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Any Second Order Linear Ordinary Differential Equation may be factored via two linear differential operators.

The initial theorem demonstrates that for homogeneous 2nd order LODE:s.

Theorems that follow improve by supplying the solution of such factorization, extending the theorem to inhomogeneous
LODEs, and further providing a generalization which includes the constant coefficients and Cauchy-Euler LODEs; culminating in a

single-parameter LODE solution formula with suggested usage examples.

Theorem I.1: Any Second Order Homogeneous Linear Ordinary Differential Equation may be factored via two linear

differential operators.
Proof:
From the reduction of order formula:

—| Pd
VI+PY +0y1 =0=y, +Pys+ Oy =0 (yz =1 [y2e J de)

Now, under the transformation: y; = e-[ W= (logy1)' :
vy = eJ'deJ'e—ZJ‘deeJ'dedx _ eJ'deJ‘e_J‘(ZH—P)dxdx
So, let: g = —s
=y = e—J. gde-e—J.(—2g+P)dxdx
Define: h=P-g=P=h+g

=y = o Ie—j 2thigrds [ Je e,
_ e Je (e-f hdx) "

= yzeI % IeI gir( fhac)

= (yzeI gdx) L (e‘f th>

= A (el A

. —Ihdx
= D+g)y: = e_-[ s

(D4 h)D +g)ya = D+ )ed"™ = —he T g T
= (D+h)(yy+g2)
= D”y/z +D(gy2) + hys +hgy2
=y%+gy2 +gjl/2+h)l/2+hgyz
=¥+ (g * h)y, + (g +hg)y:
=y, + Pyy + (=" = (P —g)s)y2
=Yy + Pyy + (=s' = (P +5)s)y2
=5 + Py + (=s' — 52 = Ps)y,
But:
0 =y] +Py) + Oy = (1) +P(sy1) + Oy
= s'y1 +s%y1 + Psy; + Oy,
= (s' +s>+Ps+ Q)i
= 0 =-s'"—-s>—Ps
= 0=)+Ps+ O =D+h)D+g)y: , (P=h+g, Q=g +hg)
alternatively written:
= 0=y, +Pyy+Oy2 = [D+(P+5)](D~5)y2 , (Q=—5"—s>~Ps)
or:

! !
:0=y’2’+Py/2+Qy2:(P+|:D+;—1:D|:D—;—i:|y2 ,
1l !
__ Y1 _phL
(Q_ Y1 Pyl)
]

Theorem 1.2: A solution of a Second Order Homogeneous Linear Ordinary Differential Equation factored as:
D+h)(D+g)y=0
may be written:
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Proof:
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Let: (D+g)y=U
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Corollary 1.3: The total solution of a Second Order Homogeneous Linear Ordinary Differential Equation may be written
y = cle_fgdx + cze_f sk I eI(zg_P)dxdx
Proof:
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And, by the reduction of order formula:
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But this is just the factored solution, so:
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Corollary 1.4: A Second Order Linear Ordinary Differential Equation may be factored via two linear differential operators
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( where: yj + Py), +th =0)
( P=g+h, Q=g +gh)
Proof:
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Using: yp, = e_j 8 and P = g+ h and reversing the order of steps in theorem I.1:
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Note: y = e_fgdxf(e_f hdxf WeI hdxdx) efgdxdx
is the 2nd order inhomogeneous LODE formula [6].

Corollary L.5: For differentiable functions P,Q :
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From Theorems 1.1 , 1.2 & 1.3:
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Examples:
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(Note: most of the 2nd order HLODE solutions in [4] are of this form)
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This is a generalization of the 2nd order Euler Constant Coefficients
solution[3][5]:
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This is a generalization of the 2nd order Cauchy-Euler solution[3][5]:
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