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Abstract. The purpose of this paper is to introduce and characterize
the concept of a-open set and several related notions in ideal minimal
spaces.
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1. INTRODUCTION AND PRELIMINARIES

Popa and Noiri [10] introduced the notion of minimal structures which
is a generalization of a topology on a given nonempty set. They also
introduced the notion of m-continuous functions as a function defined
between an m-space and a topological space. They showed that the
m-~continuous functions have properties similar to those of continuous
functions between topological spaces. Let X be a topological space
and A C X.
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The closure of A and the interior of A are denoted by CI1(A) and Int(A),
respectively. A subfamily m of the power set P(X) of a nonempty set
X is called a minimal structure [10] on X if § and X belong to m.
By (X, m), we denote a nonempty set X with a minimal structure m
on X. The members of the minimal structure m are called m-open
sets [10], and the pair (X, m) is called an m-space. The complement
of an m-open set is said to be m-closed [10]. The concept of ideals in
topological spaces has been introduced and studied by Kuratowski [6]
and Vaidyanathas[12]. An ideal Z on a nonempty set X is a nonempty
collection of subsets of X which satisfies (i) A € Z and B C A implies
B €7 and (ii) A€ Z and B € Z implies A U B € Z. Given an
m-space (X, m) with an ideal Z on X and if P(X) is the set of all
subsets of X, a set operator (.)%: P(X) — P(X) called the local

minimal function [11] of A with respect to m and Z, is defined as

follows: for A C X, A} (Z,m) = {x € X|[UNA ¢ T for every U
€ m(z)}, where m(x) = {U € m|x € U}. The set operator m CI*(.),
called a minimal *-closure, is defined as m C1"*(A) = AUA?, for A C X.
The minimal structurem*(Z, m), generated by m*(Z,m) = {U C X |
mCl* (X \U) = X \ U}, is called a x-minimal structure, which is finer
than m. And mInt*(A) denotes the interior of A in m*(Z,m) (see

[11]).

Definition 1.1. [10] Let (X, m) be an m-space. For a subset A of X,
the m-interior of A and the m-closure of A are defined by mInt(A)=
U{W/W € m,IW C A} and mCl(A) = "{F/A C F, X \ F € m},

respectively.

Theorem 1.2. [10] Let (X, m) be an m-space, and A, B subsets of
X. Then x € mCI(A) if and only if UNA # & for every U € m

containing x. Further, the following properties hold:

(i) mCl(m Cl(A)) = m CI(A).

(ii) mInt(mInt(A)) = mInt(A).
(ili) mInt(X \ A) = X \ mCl(A).
(iv) mCI(X \ A) = X \ mInt(A).

(v) If A C B then mCl(A) C m Cl(B).
(vi) mCl(AU B) C m Cl(A) Um Cl(B).
(vil) A C mCl(A) and mInt(A) C A.

Observe that any collection @ # J C P(X) is always contained in an
m-structure that have the property B [7]: A minimal structure mx is
said to have property B if the union of any family of subsets belonging
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to mx belongs to my, that is, m(J)={@, X}U {Uye, M : @ # J C
J}.

Theorem 1.3. [10] Let (X, m) be an m-space and m satisfy the prop-
erty B. For a subset A of X, the following properties hold:
(i) A € m if and only if mInt(A)=A.
(ii) A is m-closed if and only if m CI(A)=A.
(ili) mInt(A) € m and m Cl(A) is m-closed.

Definition 1.4. A subset A of an m-space (X, m) is said to be am-
open [8] if A C mInt(m Cl(mInt(A))).

The complement of an am-open set is called an am-closed set.

Definition 1.5. [8] Let (X, m) be an m-space and A C X.

(i) The intersection of all am-closed sets containing A is called
the am-closure of A and is denoted by am CI(S5).

(ii) The union of all am-open sets contained in A is called the
am-interior of A and is denoted by am Int(S).

Definition 1.6. A function f : (X,m) — (Y,7) is said to be am-
continuous [8] if the inverse image of every open set of Y is am-open
in (X,m).

An m-space (X, m) with an ideal Z on X is called an ideal minimal
space and is denoted by (X, m,T).

Definition 1.7. A subset A of an ideal minimal space (X, m,T) is
said to be
(i) m-R-Z-open [2] if A =mInt(m CI*(A)).
(ii) m-semi-Z-open [3] if A C m Cl*(mInt(A)).
(ili) m-pre-Z-open [1] if A C mInt(m CI"(A)).
(iv) m-B-Z-open [4] if A C m Cl(m Int(m CI"(A))).
(v) m-0-Z-open [2] if mInt(m CI"(A) C m Cl*(mInt(A)).

The complement of an m-pre-Z-open (resp. m-£-Z-open) set is called
an m-pre-Z-closed (resp. m-[3-Z-closed) set.

Lemma 1.8. Let (X,m,Z) be an ideal minimal space and A C X.

Then
(i) A subset A is m-pre-Z-closed if and only if m Cl(m Int*(A)) C
A1),
(i) A subset A is m-B-Z-closed if and only if
m Int(m Cl(m Int*(A)))

C A [4].
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Definition 1.9. A function f: (X, m,Z) — (Y, 1) is said to be

(i) m-pre-Z-continuous [1] if the inverse image of every open set
of Y is m-pre-Z-open in X.

(ii) m-semi-Z-continuous [3] if the inverse image of every open set
of Y is m-semi-Z-open in X.

(iii) m-B-Z-continuous [4] if the inverse image of every open set of
Y is m-B-Z-open in X.

(iv) m-0-Z-continuous (3] if the inverse image of every open set of
Y is m-6-L-open in X.

2. m-a-Z-OPEN SETS

Definition 2.1. A subset A of an ideal minimal space (X, m,T) is
said to be m-a-Z-open if and only if A C mInt(m CI*(mInt(A))).
The family of all m-a-Z-open sets of (X,m,Z) is denoted by
aZO(X,m). Also, the family of all m-a-Z-open sets of (X, m,Z) con-
taining x is denoted by maZO(X,x).
Proposition 2.2. (i) Every m-open set is m-a-Z-open.

(ii) Fvery m-a-Z-open set is m-semi-Z-open.

(iii) Every m-a-Z-open set is am-open.

(iv) Every m-a-Z-open set is m-pre-LZ-open.
Proof. The proof follows from the definitions. ([l

The following examples show that the converses of Proposition 2.2 are
not true in general.

Example 2.3. Let X = {a,b,c} m = {0,{a},{b},X} and T =
{0,{a}}. Then the set {a,b} is m-a-Z-open but not m-open, the set
{b, c} is m-semi-Z-open but not m-a-Z-open.

Example 2.4. Let X = {a,b,c} m = {0,{a,b},{a,c}, X} and T =
{0,{a}}. Then the set {b,c} is m-pre-Z-open but not m-a-Z-open.
Example 2.5. Let X = {a,b,c} m = {0,{b},{a,b},{a,c}, X} and
Z ={0,{a}}. Then the set {a,b} is am-T-open but not m-a-Z-open.
Proposition 2.6. Let (X, m,{0}) be an ideal minimal space and A C
X. Then A is m-a-Z-open if and only if it is am-open.

Proof. The proof follows from the fact that, if Z = {0}, then A* =
m Cl(A) and m CI*(A) = m Cl(A) by Remark 2.3 of [11]. O

Proposition 2.7. Let A be a subset of an ideal minimal space
(X,m,Z). If B is an m-semi-Z-open set of X such that B C A C
m Int(m Cl*(B)), then A is an m-a-Z-open set of X .
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Proof. Since B is an m-semi-Z-open set of X, B C m Cl"(mInt(B)).
Thus, A C mInt(m CI*(B)) C mInt(m ClI*(m Cl"(mInt(B)))) =

m Int(m Cl"(mInt(B))) C mInt(m Cl"(mInt(A))), and so A is an m-
a-Z-open set of X. 0

Proposition 2.8. Let (X, m,Z) be an ideal minimal space. Then a
subset of X is m-a-Z-open if and only if it is both m-0-Z-open and
m-pre-L-open.

Proof. Let A be an m-a-Z-open set. By Proposition 2.2, every m-
a-Z-open set is m-semi-Z-open and m-pre-Z-open. Hence, we have
m Int(m CI"(A)) C mInt(m CI*(m Cl*(Int(A)))) C m Cl*(Int(A)).

Hence A is an m-d-Z-open. Conversely, let A be an m-6-Z-open and
m-pre-Z-open set. Then we have m Int(m CI"(A)) C m CI*(m Int(A))
and hence m Int(m CI*(A)) C mInt(m CI*(mInt(A))). Since A is m-
pre-Z-open, A C mInt(m ClI*(A)). Therefore, we obtain that A C
m Int(m CI"(mInt(A))); hence A is m-a-Z-open. O

Lemma 2.9. A subset A is m-a-Z-open if and only if m-semi-Z-open
and m-pre-Z-open.

Proof. Let A be m-semi-Z-open and m-pre-Z-open subset of (X, m,Z).
Then, A C mInt(m CI*(A)) C mInt(m CI"(m CI*(mInt(A)))) =

m Int(m Cl"(mInt(A))). Hence A is m-a-Z-open. The converse is
obvious. O]

Corollary 2.10. The following properties are equivalent for subsets
of an ideal minimal space (X, m,T):
(i) Every m-pre-Z-open set is m-semi-Z-open.
(ii) A subset A of X is m-a-Z-open if and only if it is m-pre-Z-
open.

Corollary 2.11. The following properties are equivalent for subsets
of an ideal minimal space (X, m,T):
(i) Every m-semi-Z-open set is m-pre-Z-open.
(ii) A subset A of X is m-a-Z-open if and only if it is m-semi-Z-
open.

Proposition 2.12. Let A be a subset of an ideal minimal space
(X,m,Z) and m satisfy the property of B. If A is m-pre-Z-closed
and m-a-Z-open, then it is m-open.

Proof. Suppose A is m-pre-Z-closed and m-a-Z-open. Then by Lemma
1.8 mCl(mInt*(A)) € A and A C mInt(mCl"(mInt(A))). Now
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m Cl*(mInt(A)) € mCl(mInt(A4)) € mCl(mInt*(A4)) C A and so
A C mInt(m Cl"(mInt(A)) C mInt(A). Therefore, A is m-open. O

Lemma 2.13. 2] If A is any subset of an ideal minimal space
(X,m,Z), then mInt(m ClI"(A)) is m-R-Z-open.

Proposition 2.14. Let A be a subset of an ideal minimal space
(X,m,I). If A is m-a-Z-open and m-B-IZ-closed, then it is m-R-
T-open.

Proof. Let A be an m-a-Z-open and m-(-Z-closed subset of
(X,m,Z). By Lemma 1.8, A C mlnt(mCl"(mInt(A))) and
m Int(m Cl"(mInt(A))) € mInt(m Cl(mInt*(A))) C A; hence A =
m Int(m ClI*(mInt(A))). Thus, by Lemma 2.13, A is m-R-Z-open. [

Remark 2.15. The intersection of two m-a-Z-open sets need not be
m-a-Z-open as it can be seen from the following example.

Example 2.16. Let X = {a,b,c}, m = {@, {a,b}, {a,c}, X} and
T = {@,{a}}. Then the sets {a,b} and {a,c} are m-a-Z-open sets
of (X,m,Z) but their intersection {a} is not an m-a-Z-open set of
(X,m,T).

Theorem 2.17. If {Ay}aca be a family of m-a-Z-open sets in
(X,m,Z), then |J Aa is m-a-Z-open in (X, m,T).

a€el)

Proof. Since {A, : «a € Q} C maZOX), A, C
mInt(m Cl"(mInt(A,))) for every a € €. Thus, U A,
aE

c Um Int(m CI*(mInt(A,))) C mInt(m CI*(m Int( U A,))) and
ac [e7S]
U A, C mInt(m CI"(m Int( U A,)). Hence any union of m-a-Z-
[e1S ac
open sets is m-a-Z-open. [

Definition 2.18. In an ideal minimal space (X,m,Z), A C X is said
to be m-a-I-closed if X\ A is m-a-Z-open in X.

The family of all m-a-Z-closed sets of (X,m,I) is denoted by
aZC(X,m).

Theorem 2.19. Let (X, m,Z) be an ideal minimal space. Then, A is
m-a-Z-closed if and only if m Cl(m Int*(m Cl(A))) C A.

Proof. The proof follows from the definitions. O

Theorem 2.20. If A is an m-a-Z-closed set in an ideal minimal space

(X,m,Z), then m Cl(m Int(m Cl"(A))) C A.
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Proof. 1t follows from Theorem 2.19 that m Cl(m Int(m CI"(A))) C
m Cl(mInt*(m Cl(A))) C A. O

Theorem 2.21. Arbitrary intersection of m-a-Z-closed sets is always
m-a-L-closed.

Proof. This follows from Theorems 2.17. OJ

Definition 2.22. Let (X, m,Z) be an ideal minimal space, S a subset
of X and x be a point of X. Then

(i) = is called an m-a-Z-interior point of S if there exists V €
aZO(X,m) such that x € V C S.

(i) the set of all m-a-Z-interior points of S is called the m-o-Z-
interior of S and is denoted by maZ Int(S).

Theorem 2.23. Let A and B be subsets of (X,m,Z). Then the fol-
lowing properties hold:
(i) maZInt(A) =U{T:T CAand T € «ZO(X,m)}.
(ii) maZ Int(A) is the largest m-a-Z-open subset of X contained
n A.
(i) A is m-a-Z-open if and only if A = maZ Int(A).
(iv) maZ Int(maZ Int(A)) = maZ Int(A).
(v) If A C B, then maZInt(A) C maZ Int(B).
(vi) maZ Int(A) U maZ Int(B) C maZ Int(AU B).
(vil) maZ Int(AN B) C maZInt(A) N maZ Int(B).

Proof. (i). Let x € U{T : T C Aand T € aZO(X,m)}. Then,
there exists T' € aZO(X,x) such that x € T' C A and hence = €
maZ Int(A). This shows that U{T" : T' C A and A € oZO(X,m)}
C maZInt(A). For the reverse inclusion, let x € maZ Int(A). Then
there exists T' € maZO(X,z) such that x € T C A. we obtain = €
U{T : T C Aand T € oZO(X,m)}. This shows that maZ Int(A) C
UW{T:T CAand T € aZO(X,m)}. Therefore, we obtain maZ Int(A)
=U{T:TCAand T € aZO(X,m)}.
The proofs of (ii) — (vii) are obvious.

O

Corollary 2.24 ([8], Theorem 3.8). Let A and B be subsets of (X, m).
Then the following properties hold:
(i) amInt(A) C A.
(ii) A is am-open if and only if A = amInt(A).
(i) amInt(amInt(A)) = amInt(A).
(iv) If A C B, then amInt(A) C amInt(B).
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Proof. The proof follows from Theorem 2.23, if Z = {0}. O

Definition 2.25. Let (X, m,Z) be an ideal minimal space, S a subset
of X and x be a point of X. Then

(i) x is called an m-a-Z-cluster point of S if V.0 S £ () for every
V emaZO(X, x).

(ii) the set of all m-a-Z-cluster points of S is called the m-a-Z-
closure of S and is denoted by maZ CI(S).

Theorem 2.26. Let A and B be subsets of (X,m,Z). Then the fol-
lowing properties hold:
(i) maZCl(A) ={F:ACF and F € oZC (X, m)}.
(ii) maZ CI(A) is the smallest m-a-Z-closed subset of X containing
A.
(iii) A is m-a-Z-closed if and only if A = maZ C1(A).
(iv) maZ Cl(maZ CI(A) = maZ Cl(A).
(v) If A C B, then maZ Cl(A) C maZ Cl(B).
(vi) maZ Cl(AU B) = maZ Cl(A) U maZ Cl(B).
(vil) maZ Cl(AN B) € maZ Cl(A) N maZ Cl(B).

Proof. (7). Suppose that x ¢ maZ Cl(A). Then there exists V €
maZO(X, x) such that VN A = 0. Since X\V is an m-a-Z-closed set
containing A and x ¢ X\V, we obtain t ¢ N{F : AC Fand F €
aZC(X,m)}. Conversely, suppose that « ¢ N{F | A C F and F €
aZC(X,m)}. Then there exists F' € aZC(X,m) such that A C F
and z ¢ F. Since X\ F is an m-a-Z-open set containing x, we obtain
(X\F)N A = (. This shows that 2 ¢ maZ Cl(A). Therefore, we
obtain maZ Cl(A) = N{F : AC F and F € aZC(X,m)}.

The other proofs are obvious. O

Corollary 2.27 ([8], Theorem 3.9). Let A and B be subsets of (X, m).
Then the following properties hold:
(i) AC amCl(A).
(ii) A is am-closed if and only if A = am Cl(A).
(ili) am Cl(am Cl(A) = am Cl(A).
(iv) If A C B, then am Cl(A) C am Cl(B).

Proof. The proof follows from Theorem 2.26, if Z = {0}. O

Theorem 2.28. Let (X, m,Z) be an ideal minimal space and A C X.
Then a point x € maZ CI(A) if and only if UN A # O for every
UemaZO(X, ).

Proof. This follows immediately from Definition 2.25. 0J
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Corollary 2.29 ([8], Theorem 3.10). Let (X, m) be an ideal minimal
space and A C X. Then
(i) z € am Cl(A) if and only if ANV # 0 for every am-open set
V' containing x.
(ii)) * € amInt(A) if and only if there exists an am-open set U
such that x € U C A.

Proof. The proof follows from Theorem 2.28, if Z = {0}. O

Theorem 2.30. Let (X, m,Z) be an ideal minimal space and A C X.
Then the following propeties hold:
(i) maZ Int(X\A) = X\maZ CI(A);
(ii) maZ CI(X\A) = X\maZ Int(A).

Proof. (i). Let x € X \ maZ Cl(A). Since x ¢ maZ CI(A), there
exists V' € maZO(X,z) such that V N A = (; hence we obtain = €
maZ Int(X\A). This shows that X\maZ Cl(A) C maZInt(X\A).
Let € maZInt(X\A). Since maZInt(X\A) N A = (), we obtain
x ¢ maZCl(A); hence x € X\maZCl(A). Therefore, we obtain
maZ Int(X\A) = X\maZ CL(A).

(7). This follows from (3). O

Corollary 2.31 ([8], Theorem 3.8(v)). Let (X, m) be an ideal minimal
space and A C X. Then the following propeties hold:

(i) amInt(X\A) = X\am CI(A),

(ii) am ClI(X\A) = X\amInt(A).

Proof. The proof follows from Theorem 2.30, if Z = {0}. O

Definition 2.32. A subset B, of an ideal minimal space (X, m,T)
15 called an m-a-Z-neighbourhood of a point x € X if there exists an
m-a-Z-open set U such that x € U C B,.

Theorem 2.33. A subset of an ideal minimal space (X, m,T) is m-
a-L-open if and only if it is an m-a-Z-neighbourhood of each of its
points.

Proof. Let G be an m-a-Z-open set of X. Then by definition, it is
clear that G is an m-a-Z-neighbourhood of each of its points, since
for every v € G, x € G C G and G is m-a-Z-open. Conversely,
suppose G is an m-a-Z-neighbourhood of each of its points. Then for
each © € G, there exists S, € aZO(X,m) such that S, C G. Then
G = |J{S: : © € G}. Since each S, is m-a-Z-open, G is m-a-Z-open
in (X,m,Z). O



92 M. CALDAS, M. GANSTER, S. JAFARI, T. NOIRI AND N. RAJESH

3. m-a-Z-CONTINUOUS FUNCTIONS

Definition 3.1. A function f: (X,m,Z) — (Y,7) is said to be m-a-
I-continuous if the inverse image of every open set of Y is m-a-Z-open
mn X.

Proposition 3.2. For a function f : (X,m,Z) — (Y, 1), the following
properties hold:
(i) Every m-a-Z-continuous function is m-semi-Z-continuous but
not conversely.
(ii) Fvery m-a-Z-continuous function is am-continuous but not
conversely.
(iii) Every m-a-Z-continuous function is m-pre-Z-continuous but
not conversely.

Proof. The proof follows from Proposition 2.2, Examples 2.3 and 2.4.
O

Theorem 3.3. A function f : (X, m,Z) — (Y, 1) is m-a-Z-continuous
if and only if it is m-semi-Z-continuous and m-pre-Z-continuous.

Proof. This is an immediate consequence of Lemma 2.9. 0J

Theorem 3.4. For a function f : (X,m,Z) — (Y, 1), the following
statements are equivalent:
(i) f is m-a-Z-continuous;
(ii) For each point x in X and each open set F' in' Y such that
f(z) € F, there is an m-a-Z-open set A in X such that x € A,
f(A) C F;
(iii) The inverse image of each closed set in'Y is m-a-Z-closed in
X.
(iv) For each subset A of X, f(maZ CI(A)) C CI(f(A)),
v) For each subset B of Y, maICl(f Y(B)) c f71(CU(B));
(vi) For each subset C on fHInt(C)) € maZInt(f~1(C)).
(vii) m Cl(m Int*(m C1(f~*(B)))) € f~*(CI(B)) for each subset B
of Y.
(viil) f(m Cl(mInt*(m Cl(A)))) C CI(f(A)) for each subset A of X.

Proof. (i) < (ii): Let x € X and F be an open set of Y containing
f(z). By (i), f7'(F) is m-a-Z-open in X. Let A = f~'(F). Then
x € A and f(A) C F. Conversely, let F' be open in Y and let
xz € f~Y(F). Then f(x) € F. By (ii), there is an m- aZ—open set U,
in X such that x € U, andf( :) C F. Then x € U, C f~}(F) and
fYUF)=U{U, |z € f~Y(F)}. Hence f~(F) is m-a-Z-open in X.
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(1) = (it3): This follows due to the fact that for any subset B of Y,
fTIY\B) = X\[7/(B).

(173) = (i ): Let A be a subset of X. Since CI(f(A)) is closed in Y and
by (iii) f~1(CI(f(A))) is m-a-Z-closed in X and A C f~(CI(f(A)).
Then maZ Cl(A) C f~1(CI(A)); hence f(maZ Cl(A)) C CI(f(A)).
(iv) = (v): Let B be any subset of Y. Now, f(maZ Cl(f~'(B)))
c CI(f(f~%(B))) c CUB). Consequently, maZCIl(f~Y(B)) C
7(CI(B)).

(1) < (vi): Suppose that f is m-a-Z-continuous. Let B be
any subset of Y. Clearly, f~'(Int(B)) is m-a-Z-open in X and
we have f~'(Int(B)) C maZInt(f~'Int(B)) C maZInt(f~'B).
Conversely, let B be an open set in Y. Then Int(B) = B and
f~YB) C f~(Int(B)) € maZInt(f~(B)). Hence we have f~}(B) =
maZ Int(f~1(B)). This shows that f~!(B) is m-a-Z-open in X.

(v) = (vii): Let B any subset of Y. Since ma Cl(f_l(B)) is m-a-
Z-closed, by Theorem 2.19 and (v), m Cl(m Int*(m Cl(f ( ) C
m Cl(m Int*(m Cl(ma CI(f~*(B))))) € ma Cl(f~!(B)) C ( 1(B)).
(vii) = (viii): Let A be any subset of X. y  (vii),
mCl(mInt"(mCl(A)) <  mCl(mInt*(m Cl(f_l(f(A))))) C
S7HCI(f(A))) and hence

f(m Cl(mInt*(m Cl(A)))) C CI(f(A)).

(viit) = (7): Let V € T Then by (v),
fm ClmInt"(m CI(fT'(Y\V))))) < CUIf(fT'(Y\V)))  C
CI(Y\V) =Y\V. It follows that,

m Cl(mInt*(m CI(f~*(Y\V)))) < f(Y\V) c X\f (V). Con-
sequently, we obtain f~*(V) C mInt(m ClI*(mInt(f~(V)))). This
shows that f~1(V) is m-a-Z-open. Thus, f is m-a-Z-continuous. [J

Theorem 3.5. Let f : (X,m,Z) — (Y,7) be an m-a-Z-continuous
function. Then for each subset V of Y, f~1(Int(V)) C m CI*(f~1(V)).

Proof. Let V be any subset of Y. Then f~!(Int(V)) is m-a-Z-open in
X. Hence f~(Int(V)) C m Int(m CI*(m Int(f~!(Int(V))))) C
m CI(f~1(V)).

Theorem 3.6. Let f : (X,m,Z) — (Y, 7) be a bijection. Then f is
m-a-Z-continuous if and only if Int(f(U)) C f(maZ Int(U)) for each
subset U of X.

Proof. Let U C X. By Theorem 3.4, f~Y(Int(f(U))) C
maZ Int(f~1(f(U))). Since f is a bijection, Int(f(U)) =
f(f Y Int(f(U))) C f(maZInt(U)). Conversely, let V C Y.
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Then Int(f(f~(V))) C f(maZInt(f~'(V))). Since f is a bi-
jection, Int(V) = Int(f(f~%(V))) C f(maZInt(f~'(V))); hence
S HInt(V)) € maZInt(f~'(V)). Therefore, by Theorem 3.4, f is

m-a-Z-continuous. L]

Proposition 3.7. A function f : (X,m,Z) — (Y,7) is m-a-Z-
continuous if and only if it is both m-d-L-continuous and m-pre-Z-
continuous.

Proof. The proof follows from Proposition 2.8. OJ

Definition 3.8. The graph G(f) of a function f: (X,m,I) — (Y, 1)
is said to be m-a-I-closed in X x Y if for each (z,y) € (X xY) \
G(f), there exist U € maZO(X,x) and an open set V of Y containing
y such that (U x V) N G(f) = 0.

Lemma 3.9. The graph of a function f: (X,m,Z) — (Y,T) is m-a-
Z-closed in X x Y if and only if for each (z,y) € (X xY) \ G(f),
there exist U € maZO(X,z) and an open set V of Y containing y
such that f(U) NV = (.

Proof. The proof is an immediate consequence of Definition 3.8. [

Theorem 3.10. If f : (X,m,Z) — (Y,7) is an m-a-Z-continuous
function and (Y, 7) is Ty, then G(f) is m-a-Z-closed.

Proof. Let (z,y) € (X xY) \ G(f). Then y # f(z). Since Y is Ty,
there exist disjoint open sets V and W of Y such that f(z) € W and
y € V. Since f is m-a-Z-continuous, there exists U € maZO(X, x)
such that f(U) C W. Therefore, f(U) NV = (. Therefore, by Lemma
3.9, G(f) is m-a-Z-closed. O

Definition 3.11. An ideal minimal space (X, m,T) is called an m-a-
I-T5 space if for each pair of distinct points x,y € X, there exist U,V
€ aZO(X,m) containing x and y, respectively, such that U NV = {).

Definition 3.12. An m-space (X, m) is said to be m-Ty [10] if for
any distinct points x, y of X, there exist U, V. € m such that x € U,
yeV and UNV=0.

Theorem 3.13. Let (X, m,Z) be an ideal minimal space and m have
property B. Then (X,m,ZT) is m-Ts if and only if it m-a-Z-T5.

Proof. 1t is obvious that every m-Ty space is m-a-Z-T5 since m C
aZO(X,m). Suppose that (X, m,Z) is m-a-Z-T». For any distinct
points z, y € X, there exist U, V' € aZO(X,m) such that z € U,
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y e VandUNV = 0. Since UNV = 0, mInt(V)NmInt(V) = . Since
m has property B, by Theorem 1.3 mInt(U) € m and m C m*(Z, m).
Therefore, we obtain mInt(U) N mCl*(mInt(V)) = 0 and hence
mInt(U) Nmint(m Cl*(mInt(V))) = 0. By repeating the same argu-
ment, we obtain mInt(m Cl*(mInt(U))) N mInt(m Cl*(mInt(V))) =
. Now, U,V € aZO(X,m) and hence we have z € U C
mInt(m Cl*(mInt(U)))

€ mand y € V. C mInt(mCl*(mInt(V))) € m. This shows that
(X,m,I) is m-Ts. O

Theorem 3.14. If f : (X,m,Z) — (Y,7) is an m-a-Z-continuous
injective function and'Y is a Ty space, then (X, m,I) is an m-a-Z-T
space.

Proof. The proof follows from the definitions 3.11 and 3.1. OJ

Theorem 3.15. If f : (X,m,Z) — (Y,7) is an injective m-a-Z-
continuous function with an m-a-Z-closed graph, then X is an m-a-
Z-T, space.

Proof. Let x1 and x5 be any distinct points of X. Then f(z1) # f(x2),
so (z1, f(x2)) € (X x Y)\G(f). Since the graph G(f) is m-a-Z-closed,
there exist an m-a-Z-open set U containing x; and V' € 7 containing
f(x3) such that f(U)NV = (. Since f is m-a-Z-continuous, (V)
is an m-a-Z-open set containing x5 such that U N f~1(V) = (). Hence
X is m-a-Z-T5. O

Definition 3.16. An ideal minimal space (X, m,T) is said to be m-
a-ZL-connected if X cannot be expressed as the union of two nonempty
disjoint m-a-L-open sets.

Theorem 3.17. A m-a-Z-continuous image of an m-a-L-connected
space is connected.

Proof. Obvious. OJ

Lemma 3.18. [9] For any function [ : (X, 7,Z) — (Y,0), f(Z) is an
ideal on Y.

Definition 3.19. A subset K of an ideal minimal space (X, m,T) is
said to be m-a-I-compact relative to X, if for every cover {U, : X € A}
of K by m-a-Z-open sets of X, there exists a finite subset Ag of A such
that K\\U{Ux : A € Ao} € Z. The space (X, m,T) is said to be m-c-

Z-compact if X is m-a-Z-compact relative to X.
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Definition 3.20. A subset K of an ideal minimal space (X, m,Z) is
said to be countably m-a-Z-compact relative to X, if for every cover
{Ux : X € A} of K by countable m-a-Z-open sets of X, there exists
a finite subset Ay of A such that K\|J{Uy : A € Ao} € Z. The space
(X, m,T) is said to be countably m-a-Z-compact if X is countable m-
a-Z-compact relative to X.

Definition 3.21. A subset K of an ideal minimal space (X, m,T) is
said to be m-a-Z-Lindeldf relative to X, if for every cover {Uy : A € A}
of K by m-a-Z-open sets of X, there exists a countable subset Ag of
A such that K\|J{Ux : X € Ao} € Z. The space (X,m,I) is said to
be m-a-Z-Lindelof if X is m-a-Z-Lindelof subset of X.

Theorem 3.22. [f f : (X,m,Z) — (Y,0) is an m-a-Z-continuous
surjection and (X, m,T) is m-a-Z-compact, then (Y, o, f(Z)) is f(Z)-
compact.

Proof. Let {Vy : A € A} be an open cover of Y. Then {f~1(V)): \ €
A} is an m-a-Z-open cover of X and hence, there exists a finite subset
Ag of A such that X\ J{f"(V4) : A € Ag} € Z. Since [ is surjective,
Y\NU{Va: A€ Ao} = fFIX\U{S/' (V) : A € Ag}) € f(Z). Therefore,
(Y,o, f(Z)) is f(Z)-compact. O

The proofs of the next two theorems are straight forward, we therefore
omit them.

Theorem 3.23. If f : (X,m,Z) — (Y,0) is an m-a-Z-continuous
surjection and (X, m,T) is m-a-Z-Lindeldf, then (Y, o, f(Z)) is f(Z)-
Lindelof.

Theorem 3.24. If f : (X,m,Z) — (Y,0) is an m-a-Z-continuous
surjection and (X, m,T) is countably m-a-Z-compact, then (Y, o, f(Z))
is countably f(Z)-compact.

4. m-a-Z-IRRESOLUTE FUNCTIONS

Definition 4.1. A function [ : (X, mq,Z) — (Y, mq,J) is said to be
(my, mg)-a-Z-irresolute if the inverse image of every mq-c-J -open set
of Y is mi-a-Z-open in X.

Theorem 4.2. Let f : (X,my,Z) — (Y, mo,J) be a function, then
the following properties are eequivalent:

(i) f is (mq, ma)-a-Z-irresolute;
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(i) the inverse image of each mq-ca-J -closed subset of Y is mq-c-
I-closed in X;

(iii) for each x € X and each V € aJO(Y,ms) containing f(z),
there exists U € aZO(X,mq) containing x such that f(U) C V.

Proof. The proof is obvious from that fact that the arbitrary union of
m~a-Z-open subsets is m-a-Z-open. 0

Theorem 4.3. Let f : (X,my,Z) — (Y,ms9,J) be a function. Then
the following properties are equivalent:
(i) f is (my, mg)-a-Z-irresolute;
(i) maZ CI(f~H(V)) C f~H(meaT CI(V)) for each subset V of Y ;
(iii) f(miaZ CI(U)) C moaT CI(f(U)) for each subset U of X.

Proof. (i) = (ii): Let V be any subset of Y. By (i), f~ (mgaj Cl(V))
is an mq-a-Z-closed subset of X. Hence we have m;aZ CI1(f~1(V)) C
myaZ CI(f~H(moaT CI(V))) = [~ (maaT CI(V)).

(i1) = (i4i): Let U be any subset of X. Then f(U) C meaJ CI(f(U))
and maZ Cl(U) C mlaICl(f’ (F(U) C fHmoaJ CI(f(U))).
Then f(miaZ CIU)) C f(f~(m2aT CI(f(V)))) C maaT CI(f(U)).
(1ii) = (i): Let V be an mgo-a-J-closed subset of Y. Then we have
fmaZ CI(f~H(V)) C maaZ CI(f(f~H(V))) C meaZCLV) = V.
This implies that myaZ CI(f~*(V)) C f~(f(miaZ CI(f~1(V)))) C
f7YV). Therefore, f~*(V) is an m;-a-Z-closed subset of X and con-
sequently f is an (mq, msy)-a-Z-irresolute function. O

Theorem 4.4. A function f : (X,m1,Z) = (Y,mg, J) is (mq1, ms)-
a-Z-irresolute if and only if f~ (meaJ Int(V)) C myaZ Int(f~1(V))
for each subset V of Y.

Proof. Suppose that f is (mq, ms)-a-Z-irresolute. Let V' be any subset
of Y. Then meaJ Int(V) C V. Since f is (my, my)-a-Z-irresolute,
Y moaJ Int(V)) is an my-a-Z-open subset of X. Hence

fHmaaJ Int(V)) = miaZ Int(f~1(meaJ Int(V))) C
miaZInt(f~1(V)). Conversely, let V be an my-a-J-open sub-
set of Y. Then f~1(V) = fYmeaJ Int(V)) C miaZ Int(f~1(V)).
Therefore, f~1(V) is an my-a-Z-open subset of X and consequently
f is an (my, my)-a-Z-irresolute function. O

The proof of the following theorems are follows from the definitions
and hence omitted.

Theorem 4.5. The (my, my)-a-Z-irresolute image of an mi-a-Z-
connected space is ma-a-f(ZL)-connected.
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Theorem 4.6. If f : (X,m,Z) — (Y,mo,J) is an (mq,ms)-
a-Z-irresolute surjection and (X, mq,Z) is my-a-Z-compact, then
(Y, ma, f(Z)) is ma-a-f(Z)-compact.

Theorem 4.7. If f : (X,m,Z) — (Y,mo,J) is an (mq,ms)-
a-Z-irresolute surjection and (X, m1,Z) is mi-a-Z-Lindeldf, then

(Y, ma, f(Z)) is me-a-f(Z)-Lindeldf.

Theorem 4.8. If f : (X,m1,Z) — (Y,me,T) is an (mq,ms)-a-Z-
irresolute surjection and (X, my,7T) is countably my-a-Z-compact, then
(Y, ma, f(Z)) is countably mo-c-f(Z)-compact.

We close with the following: Find nontrivial examples for m-a-Z-
compactness, countable m-a-Z-compactness and m-a-Z-Lindelofness.

[1]

[10]

REFERENCES

S. Jafari and N. Rajesh, Preopen sets in ideal minimal spaces, Questions
Answers General Topology, 29(1) (2011), 81-90.

S. Jafari N. Rajesh and R. Saranya, Some subsets of ideal minimal spaces
(under preparation).

S. Jafari, N. Rajesh and R. Saranya, Semiopen sets in ideal minimal spaces
Vasile Alecsandri University of Bacau Faculty of Sciences Scientific Studies
and Research Series Mathematics and Informatics, 27 (1) (2017), 33-48.

S. Jafari, R. Saranya and N. Rajesh, On fundamental properties of (-open
sets in ideal minimal spaces (submitted).

D. Jankovi¢ and T. R. Hamlett, New topologies from old via ideals, Amer.
Math. Monthly, 97(1990), 295-310.

K. Kuratowski, Topology, Academic press, New York, (1966).

H. Maki, R. C. Rao, A. Nagoor Gani, On generalizing semiopen and preopen
sets, Pure Appl. Math. Math. Sci., 49(1999), 17-29.

W. K. Min, am-open sets and aM -continuous functions, Commun. Korean
Math. Soc., (25)(2) (2010), 251-256.

R. L. Newcomb, Topologies which are compact modulo an ideal, Ph.D. Thesis,
University of California, USA (1967).

V. Popa and T. Noiri, On the definitions of some generalized forms of con-
tinuity under minimal conditions, Mem. Fac. Sci. Kochi. Univ. Ser. Math.,
22(2001), 9-18.

O. B. Ozbakir and E. D. Yildirim, On some closed sets in ideal minimal
spaces, Acta Math. Hungar., 125(3) (2009), 227-235.

R. Vaidyanathaswamy, The localisation theory in set topology, Proc. Indian
Acad. Sci., 20(1945), 51-61.



PROPERTIES OF o-OPEN SETS IN IDEAL MINIMAL SPACES 99

Departamento de Matematica Aplicada,
Universidade Federal Fluminense,

Rua Mario Santos Braga, s/n

24020-140, Niteroi, RJ BRASIL. gmamccs@vm.uff.br

Department of Mathematics, Graz University of Technology
Steyrergasse 30, 8010 Graz, Austria. ganster@Qweyl.math.tu-graz.ac.at

College of Vestsjaelland South, Herrestraede
11, 4200 Slagelse
Denmark. jafaripersia@gmail.com

2949-1 Shiokita-cho, Hinagu
Yatsushiro-Shi, Kumamoto-Ken
869-5142 JAPAN. t.noiri@nifty.com

Department of Mathematics

Rajah Serfoji Govt. College

Thanjavur-613005

Tamilnadu, India. nrajesh_topology@yahoo.co.in



