in the covariant form in absence
of external energy-momentum source may be written as

m, N m N m, N sm m, 1 m
(" R" R, —=R™ R?) gz +(&"" R", —R™") frzg —R pr+5 g"f =0
(3.21)

Which is exactly the same as the Eq. (1.1) derived by H. A. Buchdahl.
It may clearly be seen that it requires both the metric tensor components
and the form of the function f(R) as an explicit function of the Ricci

scalar R as its basic ingredients for it applications.

(10)



4. Trace of the field equation of the / (R) gravity

Contracting Eq. (3.21) (i.e. multiplying by g, and sum) and notice that

mp

in a 4-dimensions space-time and for the diagonal metric tensor g,

3 3
2. 28" g, =4 (41

m=0 p=0

8" &
Yields

m N sm N m, N sm; m, 1 m
gy @™ R R, =R™ R") frpp +(&" R", =R™") fra =R™ [ 78 "fi=0
&, 8" R"R,-g,, R" R") frpa +(g,, 8" R, =&,, R"7") fra—8., R"™ [
1 m
. . . 4 i 1
(4 R R;r _R;p R’p)fRRR +(4 R ir _R;p)p)fRR -R mfR +5 (4)f =0
(4.2)

Where we have made use of the identities
gmp gmp:4’ gmpR;m:R;p’ gmpRmp:Rmm :R (4'3)

Performing the arithmetic operation having in mind that », p and m are
dummy indices (each ranges from 0 to 3), we get

. . . . . 1

(4 R R;r _R;p R’p)fRRR +(4 R i _R;p’p)fRR -R mfR +§ (4)f =0

(4R? R, ~R, R?) frre +(4 R? —R.?) fr —R fr+% (4) f =0 44
P P RRR P P RR R 2

BR?R,) frar t+ B R?.) frr =R fr+2f =0
3(R? R;p)fRRR+3 (R;p;p)fRR -Rf,+2f =0

Then the contracted field equations of f(R) in absence of external
energy-momentum source is

3(R?R,) [rae +3 (R ) fra =R fr+2f =0 (4.5)

(11)



It is important to notice that in our case in which 7, =0 (i.e. in absence of

external energy-momentum source) no longer implies R =0 or even a
constant Ricci curvature denoted by (R =R,) as in contracted Einstein

field equations.
The tensor form of the field equations of f (R) gravity in Eq. (3.21) is a

set of four equations -since we are working in space-time of four
dimensions - we may write these equations explicitly as

[g" (R"Ry+R" Ry +R”* Ry + R R)=R* R™] [z

‘ ‘ ‘ ‘ 0. 1
+[g00 (R‘O;o +R‘1;1 +R’2;2 +R‘3;3)_R‘0‘0]fme _ROOfR +5 goof =0

[¢" (R°Ry+R" Ry +R* R, +R” Ry)=R" R™] [y

i i . . 1. 1
+Hg" (R‘0;0+R‘1;1+R’2;2+R‘3;3)—R‘1‘1]f” _R”fR +5 g"f =0

[g” (R R, +R’ R, +R? R, +R” R;3)_R;2 R*1f pan

) i . ) ’. 1
g™ (R’0;0+R’1;1 +R‘2;2+R‘3;3)—R‘2‘2]f“ _R22fR +5 g?f =0

[g¥ (R R, +R’ R, +R? R, +R* R;3)_R;3 R71f ran

+Hg™ (R’O;o +R’1;1 +R’2;2+R‘3;3)_R’3’3]f” RS, +5 g"f =0 (4.6)

Since
gOO (R;O R;O):R;O gOO R;O :R;O R;O
g]] (R;] R;]):R;]g”R;]:R;lR;l (4 7)
g22 (R;2 R;Z):R;ZgZZ R;ZZR;ZR;Z .
g33 (R;3 R;3):R;3 g33 R;3 :R;3 R;3

And

g" (R")=R""
g" (R')=R"

g” (R?)=R™
g" (R =R

(4.8)
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The Eq. (4.6) becomes

[g” (R"R,+R? R,+R® R )] frar +1g" (R, +R92;2 +R;3;3)] fea =R f

R

+% g”f =0

[¢" (R Ry +R? R, +R” R frep +[g" (R +RZ,+RZ )] fr =R £

+% g”f =0

[g2 (R Ry+R" R +R® R)] fppe +[€7 Ry + R +R )] frp =R [y “2
1 5

+5 g7 f =0

[8% (R Ry +R" Ry +R* Ry)] fyan +[87 (R7 g+ R, +R7 )] oy =R™ [
1 33

+5 g7 f =0

In addition, the contacted form in Eq. (4.5) becomes

3 (R;o R;O+R;1R;1+R;2 R;2+R;3 R;})fRRR +3 (R§0;0+R;1;1+R;2;2 +R;3;3)fRR (4 10)
-Rf,+2f =0

In some gravitational models, the metric tensor is a function of one space-
time coordinates such that the Ricci scalar is a function only of the
derivatives of the metric tensor with respect to that space-time coordinate.
As examples, the time independent spherically symmetric metric [4-7],
and the FLWR metric in Cosmology [4-7], are functions of one space-
time coordinate only - » - coordinate in the former and ¢ - coordinate in
the latter- so that there is only one surviving term in the brackets
containing the derivatives of the Ricci scalar with respect to the space-
time coordinate in Eq. (4.9) and (4.10).

5. Conclusion

Derivation of the field equations of the f(R) gravity in absence of
energy-momentum directly from Euler-Poisson equation by assuming the
vanishing of the metric tensor and its first derivative at the boundary is
straightforward and enlightening. The resulting field equations are the
same with all its predictions as those derived by H. A. Buchdahl in
absence of energy-momentum tensor.
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