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ABSTRACT. The aim of this paper is to introduced and charac-
terized the concepts of semiopen sets and their related notions in
ideal bitopological spaces.

1. INTRODUCTION

The important and useful notion of semiopen sets introduced and to
some extent studied by N. Levine [19]. Since then several papers in-
vestigated this notions in not only in topological spaces but also in
different contexts. The concept of ideals in topological spaces has been
introduced and studied by Kuratowski [18] and Vaidyanathasamy [23].
Hamlett and Jankovié (see [12], [13], [16] and [17]) utilized topological
ideals to generalize many notions and properties in general topology.
Since then many contributed to this field of research such as M. E.
Abd El-Monsef, A. Al-Omari, F. G. Arenas, M. Caldas, J. Dontchev,
M. Ganster, D. N. Georgiou, T. R. Hamlett, E. Hatir, S. D. Iliadis,
S. Jafari, D. Jankovic, E. F. Lashien, M. Maheswari, , H. Maki, A. C.
Megaritis, F. I. Michael, A. A. Nasef, T. Noiri, B. K. Papadopoulos,
M. Parimala, G. A. Prinos, M. L. Puertas, M. Rajamani, N. Rajesh, D.
Rose, A. Selvakumar, Jun-Iti Umehara and many others (see [1], [2],
5], [7], [8], [9], [10], [11], [14], [15], [17], [22], [20], [21]).An ideal Z on a
topological space (X, 7) is a nonempty collection of subsets of X which
satisfies (i) A € Zand B C Aimplies B€Z and (ii) A€ Zand B€ T
implies A U B € Z. Given a bitopological space (X, 71, 72) with an ideal
Z on X and if P(X) is the set of all subsets of X, a set operator (.);:
P(X) — P(X), called the local function [23] of A with respect to 7; and
Z, is defined as follows: for A C X, A¥(1;,Z) = {x € X|UN A ¢ T for
every U € 7;(z)}, where 7,(z) = {U € 1;|x € U}. A Kuratowski closure
operator Cl7(.) is defined by CI;(A) = A U Aj(7;,Z) when there is no
chance of confusion, Af(Z) is denoted by A;. The aim of this paper is
to introduce and characterize the concepts of semiopen sets and their
related notions in ideal bitopological spaces.
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2. PREILIMINARIES

Let A be a subset of a bitopological space (X, 7y, 7). We denote the
closure of A and the interior of A with respect to 7; by 7;-Cl(A) and
7;-Int(A), respectively.

Definition 2.1. A subset A of a bitopological space (X, 11, Ts) is said
to be (1, j)-semiopen [3] if A C 7;-Int(7;-C1(A)), where i,j = 1,2 and
i 7.

Definition 2.2. A subset S of an ideal topological space (X,7,T) is
said to be semi-L-open [24] if S C Int(Cl*(S)). The family of all semi-
T-open sets of (X, 7,Z) is denoted by STO(X,T).

Definition 2.3. A function [ : (X, 7,72) — (Y, 01,02) is said to be
(i, j)-semicontinuous [3] if the inverse image of every oj-open set in
(Y, 01,09) is (i,)-semiopen in (X, 1,72, L), where i # j, i,j=1, 2.

Definition 2.4. A subset A of an ideal bitopological space (X, Ty, 72,T)
15 said to be

(i) (4,7)-a-Z-open [6] if A C 7;-Int(7;-Cl*(7;-Int(A))).

(ii) (¢,7)-pre-Z-open [4] if A C 7;-Int(7;-Cl"(A)).

Definition 2.5. A function f: (X, 7,7,Z) — (Y, 01,09) is said to be
(1) pairwise pre-I-continuous [4] if the inverse image of every o;-
open set of Y is (i,])-pre-Z-open in X, where i # j, i,j=1,
2.
(i) pairwise a-Z-continuous [6] if the inverse image of every o;-
open set of Y is (i, j)-a-Z-open in X, where i # j, i,j=1, 2.

3. (i,J)-SEMI-Z-OPEN SETS

Definition 3.1. A subset A of an ideal bitopological space (X, 1,72, T)
is said to be (i,7)-semi-I-open if and only if A C 7;-Cl*(7;-Int(A)),
where i,7 = 1,2 and i # j.

The family of all (i,7)-semi-Z-open sets of (X, 11,72, Z) is denoted by
STO(X,1,7m2) or (i,7)-STO(X). Also, the family of all (i,7)-semi-Z-
open sets of (X, 1, 79,Z) containing x is denoted by (i,7)-SZTO(X, x).

Remark 3.2. Let Z and J be two ideals on (X, 1, 72). If T C J, then
STO(X, 1, 17) C STO(X, 11, T2).

Remark 3.3. It is clear that STO(X, 11, 72) # STO(X, 1) U STO(X, 7).

Example 3.4. Let X = {a,b,c} 7y = {0,{a}, X}, 72 = {0, {a}, {a, b}, X}
and T = {0,{a}}. Then SIO(X,7) = {2, {a}, X}, SIO(X, 1) =
{2, {a}, {a,b}, X}. But SIO(X, 1, 12) = {2, {a}, X}.

Proposition 3.5. (i) Ewvery (i,j)-a-Z-open set is (i, j)-semi-Z-open.
(ii) Ewvery (i,j)-semi-Z-open set is (i, j)-semiopen.
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Proof. The proof follows from the definitions. O

Remark 3.6. Let X = {a,b,c} 1 = {0,{a},{b},{a,b},X}, 7 =
{0,{a}, X} and Z = {0,{a}}. Then the set {b,c} is (i, j)-semi-L-open
but not (i, j)-a-Z-open. Also notice that it is clear that (i, j)-semi-Z-
openness and (i, j)-pre-L-openness are independent notions. For exam-
ple, the set {a,c} is (i, j)-pre-Z-open in X but not (i, j)-semi-Z-open in
X and the set {b, c} is (i, j)-semi-Z-open in X but not (i, j)-pre-Z-open
n X.

Proposition 3.7. For an ideal bitopological space (X, T,72,Z) and
A C X we have:
(i) If T = {0}, then A is (i,j)-semi-Z-open if and only if A is
(1, j)-semiopen.
(ii)) If T = P(X), then A s (i,7)-semi-Z-open if and only if A is
T;-0pen.

Proof. The proof follows from the fact that
(i) If Z = {0}, then A* = CI(A).
(i) If Z = P(X), then A* = for every subset A of X.
O

Proposition 3.8. In an ideal bitopological space (X, 11,72,L), A is
(1, 7)-semi-Z-open if and only if there exists U € 1; such that U C A C
Tj -Cl* (U) .

Proof. Let A € STO(X, 1y, 72). Then we have A C 7;-CI*(7;-Int(A)).
Take 7;-Int(A) = U. Then U C A C 7;-CI"(U). Conversely, let U be a
7;-open set such that U C A C 7;-Cl"(U). Since U C A, U C 7;-Int(A)
and hence 7;-C1"(U) C 7;-CI*(7;-Int(A)). Thus, we obtain A C 7y-
Cl*(7;-Int(A)). O

Proposition 3.9. A subset A of an ideal bitopological space (X, 11,79, T)
is (1, j)-semi-I-open if and only if 7;-C1*(A) = 7;-CI*(7;-Int(A)).

Proof. Let A € SZO(X, 1y, 73). Then we have A C 7;-CI*(7;-Int(A)).
Then 7;-ClI*(A) C 7;-Cl*(7-Int(A)) and hence 7;-Cl*(A) = 7;-Cl*(7-
Int(A)). The converse is obvious. 0

Proposition 3.10. If A is an (i, j)-semi-Z-open set in an ideal bitopo-
logical space (X, 71,72,Z) and A C B C 7;-CI*(A), then B is an (3,7)-
semi-Z-open set in (X, 1, 72,7).

Proof. Since A is (i, j)-semi-Z-open, there exists a 7;-open set U such
that U C A C 7;-CI"(U). Then we have U C A C B C 7;-CI"(A) C
7;-Cl*(1;-CI*(U)) = 7;-CI"(U) and hence U C B C 7;-CI*(U). By
Proposition 3.8, we obtain B € STO(X, 11, Ts). O

Theorem 3.11. If {A,}acq s a family of (i,j)-semi-Z-open sets in
(X,71,70,Z), then |J Aq is (i,7)-semi-Z-open in (X, 71,72, Z).

a€el)
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Proof. Since {A, : a € Q} C (4,7)-STO(X), then A, C 7;-CI*(7;-
Int(A,)) for every o € Q. Thus, U A, C UQTj—Cl*(Ti—IHt(Aa)) C
ae ag

Tj—Cl*(aLEJQ 1-Int(A,)) = Tj-Cl*(Ti-Int(aLéJQ Ay)). Therefore, we obtain
aLEJQ A, C 1;-CI" (Ti—Int(aLGJQ A,)). Hence any union of (7, j)-semi-Z-open
sets is (4, j)-semi-Z-open. d
Theorem 3.12. Let (X, 7y, 72,Z) be an ideal bitopological space. If U

is biopen (that is, T;-open and Tj-open) and V € STO(X, 11,72, ), then
Unve SO(X,Tl,’TQ,I).

Proof. By definition, we have UNV C U N7;-Cl*(-Int(V')) € U N (13-
Int(V) U (r-Int(V)3)) = (U N7-Int(V)) U (U N (7-Int(V))3) = (U N7-
Int(V)) U (U N (r-Int (V) = 7-Int(U N V) U (7-Int (U N V)% = 75-

Cl*(7-Int(U N'V)). Therefore, UNV € SO(X, 11, 72,Z). O

Lemma 3.13. Let (X, 11,7, Z) be an ideal bitopological space with A C
B C X, then A (L, 1ig) = A;(Z,7;) N B fori=1,2.

Theorem 3.14. Let (X, 11,72, Z) be an ideal bitopological space. If U is
biopen and W € (i, j)-STO(X), then UNW € (i, j)-SO(U, 17, 72pv, Z|U).

Proof. Since U is biopen, we have 7;-Inty(A) = 7-Int(A) for any sub-
set A of U. By using this fact and Lemma 3.13, the result follows
immediately. U

Definition 3.15. In an ideal bitopological space (X, ,79,Z), A C X
is said to be (i,j)-semi-Z-closed if X\A is (i,j)-semi-Z-open in X,
i,i=1,2 andi £ j.

Theorem 3.16. If A is an (i,j)-semi-Z-closed set in an ideal bitopo-
logical space (X, 11,72, T), then 7;-Int(7;-C1"(A)) C A.

Proof. Since A € STC(X), X\A € STO(X). Hence, X\ A C 7;-Cl"(7;-
Int(X\A)) C 7,-Cl(7-Int(X\A)) = X\(7;-Int(7-ClL(A))) C X\(74-
Int(7;-C1*(A))). Therefore, we obtain 7;-Int(7;-Cl*(A)) C A. O

Proposition 3.17. A subset A of an ideal bitopological space (X, 11,72, 7T)
is (i, j)-semi-I-closed if and only if 7;-Int(7;-Cl*(A)) = 7;-Int(A).

Proof. The proof is clear. O

Theorem 3.18. Arbitrary intersection of (i,j)-semi-Z-closed sets is
always (i, 7)-semi-Z-closed.

Proof. Follows from Theorems 3.11 and 3.16. O
Definition 3.19. Let (X, 7, 7,Z) be an ideal bitopological space, S a
subset of X and x be a point of X. Then

(i) « is called an (i,j)-semi-Z-interior point of S if there ezists
V€ (i,7)-STO(X, 1, 72) such thatx € V C S.
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ii) the set of all (i,j)-semi-Z-interior points of S is called (i,7)-
semi-L-interior of S and is denoted by (i, j)-sZ Int(S).

Theorem 3.20. Let A and B be subsets of (X, 7,72,Z). Then the
following properties hold:
(i) (4,7)-sZInt(A) =U{T:T C A and A € (i,7)-SZTO(X)}.
(i) (4,4)-sZ Int(A) is the largest (i, j)-semi-Z-open subset of X con-
tained in A.
(i) A s (i,7)-semi-Z-open if and only if A = (i,7)-sZ Int(A).
(iv) (i,7)-sZInt((z,75)-sZInt(A)) = (i, ) sZ Int(A).
(v) If AC B, then (i,7)-sZInt(A) C (i,7)-sZ Int(B).
(vi) (i,7)-sZInt(ANB) = (i,7) sIInt ) (i,7)-sZ Int(B).
i) (i,7)-sZInt(AU B) C (i,7)-sZ Int ) (1,7)-sZ Int(B).

Proof. (i). Let x € U{T': T'C Aand A € (i,7)-SZO(X)}. Then, there
exists T € (i,7)-SZO(X, x) such that x € T C A and hence z € (i, j)-
sZInt(A). This shows that U{T : T C A and A € (i,5)-SZO(X)}
C (4,4)-sZInt(A). For the reverse inclusion, let = € (i,j)-sZ Int(A).
Then there exists T' € (i,7)-SZO(X,x) such that x € T C A. we
obtain z € U{T : T C A and A € (i,7)-SZO(X)}. This shows that
(1,7)-sZInt(A) C U{T : T C A and A € (i,7)-SZO(X)}. Therefore,
we obtain (7, 7)-sZInt(A) = U{T : T C A and A € (i,/)-SZO(X)}.
The proof of (ii)-(v) are obvious.

(vi). By (v), we have (i, 7)-sZ Int(A) C (i,7)-sZ Int(AU B) and (i, j)-
sZInt(B) C (i,)-sZInt(A U B). Then we obtain (7, 7)-sZ Int(A) U
(i,7)-sZInt(B) C (i,7)-sZInt(A U B) Since (7,7)-sZInt(A) C A and
(i,7)-sZInt(B) C B, we obtain (i, j)-sZ Int(AU B) C (i,7)-sZ Int(A)
U (i, 7)-sZ Int(B). It follows that (i, 7)-sZ Int(ANB) = (i, j)-sZ Int(A)
N (4, j)-sZ Int(B).

(vii). Since ANB C Aand ANB C B, by (v), we have (7, j)-sZ Int(AN
B) C (i,7)-sZInt(A) and (4, j)-sZ Int(ANB) C (4, j)-sZ Int(B) . There-
fore, (i,7)-sZ Int(A) U (¢, 5)-sZ Int(B) C (i,7)-sZ Int(A N B). O

Definition 3.21. Let (X, 7y, 7,Z) be an ideal bitopological space, S a
subset of X and x be a point of X. Then
(i) x is called an (i,7)-semi-Z-cluster point of S if VNS # 0 for
every V € (i,7)-STO(X, x).
(ii) the set of all (i,7)-semi-Z-cluster points of S is called (i, j)-
semi-Z-closure of S and is denoted by (i, j)-sZ CI(S).

Theorem 3.22. Let A and B be subsets of (X, 7,72,Z). Then the
following properties hold:
(i) (i,7)-sZCl(A) =nN{F: ACF and F € (i,7)-SIC(X)}.
(i) (4,4)-sZ Cl(A) is the smallest (i, j)-semi-Z-closed subset of X
containing A.
(iii) A is (4,7)-semi-Z-closed if and only if A = (i,j)-sZ C1(A).
(iv) (i,7)-sZ C1((i,7)-sZ Cl(A) = (i,7)-sZ CI(A).

— /\/\/—\
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(v) If A C B, then (i,7)-sZ CI(A) C (i,j)-sZ Cl(B).

(vi) (i,7)-sZCI(AUB) = (i,5)-sZ Cl(A) U (i, )-sZ Cl(B).

(vii) (4,4)-sZCl(ANB) C (i,5)-sZCI(A) N (i,7)-sZ Cl(B).
Proof. (i). Suppose that x ¢ (i,7)-sZ Cl(A). Then there exists F' €
(4, 7)-SZO(X)} such that VNS # 0. Since X\V is (4, j)-semi-Z-closed
set containing A and x ¢ X\V, we obtain x ¢ N{F : A C F and
F € (i,7)-SZC(X)}. Then there exists F' € (i,§)-SZC(X) such that
A C Fand xz ¢ F. Since X\V is (i, j)-semi-Z-closed set containing
x, we obtain (X\F) N A = (. This shows that x ¢ (i,;)-sZ Cl(A).
Therefore, we obtain (i,7)-sZCl(A) = N{F : A C F and F € (i,7)-
STC(X)}.

The other proofs are obvious. U

Theorem 3.23. Let (X, 11,79,Z) be an ideal bitopological space and
AC X. A point x € (i,7)-sZ Cl(A) if and only if UN A # O for every
U e (i,7)-STO(X, x).

Proof. Suppose that = € (i, j)-sZ C1(A). We shall show that UNA # ()
for every U € (1,7)-SZO(X, z). Suppose that there exists U € (i,7)-
STO(X,x) such that UN A = (. Then A C X\U and X\U is (4, j)-
semi-Z-closed. since A C X\U, (i,7)-sZCl(A) C (i,7)-sZ CI{(X\U).
Since x € (i, 7)-sZ Cl(A), we have = € (i,7)-sZ Cl(X\U). Since X\U
is (i, j)-semi-Z-closed, we have x € X\U; hence z ¢ U, which is a
contradicition that x € U. Therefore, U N A # (). Conversely, suppose
that U N A # 0 for every U € (i,5)-SZTO(X,x). We shall show that
x € (i,7)-sZ CI(A). Suppose that x ¢ (i, j)-sZ CI(A). Then there exists
U € (i,7)-STO(X, x) such that U N A = (). This is a contradicition to
UnN A +#(; hence z € (i,7)-sZ C1(A). O

Theorem 3.24. Let (X, 7,79,Z) be an ideal bitopological space and
A C X. Then the following propeties hold:

(i) (4,4)-sZInt(X\A) = X\(4,7)-sZ Cl(A);

(i) (4,4)-sZ CL(X\A) = X\(4,7)-sZ Int(A).
Proof. (i). Let = € (i,j)-sZ Cl(A). Since = ¢ (i,7)-sZ Cl(A), there
exists V' € (i,7)-sZO(X,z) such that VN A # 0; hence we obtain
x € (1,7)-sZInt(X\A). This shows that X\(,7)-sZCl(A) C (i,5)-
sZInt(X\A). Let z € (i,7)-sZInt(X\A). Since (i,7)-sZ Int(X\A) N
A = (), we obtain x ¢ (i,j)-sZ Cl(A); hence z € X\(¢,7)-sZ CI(A).
Therefore, we obtain (7, j)-sZ Int(X\A) = X\ (4, 7)-sZ C1(A).
(ii). Follows from (i). O
Definition 3.25. A subset B, of an ideal bitopological space (X, 11,72, T)

is said to be an (i,7)-semi-Z-neighbourhood of a point x € X if there
exists an (i, j)-semi-Z-open set U such that v € U C B,.

Theorem 3.26. A subset of an ideal bitopological space (X, Ty, 72,7)
is (1, 7)-semi-Z-open if and only if it is an (i, j)-semi-Z-neighbourhood
of each of its points.
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Proof. Let G be an (i, j)-semi-Z-open set of X. Then by definition, it
is clear that G is an (4, j)-semi-Z-neighbourhood of each of its points,
since for every x € G, x € G C G and G is (i, j)-semi-Z-open. Con-
versely, suppose G is an (i,j)-semi-Z-neighbourhood of each of its
points. Then for each x € G, there exists S, € (i,7)-SZO(X) such
that S, C G. Then G = [J{S, : * € G}. Since each S, is (i, 7)-semi-
Z-open, G is (i, 7)-semi-Z-open in (X, 71,7, Z). O

Proposition 3.27. The product of two (i, j)-semi-Z-open sets is (i, j)-
semi-L-open.

Proof. The proof follows from Lemma 3.3 of [24]. O

4. PAIRWISE SEMI-Z-CONTINUOUS FUNCTIONS

Definition 4.1. A function f: (X, 7,7,Z) = (Y,01,03) is said to be
(1, 7)-semi-Z-continuous if the inverse image of every o;-open set of Y
is (i, 7)-semi-Z-open in X, where i # j, i,j=1, 2.

Proposition 4.2. (i) Ewvery (i, j)-a-Z-continuous function is (i, j)-
semi-Z-continuous but not conversely.
(ii) Ewery (i,j)-semi-Z-continuous function is (i, j)-continuous but
not conversely.
(iii) (¢,7)-semi-Z-continuity and (i, j)-pre-I-continuity are indepen-
dent.

Proof. The proof follows from Proposition 3.5 and Remark 3.6. Il

Theorem 4.3. For a function f : (X, 7,72,Z) — (Y,01,03), the fol-
lowing statements are equivalent:
(i) f is pairwise semi-Z-continuous;
(ii) For each point x in X and each o;-open set F' in'Y such that
f(z) € F, there is a (i,7)-semi-Z-open set A in X such that
r €A, f(A) C F;
(iii) The inverse image of each o;-closed set in'Y is (i,j)-semi-Z-
closed in X;
(iv) For each subset A of X, f((i,7)-sZCl(A)) C 0;-CI(f(A));
(v) For each subset B of Y, (i,7)-sZ C1(f~1(B)) C f~!(0;-Cl(B));
(vi) For each subset C of Y, f~1(o;-Int(C)) C (4, 7)-sZ Int(f~(C)).

Proof. (i)=(ii): Let + € X and F be a oj-open set of ¥ containing
f(x). By (i), f~1(F) is (i, j)-semi-Z-open in X. Let A = f~1(F). Then
x € Aand f(A) C F.

(ii)=-(i): Let F be oj-open in Y and let z € f~*(F). Then f(z) € F.
By (ii), there is an (4, j)-semi-Z-open set U, in X such that x € U, and
f(U,) C F. Then x € U, C f~'(F). Hence f~'(F) is (i, j)-semi-Z-
open in X.

(i)<(iii): This follows due to the fact that for any subset B of Y,

fTHY\B) = X\f7(B).
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(ii)=(i ) Let A be a subset of X. Since A C f~(f(A)) we have A C
I Ho;-CI(f(A))). NOW, (i,7)-sZ CI(f(A)) is oj-closed in Y and hence
/= Yo;-Cl(A)) C f~Y(o;-CL(f(A))), for (i,j)-sZCl(A) is the smallest

,j)-semi-Z-closed set containing A. Then f((i,j)-sZ Cl(A)) C oj-

CI(/(4)).
(iv)= (111) Let F' be any (7, j)-semi-Z-closed subset of Y. Then f((4, 7)-

SLCI(f~H(F))) C (i, 5)-0-CUf (f 1 (F))) = (i, j)-0:-Cl(F) = F. There-
fore, (i,7)-sZCI(f~Y(F)) c f~(F). Consequently, f~'(F) is (i,])-
semi-Z-closed in X.

(iv)=(v): Let B be any subset of Y. Now, f((4,7)-sZ Cl(f~'(B ))) C

(i,7)-0--C1(f(f~*(B))) C 04-CI(B). Consequently, (4,7)-sZ C1(f~Y(B))

C fYo:-CI(B)).

(v)=(iv): Let B = f(A) where A is a subset of X. Then, (7,j)-

STCIA) € (,4)-sT CUf1(B)) € f~(0-CU(B)) = " (or-CI(F(A)).

This shows that f((¢,j)-sZ Cl(A)) C 0;-Cl(f(A)).

(i)=-(vi): Let B be a g;-open set in Y. Clearly, f~'(o;-Int(B) is (4,7)-

semi-Z-open and we have f~!(o;-Int(B)) C (4, j)-sZ Int(fo;-Int(B))

C (4,7)-sZInt(f~'B).

( ) (i): Let B be a oj-open set in Y. Then o,-Int(B) = B and
“HB)\f(o;- Int(B)) C (i,4)-sZInt(f~'(B)). Hence we have f~(B)
( 7)-sZInt(f~*(B)). This shows that f~'(B) is (i, j)-semi-Z-open

in X. U

Theorem 4.4. If [ : (X, 7,72,Z) — (Y,01,09) is pairwise semi-Z-
continuous and A is biopen, then fia : (A, 714, 214, L A) — (Y, 01, 002)
is pairwise semi-Ij4-continuous.

Proof. Follows from Theorem 3.14. O

Theorem 4.5. Let f : (X, 7,72,Z) — (Y,01,09) be a pairwise semi-
Z-continuous function. Then for each subset V of Y, f~!(o;-Int(V')) C
7;-Cl* (7;-Int (f~1(V))).

Proof. Let V' be any subset of Y. Then o;-Int(V') is 0;-open in Y and so
I Yoy- Int(V)) is (i, j)-semi-Z-open in X. Hence f~!(o;-Int(V)) C 74-
Cl*(ri-Int(f ~*(o-Int(V)))) C 7-Cl*(ri-Int(f (V). d

Corollary 4.6. Let f : (X, 7,7,Z) — (Y, 01,02) be a pairwise semi-Z-
continuous function. Then for each subset V of Y, 7;-Int(7;-Cl*(f~*(V))) C
fHo-CYV)).

Theorem 4.7. Let f : (X, 7,72,Z) — (Y, 01,09) be a bijection. Then
[ is pairwise semi-Z-continuous if and only if o;-Int(f(U)) C f((4,7)-
sZInt(U)) for each subset U of X.

Proof. Let U be any subset of X. Then by Theorem 4.3, f~*(o;-
Int(f(U))) C (4,7)-sZInt(f~1(f(U))). Since f is bijection, o;-Int(f(U)) =
F(f Y o-Int(f(U))) C f((4,7)-sZInt(U)). Conversely, let V be any
subset of Y. Then o;-Int(f(f~*(V))) C f((i,5)-sZ Int(f~*(V))). Since
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f is bijection, o3-Int (V) = op-Int(f(f~'(V))) C f((i, 5)-sZ Int(f~1(V)));
hence f~'(o;-Int(V) C (i, )-sZInt(f~*(V')). Therefore, by Theorem
4.3, f is pairwise semi-Z-continuous. Il

Theorem 4.8. Let [ : (X, 1,7,Z) = (Y,01,09) be a function. If g :
(X, 71,70, Z) = (X XY, 01X09) defined by g(x) = (x, f(z)) is a pairwise
semi-L-continuous function, then f is pairwise semi-Z-continuous.

Proof. Let V be a o-open set of Y. Then f~}(V) =X n f}V) =
g 1 (X xV). Since g is a pairwise semi-Z-continuous function and X xV/
is a 7; X o;-open set of X x Y, f~1(V) is a (4, j)-semi-Z-open set of X.
Hence f is pairwise semi-Z-continuous. U

Definition 4.9. A function f : (X, 7,7) — (Y,01,09,Z) is said to
be:

(i) pairwise semi-Z-open if f(U) is a (i,7)-semi-Z-open set of Y
for every T;-open set U of X.

(ii) pairwise semi-Z-closed if f(U) is a (i, j)-semi-I-closed set of Y
for every T;-closed set U of X.

Theorem 4.10. For a function f : (X,71,7) — (Y,01,09,Z), the
following statements are equivalent:

(i) f is pairwise semi-Z-open;
(ii) f(r-Int(U)) C (i,7)-sZInt(f(U)) for each subset U of X ;
(iii) 7-Int(f~1(V)) € f71((4,7)-sZ Int(V)) for each subset V of Y.

Proof. (i) = (ii): Let U be any subset of X. Then 7;-Int(U) is a
1;-open set of X. Then f(7;-Int(U)) is a (4, j)-semi-Z-open set of Y.
Since f(r-Int(U)) C f(U), f(ri-Int(U)) = (i, 7)-sZ Int(f(7-Int(U))) C
(i, J)-ST It (F(U)).

(i1) = (i71): Let V be any subset of Y. Then f~(V) is a subset of X.
Hence f(r-Int(f~1(V))) C (4,7)-sZInt(f(f~1(V))) C (4, 5)-sZ Int(V)).
Then 7-Int(f~(V)) € f7H(f(r-Int(f71(V))) € f71((4, j)-sT Int(V)).
(i7) = (i): Let U be any 7;-open set of X. Then 7;-Int(U) = U and
f(U) is a subset of Y. Now, V = 7-Int(V) C 7-Int(f~1(f(V))) C
(G, )T Ine(F(V))). Then f(V) C f(f((G, ))-sT Int(f(V)))) C
(1,7)-sZInt(f(V)) and (4,7)-sZInt(f(V)) C f(V). Hence f(V) is a
(1, 7)-semi-Z-open set of Y; hence f is pairwise semi-Z-open. O
Theorem 4.11. Let f : (X, 7, 72) — (Y,01,09,Z) be a function. Then
f s a pairwise semi-L-closed function if and only if for each subset V

of X, (i,7)-sT CI(f(V)) C fF(CLV)).

Proof. Let f be a pairwise semi-Z-closed function and V' any subset of
X. Then f(V) C f(r-Cl(V)) and f(7-CL(V)) is a (i, j)-semi-Z-closed
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set of Y. We have (i, j)-sZ C1(f(V)) C (i, 7)-sZ CI(f(r:-CL(V))) = f(7-
C1(V)). Conversely, let V' be a 7;-open set of X. Then f(V) C (4,))-
SZCI(f(V)) C f(r-CY(V)) = f(V); hence f(V) is a (i,7)-semi-J-
closed subset of Y. Therefore, f is a pairwise semi-Z-closed function.

U

Theorem 4.12. Let f : (X, 1, 7) — (Y, 01,02,Z) be a function. Then
f s a pairwise semi-L-closed function if and only if for each subset V'

of Y, f7H(d, 5)-sZ CU(V)) € 7-CI(f~H(V)).

Proof. Let V' be any subset of Y. Then by Theorem 4.11, (3,
sTCI(V) C f(r-ClL(f~%(V))). Since f is bijection, f~1((i, j)- sICl(
(
i

7)-
)
V).
,J)-
f(m

FHG)-sZCUf(fHV)))) € fHf(r-CU(fH(V))) = 7-CI(f
Conversely, let U be any subset of X. Since f is b1Ject10n (1

sTCL(f(U)) = f(f7H((4,5)-sT CUf(U))) C f(m-CLUS T (f(U)))) =
Cl(U)). Therefore, by Theorem 4.11, f is a pairwise semi-Z-closed

function. 0

Theorem 4.13. Let f: (X, 1,72) = (Y,01,02,Z) be a pairwise semi-
T-open function. If V is a subset of Y and U is a 7;-closed subset of
X containing f~1(V), then there exists a (i,7)-semi-L-closed set F of
Y containing V' such that f~(F) C U.

Proof. Let V be any subset of Y and U a 7;-closed subset of X contain-
ing f~1(V),and let F' = Y\(f(X\V)). Then f(X\V) C f(f~1(X\V)) C
X\V and X\U is a 7;-open set of X. Since f is pairwise semi-Z-open,
f(X\U) is a (i,j)-semi-Z-open set of Y. Hence F' is an (i, j)-semi-Z-
closed set of Y and f~Y(F) = f~Y(Y\(f(X\U)) C U. O

Theorem 4.14. Let f: (X, 1,72) = (Y,01,02,Z) be a pairwise semi-
Z-closed function. If V is a subset of Y and U is a open subset of
X containing f~Y(V), then there exists (i,j)-semi-Z-open set F of Y
containing V' such that f~'(F) C U.

Proof. The proof is similar to the Theorem 4.13. U

Theorem 4.15. Let f: (X, 7, 72) = (Y,01,02,Z) be a pairwise semi-
T-open function. Then for each subset V of Y, f=(r;-Int(7;-CI*(V)) C
TrCl(f_l(V).

Proof. Let V be any subset of Y. Then 7,-C1(f~!(V) is a 7;-closed set
of X containing f~*(V). Since f is pairwise semi-Z-open, by Theorem
4.13, there is a (i, j)-semi-Z-open set F' of Y containing V' such that
[ Hr-Int(7-C1* (V) C 75-Int(7-CI*(F)) € f~H(F) C =-Cl(f~H(V)).

U

Theorem 4.16. Let f : (X, 7, m) — (Y,01,092,Z) be a bijection such
that for each subset V. of Y, f~(r;-Int(r-Cl*(V)) C 7-Cl(f~*(V)).
Then f is a (i,7)-semi-Z-open function.
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Proof. Let U be a 7;-open subset of X. Then f(X\U) is a subset
of Y and f~(r;-Int(r-Cl*(f(X\U)))) C 7-Cl(f~ (f(X\U))) = 7-
CI(X\U) = X\U, and so 7;-Int(7-Cl*(f(X\U))) C f(X\U). Hence
F(X\U) is a (i,7)-semi-Z-closed set of Y and f(U) = X\(f(X\U))
is a (i, 7)-semi-Z-open set of Y. Therefore, f is a (i, j)-semi-Z-open
function. 4

Definition 4.17. A function f : (X, 7,7,Z) — (Y, 01,09, J) is said
to be:
(i) pairwise semi-(Z, J)-open if f(U) is a (i, 5)-semi-J -open set of
Y for every (i, j)-semi-Z-open set U of X.
(i) pairwise semi-(Z,J)-closed if f(U) is a (i, 5)-semi-TJ -closed set
of Y for every (i, j)-semi-Z-closed set U of X .

It is clear that every pairwise semi-(Z, J)-open (resp. pairwise semi-
(Z, J)-closed) function is pairwise semi-J-open (resp. pairwise semi-
J-closed) function. But the converse is not true in general.

Example 4.18. Let X = {a,b,c} 7 = {0,{a},{b},{a,b}, X}, » =
{0, {a}, X} and Z) = {0,{a}}. Then the function f : (X, 1,72,Z) —
(X, 71,72,Z) defined by f(a) = b, f(b) = a and f(c) = ¢ is pairwise
semi-J -open but not pairwise semi-(Z,T)-open.

Theorem 4.19. For a function f : (X, 7,72,Z) — (Y,01,09,J), the
following statements are equivalent:
(i) f is pairwise semi-(Z,J)-open;
(i) f((,7)-sZInt(U)) C (i,7)-sT Int(f(U)) for each subset U of
X
(iii) (¢,7)-sZInt(f~2(V)) € f71((4,7)-sT Int(V)) for each subset V'
of Y.

Proof. (i) = (i1): Let U be any subset of X. Then (i
(1, 7)-semi-Z-open set of X. Then f((i,7)-sZ Int(U)) is
open set of Y. Since f((,7)-sZInt(U)) C f(U), f((7,

(,)-ST It (6 J}-SE WD) (i -7 (D7)

(i1) = (44i): Let V be any subset of Y. Then f~1(V ) is a subset of

X. Hence f((i,j)-sZInt(f~"(V))) C (i, 5)-sT Int(f(f~'(V))) C (i, j)-
sZInt(V)). Then (i,7)-sZInt(f~1(V)) C f~H(f((4,5)-sZInt(f~1(V)))) C
(0 )T Tt (V).

(1ii) = (i): Let U be any (i,7)-semi-Z-open set of X. Then (i, j)-
sZInt(U) = U and f(U) is a subset of Y. Now, U = (4, j)-sZ Int(U) C

(i, 5)-sZInt(f=H(f(U))) C f7H(i, j)-sT It (f(U))). Then f(U) C f(f7H((4, )-
sJ Int(f(U))) C (i, 4)-sJ Int(f(U)) and (i, j)-sT Int(f(U)) C f(U).

Hence f(U) is a (4, j)-semi-J-closed set of Y'; hence f is pairwise semi-
(Z,J)-open. d

Theorem 4.20. Let f : (X, 7,79,Z) — (Y,01,02,J) be a function.
Then f is a pairwise semi-(Z,J)-closed function if and only if for each

subset U of X, (i,7)-sJ CL(f(U)) C f((4,4)-sZ CI(U)).

,7)-sZInt(U) is a
is a (i, j)-semi-Z-
) sIInt(U)) =
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Proof. Let f be a pairwise semi-(Z, J)-closed function and U any sub-
set of X. Then f(U) C f((i,7)-sZCIU)) and f((i,7)-sZ CL(U)) is
a (i, j)-semi-J-closed set of Y. We have (i,j)-sJ CI(f(U)) C (i,7)-
sT ClUf((i,7)-sZCIU))) = f((i,7)-sZ CL(U)). Conversely, let U be a
(1, 7)-semi-Z-open set of X. Then f(U) C (4,)-sJ CI(f(U)) C f((i,5)-
sZCIU)) = f(U); hence f(U) semi-J-closed subset of Y. Therefore,
f is a pairwise semi-(Z, J)-closed function. O

Theorem 4.21. Let f : (X, 7,7,Z) — (Y,01,02,J) be a function.
Then f is a pairwise semi-(Z,J)-closed function if and only if for each
subset V of Y, f71((4,4)-sT CLV)) C (i, 5)-sZ CI(f~H(V)).

Proof. Let V' be any subset of Y. Then by Theorem 4.20, (i,j)-
sT CI(f(f1(V))) € f((i,4)-sZ CI(f~(V))). Since f is bijection, f~((4, j)-
sJ CI(V)) C (i,5)-sZCI(f~*(V)). Conversely, let U be any subset of
X. Then f~1((i,5)-sTJ CI(f(U))) C (i,5)-sZCI(f~'(f(U))). Hence
(i,7)-sT CU(f(U)) C f((i,5)-sZCIf~(f(U)))). Therefore, by Theo-
rem 4.20 f is a pairwise semi-(Z, J)-closed function. d
Theorem 4.22. Let f : (X,7,7,Z) — (Y,01,09,J) be a pairwise
semi-(Z, J)-open function. If V is a subset of Y and U is a (i,7)-
semi-I-closed subset of X containing f~'(V'), then there exists (i, j)-
semi-L-closed set F' of Y containing V such that f~1(F) C V.

Proof. The proof is similar to the Theorem 4.13. O

Theorem 4.23. Let f : (X, 7,72,Z) — (Y,01,02,J) be a pairwise
semi-(Z,J)-closed function. If V is a subset of Y and U is a (i,7)-
semi-L-open subset of X containing f~*(V), then there exists (i,j)-
semi-J -open set F of Y containing V' such that f~'(F) C V.

Proof. The proof is similar to the Theorem 4.13. U

Theorem 4.24. For a bijective function f : (X, 1, 7,Z) = (Y, 01,02, T ),
the following statements are equivalent:

(i) f is pairwise semi-(Z,J)-closed;

(i) f is pairwise semi-(Z,J)-open.

Proof. The proof is clear. O

5. PAIRWISE SEMI-Z-IRRESOLUTE FUNCTIONS

Definition 5.1. A function f : (X, 7,7,Z) = (Y, 01,09, J) is said to
be (1, j)-semi-Z-irresolute if the inverse image of every (i,7)-semi-J -
open set of Y is (i, j)-semi-Z-open in X, where i # j, i,j=1, 2.

Proposition 5.2. Every pairwise semi-L-irresolute function is pair-
wise semi-L-continuous.

Proof. Straigtforward. O
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The function defined as in Example 4.18 is pairwise semi-Z-continuous
but not pairwise semi-Z-irresolute.

Theorem 5.3. If f : (X, 71, 70,Z) — (Y,01,09,J) is pairwise semi-
Z-continuous and f~1(r;-Cl*(V)) C 7;-CI*(f~(V)) for each V € o,
then f is pairwise semi-Z-irresolute.

Proof. Let B be any (i, j)-semi-7-open subset of Y. By Proposition
3.8, there exists V' € o; such that V' C B C 7;-CI*(V). Therefore, we
have f~4(V) c f~4B) C f~}(r;-CI*(V)) C 7,-CI*(f~*(V)). Since f
is pairwise semi-Z-continuous and V' € o;, f~1(V) is (4, j)-semi-Z-open
set of X; hence f~1(B) is (4, j)-semi-Z-open set of X. This shows that
f is pairwise semi-Z-irresolute. O

Theorem 5.4. Let f : (X,11,72,Z) — (Y,01,02,J) be a function,
then

(1) f is pairwise semi-Z-irresolute;

(2) the inverse image of each (i,j)-semi-J-closed subset of Y is
(1,7)-semi-Z-closed in X;

(3) for each x € X and each V€ STO(Y) containing f(x), there
exists U € STO(X) containing x such that f(U) C V.

Proof. The proof is obvious from that fact that the arbitrary union of
(1, j)-semi-Z-open subsets is (7, j)-semi-Z-open. O

Theorem 5.5. Let f : (X,711,79,Z) — (Y,01,02,J) be a function,
then

(1) f is pairwise semi-Z-irresolute;

(2) (1,7)-sZCIf~1(V)) C f1(i,7)-sT CU(V)) for each subset V
of Y;

(3) f((i,5)-sZCYU) C (i,7)-sT CI(f(U)) for each subset U of X.

Proof. (1) = (2): Let V be any subset of Y. Then V' C (4, j)-sJ Cl(V)
and f~Y(V) c f7'((i,j) — sZCIV)). Since f is pairwisr semi-Z-
irresolute, f~1((z,7) — sJ CI(V)) is a (i, j)-semi-Z-closed subset of X.
Hence (i, ) — sZCU(f~1 (V) C (i) — 5T QI (i, ) — s CUV)) =
f7H(, §) = 8T CUV)).

(2) = (3): Let U be any subset of X. Then f(U) C (i,7)—sJ CI(f(U))
and (i, j)—sZ CL(U) C (i, §)—=sZ CI(f7(f(U))) C f7((i,4)—sT CUf(U))).
This implies that f((4,7) —sZ Cl(U)) C f(f_l((i,j)—sj Cl(f(U)))) C
(i,) — 5.7 CUF (D).

(3) = (1 ) Let V be a (i, j)-semi-J-closed subset of Y. Then f((7,7)—
SLCUST(V)) C (0,) = sLCUS(F(V))) € (irj) = sTCUV) = V.
This implies that (i,j)—sICl(f_l(V)) C S (4, 5)—sZCI(f~H(V)))) C
f~YV). Therefore, f~1(V) is a (i,j)—semi—I—closed subset of X and
consequently f is a pairwise semi-Z-irresolute function. U
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Theorem 5.6. A function f: (X, 1,7,Z) — (Y,01,092,J) is a pair-
wise semi-L-irresolute if and only if f=1((i,7)-sJ Int(V)) C (i,])-
sZInt(f~1(V)) for each subset V of Y.

Proof. Let V be any subset of Y. Then (4, j)-sJ Int(V') C V. Since f is
pairwise semi-Z-irresolute, f~'((i,7)-sJ Int(V)) is a (¢, j)-semi-Z-open
subset of X. Hence f~'((,7)-sJ Int(V)) = (4,7)-sZ Int(f((s,5)-
sJ Int(V))) C (i,7)-ZsInt(f~1(V)). Conversely, let V be a (4, j)-semi-
J-open subset of Y. Then f~Y(V) = f~1((i,5)-sJ Int(V)) C (3,7)-
sZInt(f~1(V)). Therefore, f~1(V) is a (4, j)-semi-Z-open subset of X
and consequently f is a pairwisr semi-Z-irresolute function. U

Corollary 5.7. Let f : (X, 7,7,Z) — (Y,01,02,J) be a function.
Then f is pairwise semi-Z-closed and pairwise semi-L-irresolute if and
only if f((i,7)-sZCUV)) = (i,75)-sT CL(f(V))) for evey subset V of X.

Corollary 5.8. Let f : (X, 7,7,Z) — (Y,01,02,J) be a function.
Then f is pairwise semi-Z-open and pairwise semi-L-irresolute if and
only if f=1(((4,7)-sT CUV))) = (i, 4)-sZ CI(f~*((V))) for evey subset
VofY.

Definition 5.9. An ideal bitopological space (X, 1,72, T) is called pair-
wise semi-L-Hausdorff if for each two distinct points x # y, there exist
disjoint (i,j)-semi-Z-open sets U and V' containing x and y, respec-
tively.

Theorem 5.10. Let f : (X, 7,72,Z) — (Y,01,02,J) be a pairwise
semi-Z-irresolute function. If Y is pairwise semi-J -Hausdorff, then X
15 pairwise semi-L-Hausdorff.

Proof. The proof is clear. 0

Definition 5.11. A function f : (X, 7,7,Z) — (Y, 01,09, J) is said
to be pairwise semi-I-homeomorphism if f and f~ are pairwise semi-
T-irresolute.

Theorem 5.12. Let f : (X, 7,72,Z) — (Y,01,092,T) be a bijection.
Then the following statements are equivalent:
(1) f is pairwise semi-Z-homeomorphism;
(2) f71 is pairwise semi-I-homeomorphism,
(3) f and =1 are pairwise semi-(Z, J)-open (pairwise semi-(J,I)-
closed);
(4) [ is pairwise semi-Z-irresolute and pairwise semi-(Z,J)-open
(pairwise semi-(J,T)-closed);
(5) f((i,5)-sZCUV)) = (i,7)-sT CI(f(V)) for each subset V of X;

(6) ﬁ(((i,j)-sIInt(V)) = (4,7)-sT Int(f(V)) for each subset V of
(7) fll((i,j)-sj nt(V)) = (i, 5)-sZInt(f~1(V)) for each subset V

Y .

Y

<
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(8) (?‘Q'—SICl(f_l(V)) = f7Y(i,5)-sT CIV)) for each subset V

Proof. (1) = (2): It follows immediately from the definition of a pair-
wise semi-Z-homeomorphism.

(2) = (3) = (4): It follows from Theorem 4.24.

(4) = (5): It follows from Theorem 4.21 and Corollary 5.7.

(5) = (6): Let U be a subset of X. Then by Theorem 3.24, f((i,j)-
STIn(U) = X\f((0,4)-sT CUX\U)) = X\(i, j)sT CUF(X\V)) =
(i, j)-sT Int(f(U)).

(6) = (7): Let V be a subset of Y. Then f((,)- sIInt(f Lvy)) =

(i, )-sZInt(f(f (V) = (4, )-sZInt(f(V)). Hence f~'(f((i,5)-sZInt(f~'(V)))) =

F7Y(1,5)-sZInt(V)). Therefore, f~1((i,j)-sJ Int(V)) = (4, 7)-sZ Int(f~1(V)).

(7) = (8 ): Let V' be a subset of Y. Then by Theorem 3.24, (i, )

sTCUfH(V)) = X\(f~((4,)-sT Int(Y\V))) = X\((3, j)- Sﬂﬂt( H(X\V)) =

71, 5)-sZ CL V).

(8) = (1): It follows from Theorem 4.21 and Corollary 5.8. O
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