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Abstract

In this paper, we introduce the notion of [z, -closed sets in ideal topological spaces and
investigate some of their properties. Further, we introduce the concept of mildly /g, -

closed sets and /3y normal space.

1. Introduction and Preliminaries

Levine [7, 8] introduced the concept of generalized closed sets and semiclosed sets

in topological spaces. The concept of ga -closed sets were introduced by Devi et al. [2].

Dontchev et al. [4] introduced the notion of the generalized closed sets in ideal

topological space (i.e. Z-g -closed sets) in 1999. In 2008, Navaneethakrishnan and

Joseph have studied some characterizations of normal spaces via I, open sets [10]. In
this paper, we introduce the notion of 5y -closed sets in ideal topological spaces and
investigate some of their properties. Further, we introduce the concept of mildly 75 -

closed sets.
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66 A. Selvakumar and S. Jafari

An ideal T [5] on a topological space (X, T) is a non-empty collection of subsets of

X satisfies
(@) AOZ and B O A implies B Z and
(b) AOZ and B Z implies AU B OZ.

Given a topological space (X, T) with an ideal Z on X and if P(X) is the set of all
subsets of X, a set operator (OF : P(X) — P(X), called a local function [5] of A with

respect to T and 7 is defined as follows: For A O X, ANZ, 1) ={x0X:UNA%T
for every U 0 1(x)}, where 1(x) ={U O 1: x OU}. We will make use of the basic facts
about the local functions [5, Theorem 2.3] without mentioning it explicitly. A
Kuratowski closure operator ¢/™(0)] for a topology TH(Z, 1), called the T -topology,
finer than T is defined by c/H(A) = AU AY(Z, 1) [16]. When there is no chance for
confusion, we will simply write A" for A{Z, 1) and 1 for THZ, 1). If Z is an ideal
on X, then (X, T, Z) is called ideal space. A subset A of an ideal space (X, T, Z) is ™
closed [5]if A7 0 A.

By a space, we always mean a topological space (X, T) with no separation

properties assumed. If A O X, c¢/(A) and int(A) will, respectively, denote the closure

and interior of A in (X, T) and int"{A) will denote the interior of A in (X, T°).
Definition 1.1. A subset A of a space (X, T) is called a
(a) semi-open set [8]if A O cl(int(A)) and a semi-closed set [8] if int(cl(A)) O A,
(b) a-open set [12] if A Oint(cl(int(A))) and an o-closed set [12] if
cl(int(cl(A))) O A and
(c) regular open [15] if A = int(cl(A)).

The semi-closure (resp. 0-closure) of a subset A of a space (X, T) is the intersection

of all semi-closed (resp. 0O-closed) sets that contain A and is denoted by
scl(A) (resp. acl(A)).
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Definition 1.2. A subset A of a topological space (X, T) is called
(a) a g-closed set [7] if cl(A) O U whenever A 0 U and U is open in (X, 1),
(b) an ag-closed set [9]if acl(A) O U whenever A 0 U and U is open in (X, T),

(c) a g -closed set [18, 20] if cI(A) O U whenever A 0 U and U is semi-open in
(X, 1),

(d) a Yg-closed set [17] if cl(A)OU whenever AU and U is g -open in
(X, 1),

e at gs -closed set [19] if scl(A) O U whenever A O U and U is Dg -open in
(X, 1), and

(f) a 3o -closed set [2] if acl(A) O U whenever A O U and U is * gs-open set of

(X, ). The complement of an ga -closed set is called ga -open.

The set N{F O X : F 0 A, F is ga-closed} is called go -closure of A and is denoted
by clga(A).

Definition 1.3. A subset A of an ideal topological space (X, T, I) is called

(a) an I, closed [4] if AY 0O U whenever A O U and Uis openin (X, I, T),

(b) an [ rg closed [11] if A0 U whenever A DU and U is regular open in
(X, 1,71),

(¢) an [ closed [13] if A"0U whenever AU and U is Og-open in

agg
(x,1,1),

(d) an I-R closed [1] if A = c1Y(int(A)) and
(e) a pre-I-closed [3] if c1Y(int(A)) O A.

Lemma 1.4 [14]. Let (X, T, I) be an ideal topological space A T X. If A [J AD,
then AY = cl(AD) =cl(A) = CID(A).
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Lemma 1.5 [5]. Let (X, T, I) be an ideal topological space and A, B be subsets of
X. Then the following properties hold.

(a) A O B implies AP 0 B,
) A" = ci(AD) O ci(A),

© (A0 0 4%,

@ (AU B) = A"U B"

2. Properties of /3, -closed Sets in Ideal Topological Spaces

Definition 2.1. A subset A of an ideal space (X, T, I) is said to be 15y -closed set if
AY 0 U whenever A DU and Uis g0 -open set.

Theorem 2.2.

(a) Every L-closed set is 15y -closed set.

(b) Every 1y,, -closed set is 1 o -closed set.

agg

(¢) Every I5q -closed set is I, -closed set.
(d) Every 1 zo -closed set is 1 g -closed set.

Proof.

(a) It is obvious.

(b) Let ADU and U is ga-open set and hence ag -open set. Since A is Togg -
closed, we have A” 0 U. Therefore A is 1 go ~closed set.

(c) Let AU and U is regular open set and hence ga -open set. Since A is [/ G-

closed, we have A” 0 U. Therefore A is 1 rg -closed set.

(d)Let A O U and U is open set and hence ga -open set. Since A is 1 go -closed, we

have A 0O U. Therefore A is [ g -closed set.

http://www.earthlinepublishers.com



On New Type of Sets in Ideal Topological Spaces 69

The converse of the above theorems need not be true by the following examples.

Example 2.3.

(a) Let (X, t,I) be an ideal topological space such that X ={a, b, c},
t={X, 0,{a, b}} and I ={0}. Then {a, c} is I3 -closed set but not C-closed.

(b) Let (X,T1,I) be an ideal topological space such that X ={a, b, c},
1={X, 0,{a}, {b, c}} and I ={0,{c}}. Then {b} is I3q-closed set but not

closed.

ogg”

(c) Let (X, T1,I) be an ideal topological space such that X ={a, b, c, d},
t={X, 0,{a}, {0}, {a, b}} and I ={0}. Then {c} is I,,-closed set but not Iz -

closed.
(d) Let (X,t,1) be an ideal topological space such that X ={a, b, c},
t1={X, 0,{a}} and 1 ={0, {a}}. Then {a, ¢} is I, -closed set but not Iz, -closed.

Theorem 2.4. The union of two Iy -closed sets is 154 -closed set.

Proof. Let A and B are gy -closed sets. Let U be an I3y -open set containing
AUB. Since A and B are 54 closed sets, A"0U and B"OU. We have

(AUB)- = AU B" (AU B)" O U. Therefore AU B is I o -closed set.
Remark 2.5. The intersection of two [z, -closed sets need not be /54 -closed.

Proof. It follows from the following example.

Example 2.6. Let (X,T,/) be an ideal topological space such that
X ={a, b, c, d}, 1={X,0,{a},{b},{a, b}} and I ={0}. Then A ={a,c} and
B ={a, d} are I3y -closed setbut A B ={a} isnot I -closed.

Theorem 2.7. Let (X, T, 1) be an ideal topological space. For every AOI, A is

I5q -closed.

Proof. Let A U and U is ga -open set. Since AP = , AP O U. Therefore A is

I 54 -closed.
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70 A. Selvakumar and S. Jafari

Theorem 2.8. If (X, T, I) be an ideal topological space, then AV is always I a-

closed for every subset A of X.

Proof. Let A” 0 U and Uis a -open set. Since (A9)" 0 A° we have (AD)- O U

implies AP0 U. Hence A is 54 -closed.

Theorem 2.9. If (X, 1, I) be an ideal topological space, then every I ga ~Closed,

ga -open set is [-closed set.

Proof. Since A is I3y -closed and ga -open set. Then Ao A, AU A and A is

ga -open. Hence A is [-closed set.

Theorem 2.10. If (X, 1, I) be an ideal topological space and A is a subset of X,

then the following are equivalent.

(a)Ais Iga -closed.

() (A DU, AOU and Uis a-open in X.

(¢) Forall x 0 cIY(A), gac{x} N A # 0.

(d) cI™(A) - A contains no non-empty ga -closed set.
(e) A~ A contains no non-empty ga -closed set.

Proof. (a) = (b) If A is /54 -closed, then AY0U, AD0U and Uis ga-openin X

andso c/(A)= AUA"OU, AQU and Uis go-open in X.

(b) = (c) Suppose x O cI<(A). If gac{x} N A =0, then AO X - gacl{x}. By
(b) ci(A) O X - ga{x}, a contradiction.

(c) = (d) Suppose F O cI(A)- A, Fis ga-closed and x O F. Since F O X
- A and F is ga-closed, then A0 X —F and F is ga-closed, gac{x} N A =0.

Since x O cIH(A), by (¢) gacHx} N A # 0. Therefore ¢/*(A)— A contains no non-
empty ga -closed set.
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(d) = (e) Since cI(A)-A=(AUAD)-A=(AUA)N A =(ANA°)U (A”N A°)
= AYN A€ = A~ A. Therefore AV - A contains no non-empty gd -closed set.

() = (a) Let AOU and U is ga-closed set. Therefore X —U 0 X —A and
APN(x -v)oAPN(x -A)=4a"- A Since AY is always closed set, so
A"N (X -U) is ga-closed set contained in A” - A. Therefore, AN (X -U) =0
and hence A” 0 U which implies A is /¢ -closed.

Theorem 2.11. If (X, T, I) be an ideal topological space and A be an 1 ga ~Closed,
then the following are equivalent.

(a) Ais a L-closed set.

(b) ch(A) — A isa ga-closed set.

(©) AY-Aisa g0 -closed set.

Proof. (a) = (b) If A is C-closed, then A” 0 A and so c/H(A) - A = (AU A°) -
A = 0. Hence cI(A) - A is Za-closed.

(b) = (c) Since c/(A)-A=(AUA")-A=(AUA)NA=(AN A°)U(A"NAC)
= AN A = AY- A andso A”- A is ga -closed.

()= (a) If AP~ A isa go-closed set and A is I za ~closed set, by Theorem 2.10.

AY— A =10 and so Ais C-closed.

Theorem 2.12. If (X, 1, I) be an ideal topological space and A is a subset of X.
Then A is 5o -closed if and only if A =F — N, where F is L-closed and N contains no

non-empty ga -closed set.

Proof. If A is Iga -closed, then by Theorem 2.10, N = AU - A contains no
nonempty ga -closed set. If F =cl(A), then F is C-closed such that F - N =
(AUAY - (AP-4) = (aU AN (AN A)Y =(@aUuA)N (AU AD)) =au@"n
(49)) = A
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Conversely suppose A = F — N, where F is [-closed and N contains no nonempty

ga closed set. Let U be a ga -open set such that A 0 U. Then F - N O U implies
FN(X-U)ON.Now AOF and FPOF, then AY 0 FY and so A°N (X - V)
0F"N(Xx -U)OFN(X -U)ON. By hypothesis, since A”N (X -U) is ga-

closed, AN (X -U) =10 andso AY O U. Hence A is I 54 -closed.

Theorem 2.13. If (X, 1, I) be an ideal topological space. If A and B are subset of X
such that A O B O cI"(A) and A is I 34 -closed, then B is go -closed.

Proof. Since A is Izq -closed, by Theorem 2.10(d) cI"(A) - A contains no non-
empty ga -closed set. Since ¢/ (B) - B O cI(A) — A and so c¢/"(B) - B contains no
non-empty ga -closed set. Hence Bis /34 -closed set.

Theorem 2.14. If (X, T, I) be an ideal topological space and A is a subset of X.

Then A is 34 -open if and only if F O int"(A) whenever F is ga -closed and F O A.

Proof. Suppose A is [Izq-open. If F is ga-closed and F O A, then
X-AOX-F and so ¢/(X -A)0 X - F by Theorem 2.10. Therefore, F [J
X - (X - A) = int(A).

Conversely suppose the condition holds. Let U be a ga-open set such that
X-ADOU. Then X -U 0 A andso X —U O int(A) implies c/H(X - A) O U, by
Theorem 2.10, X — A is I -closed. Hence A is 154 -open set.

Theorem 2.15. Let (X, T, I) be an ideal topological space and A is a subset of X. If

Ais Igq -open and intD(A) U B U A then B is I3y -open.
Proof. Since A is Iy -open, X — A is I, -closed. By Theorem 2.10, cdY(x - A)
~(X - A) contains no non-empty ga-closed set. Since int-(4) O int(B) which

implies /(X -B) O cl(X - A) and so (X -B)-(X -B) O (X - A) -
(X — A). Hence B is Iz, -open.
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Theorem 2.16. If (X, T, I) be an ideal topological space and A is a subset of X,

then the following are equivalent.

(a)Ais Igor -closed.
() AU(X - AY) is I3y -closed.
(© AP - Ais 154 -open.

Proof. (a) = (b) Suppose A is Iz -closed. If U is any ga-open set such that
AUX -AD 00U, then X-UDX-(AUX -4AY)=xN@AU @YD) =4"N
A€ = AP - A. Since A is ga -closed, by Theorem 2.10(e), it follows that X —U =0
and so X = U. Therefore AU (X - A") OU which implies AU (X -A9) O X and

so (AU(X -A" 0 x"0 X =vU. Hence AU (X - AY) is I 4 ~closed.

(b) = (a) Suppose AU (X - A") is I3y -closed. If Fis any go -closed-set such
that F O AD—A, then F O A” and F does not contained in A which implies
(A-A)OX-F and AOX-F. Therefore AU(X-AY)Y0AU(X -F)
=X-F and X - F is ga-open. Since (AU (X -A")" 0 X - F which implies
APU(X -AD" 0 X -F and so AP0 X = F which implies F O X - A” Since
F O A" it follows that F = 0. Hence A is I o -closed.

() = () Since X -(A"-4)=xN@A"NA)Y =xN@ATFUA)=(XN
(AU (x NAa)=AU(x - Aa9.

Theorem 2.17. Let (X, 1, I) be an ideal topological space. Then every subset X is

I3 -closed if and only if every ga -open set is L-closed.

Proof. Suppose every subset of X is Izq -closed. If U U X is ga -open, then U is

I5q ~closed and so U Y0 U. Hence Uis C-closed.

Conversely suppose that every ga -open set is [-closed. If U is ga -open such that
AOU 0O X, then AP0 UD OU andso A is Iga -closed.

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 65-81
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Theorem 2.18. Let (X, T, I) be an ideal topological space. Then either {x} is ga -

closed or {x}* is Igq -closed for every x U X.

Proof. Suppose {x} is not ga -closed, then {x}¢ is not ga -open and the only ga -

open set containing {x} is X and hence ({x}°)” O X. Thus {x}¢ is I ga closed.

Definition 2.19. An ideal topological space (X, T, I), is said to be an [ go normal
space if every pair of disjoint closed subsets A and B of X, there exist disjoint /54 open
sets U and Vsuchthat AU and B O V.

Theorem 2.20. Let (X, T, I) be an ideal space. Then the following are equivalent:

(1) Xis Iga normal.
(i1) For every closed set A and an open set V containing A there exist an 1 ga open
set Usuch that AU O ch(U) gv.

Proof. (i) = (ii) Let A be a closed set and V be an open set containing A. Then A

and X -V are disjoint closed set and so there exist disjoint /5y open sets U and W

such that AU and X -V OW. Now UNW =0 implies that U () int"(W) = O
which implies that U O X —int{W) =0 and so ¢/HU) O X —int(W). Again,
X -V UOW implies that X -W OV, where V is open which implies that
(X -w)OV and so X —int(W)OV. Thus A DU O U) O X —int (W)

0 V. Therefore A O U O ¢/(U) OV, where Uis Iy open.

(ii) = (i) Let A and B be two disjoint closed subsets of X, by hypothesis, there
exists an Iz, open set U such that A O U O U) 0 X -B. Now ¢l (U) O X - B
implies that B [0 X — CID(U). If X - ch(U) =W, then Wis an I3 open. Hence U
and W are the required disjoint Iz, open sets containing A and B, respectively.

Therefore (X, T, I) is I3q normal.
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3. Mildly 7, -closed Sets in Ideal Topological Spaces

Definition 3.1. A subset A of an ideal space (X, T, I) is said to be mildly Iz -
closed set if (int(A))" O U whenever A O U and Uis ga -open set.

Theorem 3.2. (a) Every 154 -closed set is mildly 15q -closed set.

(b) Every pre-I-closed set is mildly 1 Za -closed set.

Proof. (a) Let A U and U is ga-open set. Since A is [ go ~closed set, Aou

which implies (int(A))” O U. Therefore A is mildly 7 a ~closed set.

(b)y Let AOU and U is go-open set. Since A is pre-I-closed set,

c!Hint(A)) O A O U. Therefore A is mildly I 7o -closed set.

The converse of Theorem 3.2 need not be true by the following examples.

Example 3.3. (a) Let (X, T, /) be an ideal topological space such that X =
{a, b, c, d}, 1={X,0,{a},{a, b}, {a, c}.{a, b, c}} and 1 ={0,{a},{b},{a, b}}.

Then {c} is mildly 73 -closed set but not /3 -closed.

(b) Let (X, t,1) be an ideal topological space such that X ={a, b, c, d},
1 ={X, 0, {a}. {a}.{a, d},{b, d},{a, b, d}} and I ={0O}. Then {c, d} is mildly Iz -
closed set but not preDI -closed.

Remark 3.4. The union of two mildly /3, -closed set in an ideal topological space

need not be a mildly 7z, -closed set.

Proof. It follows from the following example.

Example 3.5. Let (X, T1,1) be an ideal topological space such that X =
{a, b, c,d}, 1={Xx,0,{d}.{a, b},{a, c},{a, b, c}} and 1 ={0,{ad},{d},{a, b}}.
Then {a} and {b, ¢} are mildly I, -closed set but their union {a, b, ¢} is not mildly

I 54 -closed.
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Theorem 3.6. Let (X, T, I) be an ideal topological space and A is a subset of X.

The following properties are equivalent

(1) A is a mildly 1 o -closed set

(i1) ch(int(A)) O U whenever A O U and Uis a ga -open set in X.

Proof. (i) = (ii) Let A is a mildly I, -closed set in (X, T, 7). Suppose that
ADOU and Uisa ga-open set in X. We have (int(4))" O U. Since int(A) 0 A O U,
then (int(A))" U (int(A)) O U = /(int(4)) O U.

(i) = (i) Let ¢/(int(A)) DU whenever A O U and U is a go-open set in X.
Since (int(A))" U (int(4)) O U, then (int(A))" DU, AO U and Uisa go -open set in
X. Therefore A is a mildly /5y -closed setin (X, T, I).

Theorem 3.7. Let (X, T, I) be an ideal topological space and A is a subset of X. If
Aisa go-open set and mildly 1 Za -closed set, then pre-I closed.

Proof. Let A be a go-open set and mildly /gq -closed set in (X, T, I). Then
(int(A))" O A, A O A, Ais Za-open set, by Theorem 3.6, c/(int(A)) 0 A, A0 A, A
is ga -open set. Thus A is a pre-I closed set in (X, T, I).

Theorem 3.8. Let (X, T, I) be an ideal topological space and A is a subset of X. If

A is a mildly gy -closed set, then (int A)[ — A contains no any nonempty ga -closed

set.

Proof. Let A be a mildly /3 -closed set in (X, T, I). Suppose that U is go -closed
set such that U O (int(A))" - A. Since A is a mildly I3q-closed set, X —U is go-
open set and A0 X - U, then (int(A))" O X -U. We have U O X - (int(A))".
Hence U O (int(A))" N (X - (int(A))") = 0. Thus (int(A))" = A contains no any

nonempty go -closed set.
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Theorem 3.9. Let (X, T, 1) be an ideal topological space and A is a subset of U. If
A is a mildly I3 -closed set, then cI4int(A)) = A contains no any nonempty 3o -closed
set.

Proof. Suppose U is a ga -closed set such that U O ¢/{int(A)) = A by Theorem
3.8. It follows from the fact that c/"(int(A)) = A = (int(A))" U (int(A)) - A.

Theorem 3.10. Let (X, T, I) be an ideal topological space and A is a subset of X. If
A is mildly Iga -closed set, then int(A) = H — K, where H is I-R-closed and K contains

no any non-empty ga -closed set.
Proof. Let A is a mildly /54 -closed setin (X, T, I). Take K = (int(A))" — A. Then

by Theorem 3.8., K contains no any nonempty o -closed set. Take H = c/(int(A)).

Then H = cl"(int(H)). Moreover we have
H - K = cY(int(4)) - ((int(A))" - A) = int(4) U (int(A))" - ((int(4))" - A)
= int(4) U (int(4))” N (X = ((int(A))" = A)) = int(A).

Theorem 3.11. Let (X, T,1) be an ideal topological space. The following

properties are equivalent.

(i) A pre-I closed for each mildly 15y -closed set A in (X, 1, I).
(ii) Each singleton {x} of X is a ga -closed set or {x} is pre-I open.
Proof. (i) = (ii) Let A be pre-/ closed for each mildly Izy-closed set A in

X,1,1) and x X. We have cIY(int(A)) O A for each mildly 73, -closed set A in
ga

(X, 1, I). Assume that {x} is nota ga -closed set. It follows that X is the only ga -open
set containing X —{x}. Then X —{x} is a mildly /g, -closed set in (X, T, I). Thus

clint(x -{x})) O X —{x} and hence {x} O int™(c/({x})). Consequently {x} is pre"I

open.

(ii) = (i) Let A be a mildly /gy -closed set in (X, T, 7). Let x[ cl(int(A)).
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Suppose that {x} is pre-I-open. We have {x} O int-(c/{x}). Since x O cI™(int(A)), then
int"(c#{x}) Nint(A) 2 O. It follows that (c{x})Nint(4) # 0. We have (c{x})N
int(A) # O and then (c{x})Nint(A) # 0. Hence x Oint(A). Thus, we have x 0 A.

Suppose that {x} is a ga -closed set. By Theorem 3.9, ¢/(int(A)) — A does not contain

{x}. Since x O c/™(int(A)), we have x O A. Thus, c/"(int(A)) O A and hence A is pre-

I-closed.

Theorem 3.12. Let (X, T, 1) be an ideal topological space and A is a subset of X.

Assume that A is a mildly 15y -closed set. The following properties are equivalent.
(1) A is pre-I-closed.
(ii) ch(int(A)) - A isa ga-closed set.

(iii) (int(A))" = A isa ga -closed set.

Proof. (i) = (i) Let A be pre-I-closed. We have ¢/"(int(A)) O A. Then ¢/Y(int(A))
- A = 0. Thus ¢/(int(A)) - A isa ga -closed set.

(i) = (i) Let c/H(int(A)) - A be a Fa -closed set. Since A is a mildly I o -closed
set in (X, T, 1), then by Theorem 3.9 c/H(int(A)) - A = 0. Hence c/Y(int(A)) O A.
Thus, A is pre-I-closed.

(i) = (iii) It follows easily from that ¢/"(int(A)) - A = (int(A))" - A.

Theorem 3.13. Let (X, T, I) be an ideal topological space and A a subset of X be a
mildly Iq -closed set. Then AU (X - (int(A)") is a mildly I3q -closed set in
(X, 1,1).

Proof. Let A be a mildly /3, -closed set in (X, 1, 1). Suppose U is a ga -open set
such that AU (X - (int(A))") DU. We have X -U O X - (AU (X - (int(4))"))

= (X - A) N (int(A))" = (int(A))" - A. Since X -U is a ga-closed set and A is a
mildly 5y -closed set, it follows from Theorem 3.8 that X —U = 0. Hence X =U.
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Thus X is the only 3o -open set containing A U (X —int(A))". Hence A U (X —int(A))"
is amildly /5, -closed setin (X, T, I).
Theorem 3.14. Let (X, 1, I) be an ideal topological space and A a subset of X be a

mildly 15y -closed set. Then (int(A))" = A is a mildly I3q -opensetin (X, T, I).

Proof. Since X - (int(4)” - A) = AU X - (int(A))", it is follows from Theorem
3.13 that (int(A))” - A is a mildly T4 -open setin (X, T, I).
Theorem 3.15. Let (X, 1, I) be an ideal topological space and A a subset of X be a
mildly 1 o -closed set. Then the following properties are equivalent.
(1) A is L-closed and open set.

(i1) A is I-R closed and open set.

(iii) A is a mildly ga -closed and open set.
Proof. (i) = (ii) = (iii): Obvious. (iii) = (i) Since A is mildly /3, -closed and

open set, then ¢/H(int(A)) O A and so A = c/"{(int(A)). Then A is I-R closed and hence

itis C-closed.

Theorem 3.16. Let (X, T, I) be an ideal topological space and A a subset of X be a

mildly 1 Z -closed set. Then the following properties are equivalent.

(i) Each subset of (X, 1, I) is a mildly I3 -closed set.

(i) A is pre-I-closed for each g -open set A in X.

Proof. (i) = (ii) Suppose that each subset of (XT, I) is a mildly 5, -closed set.
Let A be a go-open set. Since A is mildly Iz, -closed set, then we have
cIY(int(A)) O A. Thus A is pre-I-closed.

(ii) = (i) Let A be a subset of (XT, I) and U be a ga -open set such that A (] U.

We have c/"(int(A)) O ¢/Y(int(U)) O U. Thus A is mildly 7 ga -closed setin (X, T, 1).

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 65-81



80

A. Selvakumar and S. Jafari

Theorem 3.17. Let (X, T, 1) be an ideal topological space and A be a subset of X. If

A is mildly 15y -closed setand AU U U ch(int(A)), then U is mildly 13y -closed set.

Proof. Let U 0 K and K be a gd -open set in X. Since A 0 K and A is mildly

Iq -closed set, clYint(A)) O K. Since U O c/Hint(A)), c/Hint(U)) O c/H(int(A))

0 K. Thus ¢/Y(int(U)) O K and hence U is a mildly 1 7o -closed set.

Theorem 3.18. Let (X, T, 1) be an ideal topological space and A be a subset of X. If

A'is mildly 13 -closed and open set, then cl YA) is a mildly 1 ga -closed set.

Proof. Let A be mildly /5, -closed and open set in (XT, 7). We have A O ¢l Ha) =

c!Y(int(A)). Hence by Theorem 3.17, cI"(A) is a mildly ga -closed setin (X, T, I).

Theorem 3.19. Let (X, T, 1) be an ideal topological space and A be a subset of X. If

A is nowhere dense set, then A is a mildly 1 o -closed set.

Proof. Let A be a nowhere dense set in X. Since int(A) O int(c/(A)), int(A) = O.

Hence c/H(int(A)) = O. Thus, A is a mildly I 3o -closed setin (X, T, I).
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