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Abstract

The 6th problem of the 50th International Mathematical Olympiad (IMO),
held in Germany, 2009, is called the grasshopper problem’. To this problem
Kos[1] developed theory from unique viewpoints by reference of Noga Alon’s
combinatorial Nullstellensatz.

We have tried to solve this problem by an original method inspired by
a polynomial function that Kos defined in [1] , then researched for n=3, 4
and 5. For almost cases the claim of this problem follows, but there remains
imperfection due to ’singularity’.

Keywords. inductive, combinatorial Nullstellensatz, Vandermonde polyno-
mial

0.Introduction

The 6th problem of the 50th International Mathematical Olympiad (IMO),
held in Germany, 2009, was the following.

Let ay,as, ..., a, be distinct positive integers and let M be a set of n—1
positive integers not containing s=a;+as+- - -+a,. A grasshopper is to jump
along the real axis, starting at the point 0 and making n jumps to the right
with lengths aq, as, ..., a, in some order. Prove that the order can be chosen
in such a way that the grasshopper never lands on any point in M.

According to [1], Kos says that up to now, all known solutions to this
problem, so called ’the grasshopper problem’, are elementary and inductive,
for example, by drawing a real axis on paper. In fact a solution of ours is
one of its examples.

Then in [1], Kos tried to apply Noga Alon’s combinatorial Nullstellensatz
[2]. This theorem is effective but we couldn’t rely on this entirely. So another
method has proved to be necessary for further researches.

We try to present a way to solve the problem and prove it even if partially.



1. Alon’s combinatorial Nullstellensatz
Now we introduce an interesting tool which may help our research.

Lemma 1 (Nonvanishing combinatorial Nullstellensatz).

Let Sy,...,5, be nonempty subsets of a field F, and let ¢4,...,t, be non-
negative integers such that ¢;<|S;| for i=1,2,....n. Let P(xy,...,x,) be a
polynomial over F with total degree t,+- - -+t,, and suppose that the coeffi-
cient of 1" w52 - -z, in P(x4,...,x,) is nonzero. Then there exist elements
$1€81,. . . 5, €S, for which P(sy,...,s,)7#0.

Also we present a polynomial function f(z1,22,...,z,) by reference of [1]
as follows.
f($1,962, e ;%) = (Il_ml)(xl_m2) ce (xl_mn—l)(x1+x2_m1) e

($1+$2—m2) s (x1+x2—mn,1)(x1+ te +£Cn71—m1) s

(14 FTp1—ma) - (T T =My )

n—1n—1

= H H (($1+$2+' . '+l’l>—mi) (1)

=1 i=1

On the grasshopper problem now if we fix the jumping order as ay,as,. . .,
a,, then a grasshopper succeeds in its jumping without blocked if and only
if f(ay,...,a,)7#0, then the degree of f(ay,...,a,) is (n—1)%. And 2} ‘257" ..
x2~7 is a monomial the total degree of which is (n—1)2, and the coefficient

n—1
of which is 1.
Now we define n sets S1,5s,. . .,S, such that S;=S,=---=5,={ay,as,. ..,
a,}, then the number of elements of these n sets are |S1|=|Sz|=---=|S,|=n

>n—1, so we can adopt Lemma 1 to this polynomial function (1).

But there remains imperfection because the elements aq,as,...,a, con-
sidered in Lemma 1 are not necessarily distinct, that is to say, a pair of
(ay,...,a,) may be the same number.

If we multiple f(x1,...,z,) by the so-called Vandermonde polynomial (see,
for example, [3, pp. 346-347]), a new polynomial is created as follows.

n—1n—1

H (xp—x;) I:IH (x14x04 - - - +x1)—M;) (2)

1<k<j<n—1 =1

The elements ay,as,. . .,a, are required to be distinct if the new polynomial
is nonzero when z;=a; for any i such that 1<i<n. But any monomial of (2)
the total degree of which is equal to the degree of (2), (n—1)?+,_,Cs, has a
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factor the exponent of which is over n—1. Thus Lemma 1 can not be applied.
2. Attempts to use new polynomials by permutations

We could not apply Lemma 1 to f(z1,2s,. .. ,x,) if a1,as,. . .,a, are distinct.

We want to find out an effective polynomial function, on the condition
that the total degree is kept, if possible.

By a permutation m€Sym(n), we get

f(@zq), Tr(n))

m(2
lfllj xﬂ(l +Zr(2)+ —|—ZEW()) m;) (3)

\_/

There are totally (n—1)? factors in (3).
Then we multiple each (3) by the signature of each permutation, that is
+1 or —1, and make their summation as follows.

Z Sgn(ﬂ)f(%u), Tr(2)y- - - 7$7r(n))

weSym(n)

= Z sgn(w)jl—[ H (TryF ) + - F2rey)—ms)  (4)

weSym(n)

In (4) z; and z; is anti-symmetric if i is not equal to j, so it may be a
multiple of the above-mentioned Vandermonde polynomial.

3. Real example for this case
3-1. the case n=3

Unfortunately Alon’s combinatorial Nullstellensatz can’t be applied now,
because by simple calculations we can see that nothing but unsuitable 4-
degree monomials like 23xy, 2373 exist. In this case |S;| must be larger than
3, applying Lemma 1 is impossible.

We calculate (4) for n=3 by summing up 3!=6 polynomials as follows.

> sgn(m) [(Zr1), Tu(z)

meSym(3)

= > sgn(m) [T (e Hone) —mi) (5)

meSym(3) I=1i=1
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The calculation of (5) is the following.

(5) = f(x1, w2, x3)— f (21, ¥3, 12) — f (2, 71, 73)
+f(z2, x5, x1)+f (23, 21, 2)— f (23, T2, 21)
Z(xl—ml)(xl—m2)($1+$2—m1)($1+I2—m2)

( ) ma)(z1+a3—ms)

( ) my)(Ta+x1—my)

(xe—mg)(zo+x3—m1) (T2 T3—MN0)

( ) ) )

( )

l'2+1131— 1

T3+T1—m ) (X3+2T1—Ms

(6)

We present other calculations. 3 pairs of the above 6 polynomials appear

by turns.

Theorem 1.

(xth;x?)) f(x17x37x2)

=(x1—mq)(x 1—m2)(a:1+x2—m1)(:c1+x2—m2)
—(z1—mq) (x1—me) (x1+23—m1) (21+23—m2)
=(21—m) (z1—m2)((2z1+22+23)— (M1 +mo))
( Lo, Ty, T 3) ($2,$3,I1)
=(zg—m1)(xa—m2)(Ta+x1—1m0 ) (T2+T1—M02)
(I2— 1)(@2—mo) (z2+a3—m1)(T2+T3—M2
=(22—m)(z 2—m2)(($1+2$2+$3)—(m1+m2))
( T3, T1,T 2) f($3,$2,$1)
=(w3—m1)(x3—m2)(T3+T1—1m1 ) (T3 +T1—m3)
(1753— 1)(23—my2)(w3+20—m1)(T3+T2—0)
=(z3—m1)(v3— mg)((x1+x2—|—2$3)—(m1+m2))

(8)

(9)

Let aq, as, as be distinct positive integers, and mq, my be distinct

positive integers, then there exists 7 € Sym(3) that holds

f(aﬂ(1)7 QAr(2), a7‘(’(3)) =

(axy=m1)(ary=m2)(Ar1)Far@2)—m1)(Qr(1)Far(2)—2)

£0.

(10)



Proof.

If flar), an(2)=(ar@)—m1)(ar)—m2) (A1) +arz)—m1)
X (Ar(1)Fr(2)—m2)=0 for any e Sym(3),
then four equations hold as below by (6),(7),(8) and(9).

(a1—ag)(a1—az)(az—as)((a1+as+as)—(mi+ms)) =
(ar—mq)(a1—ms)((2a1+as+az)—(mi+ms)) =
(ag—mq)(ag—ms)((a1+2as+az)—(mi+ms))
( ) )

az—"my )\ az—12 (a1+a2+3a3)—(m1+m2))

(
0. (
0. (
0. (

From (11), (a14as+az)—(mi+ms)=0 follows, because ai, as, as are dis-
tinct. Then neither 2(a;+ag+as)—(my+ms) nor (a;+2as+as)—(mi+msz) nor
(a1+a9+3az)—(my+ms) is equal to 0, so (a;—my)(a;—mse)=0
and (ag—mq)(az—msg)=0 and (az—mi)(az—m2)=0 at (12), (13) and (14),
which does not happen at the same time, this is because a;,as and as are
distinct and m; and ms are also distinct.

It follows that the assumption above does not come true.

This completes the proof.

]

If f(ay,as,a3) #0, then at least one of the above-mentioned six polynomi-
als consisting of (6) is not 0. Therefore the claim of the grasshopper problem
follows for n=3, that is to say, a grasshopper succeeds in jumping without
landing on m; or ms by choosing one order (a;1, a;2, a;3) out of six possible
jumping orders, such that f(a;1, a2, a;3)=(a;;—my)(a;1—ms)(ai+ai—m;)
(@i +aip—m2)70.

For the n=3’s case of the grasshopper problem, {(a, as, az)|(a1+as+a3)
—(m14+ms) = 0} is a ‘singularity’ set that may vanish the possibility of a
grasshopper’s safe jumping. But by comparing (6) with (7),(8) and (9), this
possibility bas been easily denied.

3-2. the case n=4

We sum up 4!=24 polynomials which were made by permutation as fol-
lows.

Z Sgn(ﬁ)f(%(l), Tr(2), xn(3))

meSym(4)

= Z sgn(w)HH V) FTr(2)FTr(3)) =) (15)

reSym(4) I=11i=1



The degree is 32=9 and the permutation number is 4!=24, so the calcu-
lation of (15) is more complicated. We present the calculating results for the
case n=4, similarly as the case n=3, as below.

(15) = (z1—22)(x1—23) (01— 24) (T2 —23) (Ta—T4) (T3—74)

X (3(1+r2+w3+24) —2(M1 +mMot+ms))

x (6(z]+a5+3+2])+8(myme+mims-+mymy+moms-+momy+msmy)
—T7(my+mo+mg)(z1+rot+x3+24)
+(mi+mi+mi+6mimy+-6moms+6msms)) (16)

f($1,$27x3, $4)—f(l‘17 T2, $4,l‘3)

=(x1—mq)(x1—me)(x1—m3)(x1+x9—M1 ) (T14+22—m02) (T1+T2—N3)

X (x3—x4)

X (312430 +a3°+242) + (621294321 23+371 24 +300 03 +30 04+ 2374
—(my+mao+mg) (2214222 +x3+24)+myme+mymg+moms) (17)

Now generalizing (17), for (z;1,22,%3,2;4), any permutation of (z,z2,23,24),

we obtain

J(@j1,252,753,054) — f(21,752,7j4,23)

T

=(
X (Tj3—1j4)
x(

1= M) (2j1—ma) (w5 —m3) (T +xj2—my) (21 +2j2—me) (Tj1+Tj9—m3)

(3x]1+3:1:j2+33]3+xj4) (6120431233212 j4+3T j2Tj3+32 j2X ja+1T 34

—(ma+mao+mg) (221422 jo+2 j3+2 j4) +Myma+myms+mams)

From (16), for the case n=4 of the grasshopper problem, we can obtain
that

{(a1, as, as, a4)]
3(ar+as+taz+as)—2(mi+mot+ms))
x (6(a2+a3+a3+a3)
+8(aras+aiaz+aiast-asas+asas+asay)
—T7(my+mao+mg)(a;+astaz+ay)
+(m24mi+mi+-6mimy+-6moms+6msm,)) = 0} (19)

is a ‘singularity’ set that may vanish the possibility of a grasshopper’s safe
jumping.

Unlike the case n=3, the comparison of (18) and (19) does not lead to
the solution of the grasshopper problem yet for n=4.

6
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For (17), when (x1,22,73,24)=(1,4,2,3) and (my,mz,ms3)=(2,3,10), then
(321243292 +32+24%)+ (62122 +371 23+ 301 T4+ 30923+ 3T0 T4+ X324
—(ma+mao+mg) (221 +2x2+x3+24)+myme+myms+maoms
=(3x1243x4?422+43?)

F(6X1x4+3x1x243x1x3+3x4x2+3x4x34+2x3)
—(243410)(2x 142x4+4243)+(2x34+2x104+3x 10)
=64+105—225+56=0

It follows that (17) is equal to O for this case, which does not require
(x1—mq)(x1—m2)(x1—m3) (z1+22—m1 ) (X1+T2—ms) (T1+22—m3)=0,
in fact, (1—2)(1—3)(1—10)(1+4—2)(14+4—3)(1+4—10)0.

And the condition that (z1,x2,73,24)=(1,4,2,3) and (mq,mz,mg3)
=(2,3,10) fulfills (16)=0. In short, when (m;,maq,m3)=(2,3,10), (x1,22,23,24)
=(1,4,2,3) is an element of so-called the ’singularity’ set.

(x1,79,23,24)=(1,4,2,3) does not restrict the value of (x1—my)(z1—m2)(x1—m3)
X (z1+x9—my)(x1+22—m2) (21 +29—m3), therefore we can not approach the
proof of the case n=4 like Theorem 1.

3-3. the case n=5

We sum up 5!=120 polynomials which were made by permutation, as
follows.

Z Sgn(ﬂ-)f(xw(l)a Tr(2), Tr(3), $7r(4))
weSym(5)

4 4
= > sgn(rw HH (r(1)FZr(2)FTr(3)FTra)) =)  (20)

reSym(5)

The calculation of (20) is very complicated, so we only show the result in
the appendix, how long it is!

Unlike the cases n=3 and 4, the calculating result does not include a fac-
tor that consists of (a1+as+az+as+as) and (my+mo+ms+my), for example
3(a1+astaz+as+as)—2(my+mo+ms+my).

4. Discussion and conclusion

As we explained in the introduction, it is said that this grasshopper prob-
lem can be proved only by elementary and inductive methods(see [1]), for
example, by drawing a real axis on paper.

And if they intend to solve by the current method we have shown, there
is not perfection yet.



We can easily assume anti-symmetry of the polynomial function (4). But
there is a big drawback, that is 'singularity’. It is not easy to analyze when
n is more than 3.

In short, we are still destined to solve elementarily and deductively,
though in most cases, except for ’singularity’, a grasshopper succeeds in
jumping, judging from (4).

In the future we want to solve the grasshopper problem by analyzing
equations for n’s larger than 3.

references
[1] Geza Kos,6, arvix, available at https://arxiv.org/abs/1008.2936
[2] N. Alon, Combinatorial Nullstellensatz, Combin. Probab. Comput. 8
(1999) 7-29.
[3] M. Aigner, A Course in Enumeration, Springer-Verlag, Berlin, 2007.



Appendix

(20) =
=(z1—
x (61 1—22) (21—
+8 Gx?+2440( 5. 3)(z1—
33221 3o+ 1—x4)(x
+1 Ly + 1366 4708413 1—5)

3692z} 3+136922723 125 +07 5) (T2

+1369 17273418 12503 +1 Aaizi+ 3)(z2—2

161 2$1x3x3+ 4363}%1.2:62 36921,%1'32 4708%%1»4 4)(%2_1,5)(
6x§+2443 57445531‘32 3+13692 5T3+8332 3+2440x, 5 x3—x4)(

+244023 0xPx sx5+470 r1rea? T xi 123+61 Ta—1
+24O4w2x4+835242—8332$4x 8x%$§+832323+4708x4;23_+2440x3x +6$g+2440$55)(174x5)

0 x 1T2T4+ T 23 +57 3+47 17
i 13692§é$§”3$4+§§§§412404855313692x§’x§ix2f§+4708x2i11x3)’x§+1368§‘”§””§ 3
48332 2x3$4+136 T 3T n 1w2$3x4+3 4 136921_2 ?‘) 3+2440I 5 $1x2$3
+4708$4x% 4+2440m5x1 374+24040 $1x§$4+32 {537 8332$1:L‘4 4OJ;2$5
+4708$491;§3$‘2*+322§03‘”4+3228(1)x3+13692:6395 2692«%3;1:3; 1132280212222
o 5744a} 125050 tryzsa+3 sa?+18436, S N
+1369;2x2+1369213234+136§2;j18436x2;2 322280%%295 6€%$§x3+13153:c4

112 x ToxS 213% 2L3% 9
147081;3;71%8%136é§;xi;r240i i ;+136§’2 ;23292%xggiiﬁ%x:;x;ﬁngi
2440x g 332x 2x3$3+ 1 2x3x3 2Ly 4 3692 4

PR 57 1+l Toxd
+8332$3§2t+616032f;if+8332x2i4‘”§373+4702622{f§x3x3 250%
—|—24O401 21’5+2440 5 Ox?x5+8 3174+4708 21’1x4+8332

x5 ToT5+ 33274 x3$4_|_ T1ToX s
+32280x gxg$5+8332548332x4$ 1‘T2I5_’_13§ 2440I1x5+2x4
ﬂ%gzx%ia%xw1369§2§3xs+igé£;+3404oxsf%i’w%x5+4132440mz
+8332 W2 S15+83 rix? 232 1 ToXs 922243

T 32 3T5+ 123T5+ 5+32 1T
124040;%;9:5+24040x§§2m4x5+322§33§5+2440x§040x1x2;3; 5

x 1 3
2404ox1x§ 4%+322803:§4x5+56328x§x3x4m5+§z5 5
+322802% 5042542 viaiw TITT 040z, 23

Tix 2 4040 g 4x5+563 234X + 1T5L4%
+56328 2x4$5+32280x2563x4x5 8 280,302 563980 22
11369 \ToT3T2T zr2a? 33974, 20415432 \3rsz,w
424040 sr3r5+136 0222522 6922322 3692342 202w,

11232 923} 3T3T5+3 523 T5+3 13T 5
+1843 24x5+8332 TaT3T] 1255 3405 +32 3L4Ts

6xiase? T3y 175+136 125+136 280x922
+3228022 575 +136 1T51244 920243 02723 sxiri
+32280x1x2x3x§+3228éxzx5+470§xi+24708x4x2 3327, 4
+136923§5+136923}3 36w%$§x2+51+13692x3x 22I£{’$3I% 1:6‘2:5%

x 5 2
+32280x2i§x§+322513ng§+322803;?2)692xm§w§i5;r18436:15%3:2 )
+32280x1x3x§$§+32286x3x4x§+5é§;x4x§+3228:3692$2xgx3x5
+1843 1Tox5a? Tol2 S 122 5

622 15 +18 3T 12 1T9T \T3T4TE
+4708 Tiries +136 43623002 2+1369223 3x4$§+322§x5

x42§'2+5 92« 3 9 5+32280 3LL’4$2+1 O:L'QQ:

w341 £+13692 22+ 2222 5
2+1369273x 3I2xi$§+135 322801 x4 :
Yo +13692 692732 2 3T’
T @223 +5 4%5
S +5T744x37}
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+1369223 2323 +2404011 wow323+13692203 0303 +1369221 2323
+13692x2x§x§+5744x§x§’+13692x%x4x§+24040x1x2x4x§
+13692x§x4x§—1—240401101m3x4x§—1—2404012x3x4x5+13692x§:174x§

+1369221 2323 +13692x0 0303+ 136922 305 03+ 57440523

+470873 72 +833271 woxa+4T0873 01 +83322  w373+8332x 92373
+47087222+833221 14 73+8332x9 408 +8332w3 0424 +470822 w3

+244021 234244029234 24402303 4+ 24402423 +61628— 151625,

—5404x]w9my —9094x3x3m, —9094x3 x3m, —5404x 24my —151625m,
—5404x1:v3m1—16178x megml—22010x1x2x3m1—16178x1x2:p3m1—5404x%x3m1
—9094x3x2m, —2201022x923m, —220102, x3x3m; —9094x3x2m,
9094:L'1x3m1—16178x1x2:v3m1—9094372x3m1—5404x1x3m1

—54O4x2x3m1 1516x3m1 54041:1x4m1—161781:1x2x4m1—22010x%x%x4m1—16178x1:z;§’x4m1
—54O4x2x4m1—16178x1x3x4m1—38946x%x2x3304m1—38946x1x§x3x4m1
—16178x2m3x4m1—22010x a:3x4m1—38946x1x2x§x4m1
—220103:23:3:1:4m1—161783313539347711—16178x2x§x4m1

—5404x324m1—9094x3x2m,

—22010z3z923m, —22010x 2323m; —9094x3x3m; —2201023w323m, — 3894621 ow375My
—22010x2x3xim1—22010x1x§xim1—22010x2x§x3m1

—9094x3x3m, —9094x2 x3m,
—16178z1w923m, —9094x3x3m, — 16178z w325m1 —16178T013775m

—9094x2x3m, —5404x, xim,

—5404x923m1 —5404x3xim —151625m, —5404xtxsm, — 1617823 woxw5my —2201022 w3 05m,
—16178x1x§’x5m1—5404x§x5m1—16178x§’x3x5m1—38946x%x2x3x5m1
—38946x, r31315m1 — 1617873 1305M,
—22010x2x325m1 — 3894621 Toxiwsmy —22010x37505m,

—16178x 1 x325m1 —16178wx315m1 —5404x5T5m,4

—16178x3x425m1 —3894622 w974 25m1 — 3894611 T30 4w5m) — 161782314 05m1 — 3894622 23245,
—6870071 T9w37405m1 — 38946232334 05m1 —3894671 13T 475m4
—38946x2x3x4x5m1—16178m3x4x5m1—22010:v1x4x5m1—38946x1x2xix5m1—22010m§x2x5m1
—38946x1 w313 r5m) —38946 797375 w5m ) — 220102503 05m — 1617871 23 5m1 — 161782975 75m
—16178x3x3x5m1 —5404xixsm1 —9094x3 x2m, — 2201023 w022 m — 220107 2322m,
—9094x322m, —2201022x322m, — 3894621 Tow31im, —2201023x322m, —220102, x322m,
—22010x2x3x§m1—9094x311:5m1—22010x1x4x§m1—38946x1m2x4x§m1 22010x2x4x§m1
—38946x1x3x4x5m1 38946x2x3x4x5m1 2201Ox3x4x5m1—22010x1x4x5m1—22010x2x2x§m1
—22010x3m4x5m1 9094x4m5m1 —9094 x5m1—16178x1w2x§m1—9094m2x5m1
—16178x1x323m, —16178xsx3x3m, —9094x2x3m, — 16178z w403 m — 161789z 43my
—16178x3x423m, —9094x2x3m, —5404x1 xim, —5404x0w3m, —5404x323m, — 5404z xim,
—1516x5m1—|—1305x1m1+4()201:1x2m1+5523x1x2m1+4020x1x2m1+1305x2m%
+402023x3m3 498831 w93m2 +9883 7 r3w3m3 +40202313m I +5523 12 x3m?

+9883x1 wor3m3+5523x3x2m32 +40207 ximi+4020x203m3+130525m?

+4020z324m3 4988312 xoxymi +9883x1 v324m3 +4020230,m3+98837 3w 304m7
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+1763421 29w374m3+9883231324m3 +9883 1 231,mI+9883 2003 2,mI+40202304m?2
+5523x2x3m3 4988311 woximi +552323ximI+9883x x313mI+9883 w373 m?
+5523x2x3m2 440202, 23m3 +4020x923m3+4020z323m32 +13052im?
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—1152x9x2m3—1152x3202m3 — 1152z 422 m; —45923m3+798x2mymj+14587 1 xomym;
+798z2mym3 4145871 x3mym3+1458xox3mymi+798x3mymi+1458z, xymym3
+1458z9x4mymi+1458x3x4mymi+T798x3mymi+1458x xsmym3+1458zxsmyms
+1458z325mymi+1458z425mym3+798x2mymi—402z,m3imi—402zom3m3 —402x3m3m3
—402zsm3m3—402zsmim3+54m3m3+798xImam3+1458 xomami+T798x3mom?
+1458m1x3m2mi—|—1458x2x3m2mi+798x§m2m3—|—1458m1m4m2mi+1458x2x4m2m2
+1458x324momi+798x3mym3+145811 x5memi+1458Tx5memi+1458w3x5mem
+14587425momi+7982mom3 —1002x1mymemi—1002x9mymemi—1002x3mymems
—1002x4m1mem3—1002x5mymemi+279m2mem3 —402x,mam?
—402xom3m3—402z3m3m3—402xsm3m3—402xsmimi+279mymim3
+54m3mi+T798x3mam3+1458x1 xomami+798x3mami+1458x 1 x3mam;;
+1458x2x3m3mi+798x§m3mi+1458x1x4m3mi+ 1458:1:2x4m3mf’1+1458$33174m3mf’1
+798x3mam3 4145821 x5mami+1458Txsmami+1458x3xsmami+1458z4x5msms
+798z2mam3 —1002xymymam3—1002x9mymami—1002x3mymam?

— 1002x4m1m3mi— 1002x5m1m3m2—|—279m%m3mi— 1002x1m2m3mi

— 1002x2m2m3m2— 1002x3m2m3mi— 1002x4m2m3m2—1002x5m2m3mi
+684mymomami+279mimami —402z,mim3—402zomim3 —402z3m2m?
—402z4m2m3—402xsmim3+279mymam3i+279memimi+-54mimi+54xim]
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+99x1 zom+5423mi+991 1 £3mi+99z0w3mi+54r3mi+99x1 x4mi+99x0 T4
+99z324mi+54x3mi+9971 xsmi+99o x5 mi+99r335mi+99T 4 T5M]
+54a7§mf41—72:101mlmi—72m2m1mi—72m3m1m3—72x4m1m3
—T2x5mimi+21m3mi—T72x,mymi—T2xomymi—T223myms
—T2x4momi—T2x5momi+51mymomi+21mimi—72z,msm
—T2x9mami—T2x3mami—T72xsmsmi—T72xsmsmi+51mimsm}
+51mamami+21m3my)
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