Point-free topological monoids and Hopf algebras
on locales and frames

C. Ozel', P. Linker?, M. Al Shumrani®, and S. Jafari*

!Department of Mathematics, King Abdulaziz University, Jeedah
21589 S Arabia, E-Mail: cenap.ozel@gmail.com
2Fachbereich Kontinuumsmechanik, Technische Universitit
Darmstadt, 64287 Darmstadt, Germany, E-Mail:
Patrick.Linker@t-online.de
3Department of Mathematics, King Abdulaziz University, Jeedah
21589 S Arabia, E-Mail: maalshmaranil@kau.edu.sa
4College of Vestsjaelland South, Herrestraede 11, 4200 Slagelse,
Denmark, E-mail: jafaripersia@gmail.com

January 26, 2019

Abstract

In this note, we are intended to offer some theoretical consideration
concerning the introduction of point-free topological monoids on the lo-
cales and frames. Moreover, we define a quantum group on locales by
utilizing the Drinfeld-Jimbo group.

1 Introduction

Topological groups(or monoids) are very important mathematical objects with
not only applications in mathematics, for example in Lie group theory, but also
in physics. Topological groups are defined on topological spaces that involve
points as fundamental objects of such topological spaces. In the past decades,
a new form of topology which does not use the notion of points was developed.
This approach is called point-free topology. Instead of a collection of sets, frames
and locales are the basic objects used in this theory. In topology, continuous
groups(or monoids) defined on topological spaces are also well-known. An ex-
ample of such groups are Lie groups. The open question is whether topological
groups(or monoids) can be defined in point-free topology. Also most properties
of such groups are unknown. It is known that localic groups can be defined on
locales in [1].



2 Theoretical Considerations

A frame is a lattice that satisfies the following distributive law for IV lattices Ly
with k € {1,..., N} and another lattice M:

MV AN L, =N (M V Ly). (1)

A locale is a frame where map ¢ : P — @Q between locales P and () induces
a map d : R — S between the frames R and S, i.e. the category of locales is
the opposite category of the category of frames. Let A be a locale. Then this
locale can be represented as a meet of n distinct sublocales A; C A with i €
{1,...,n} since locales must be closed under finite meet operations (analogous
to a topological space that must be closed under finite intersections). In set-
theoretic topology, intersections and unions must be preserved if a continuous
map f~!: X — Y between topological spaces X and Y is applied. On the other
hand, if the inverse of f~! is continuous, also unions and intersections must be
preserved. Analogously, if there is a map g : A — B between the locales A and
B, meet and join operations must be preserved. Let €2 be a functor that maps
from the category of topological spaces to locales. Then the following diagram

commutes.
f

X ——Y (2)
Q Q

B4
We note that the commutative diagram (2) can also be formulated in terms of its
inverse maps. Therefore, the map g lies in a group G if also the identity element
e lies in this group. Hence, maps between locales that represent continuous maps
between topological space in its corresponding spectrum are topological groups.
This is true since the corresponding spectrum of these topological groups are
of continuous maps and topological groups. Obviously it must be continuous
groups.

3 Quantum groups on locales

In this section, we will define a quantum group on locales using the Drinfeld-
Jimbo group (Se [2] and [3]).

Let A = [a;;] be the Cartan matrix of the Kac-Moody algebra, and let ¢ # 1
be a non-zero complex number. Then U,(g), where g is the Lie algebra whose
Cartan matrix is A, is defined by the following generators ky, where A is an
element of the weight lattice, i.e. 2(X,a;)/(ai,a;) is an integer for all 4, and e;
and f; for associated simple roots a;, and relations

ko =1, kaky = kxip,

kxeiky ' = qM e, kafiky b =q M fy
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For i # j, we have
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where ki = ka,,q = 2@ [0],,! = 1,[n],,! = [T _,[m]g for all positive
integers n, and [m], = %. These are the g-factorial and ¢g-number, re-

spectively, the g-analogs of the ordinary factorial. The last two relations above
are the g-Serre relations, the deformations of the Serre relations.

In the limit as ¢ — 1, these relations approach the relations for the universal
enveloping algebra U(G), where k — 1 and k;:qk_’l* — t\ as ¢ — 1, where the
element, ty, of the Cartan subalgebra satisfies (tx,h) = A(h) for all h in the
Cartan subalgebra.

There are various coassociative coproducts under which these algebras are

Hopf algebras, for example,

Ar(ky) =ky®@ky, Aile)=1®e+e; @k, A(fi)=k'@fi+fi®l,
No(ky) =ka®@kx, Dole) =k '@ei+e,®01, Ao(f;)=1® fi+ fi @ ki,
As(ky) = ka®ky,  As(es) = by Z@e+eiok’”,  Ag(fi) = by 2@ fi+ fiok,

where the set of generators has been extended, if required, to include k) for A
which is expressible as the sum of an element of the weight lattice and half an
element of the root lattice.
In addition, any Hopf algebra leads to another with reversed coproduct ToA,
where T is given by T'(z ® y) = y ® z, giving three more possible versions.
The counit on Uy(A) is the same for all these coproducts: e(ky) =1,¢(e;) =
e(f:;) = 0, and the respective antipodes for the above coproducts are given by

Si(kx) = k_x, Si(e;) = —eik;*, Si(fi) = —kifi,
So(kx) = k_x, Sa(e;) = —kiei, Sa(f;) = —fik; !,
Sa(kx) = k-, Ss(e:) = —qiei, S3(fi) = —q; * fi.

Alternatively, the quantum group U, (G) can be regarded as an algebra over
the field C(q), the field of all rational functions of an indeterminate ¢ over C.

Similarly, the quantum group U,(G) can be regarded as an algebra over the
field Q(q), the field of all rational functions of an indeterminate g over Q.

We will regard all elements (e.g. the generators) of this Drinfeld-Jimbo
algebra as elements of a locale. A Locale element satisfying above relations is a
locale, where a product between locales exists.
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