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INTRODUCTION

Several authors from time to time have made a number of generalizations of Zadeh’s fuzzy set theory (Zadeh, 1965). The notions
of BCK/BCl-algebra were introduced by Iseki (1980) and were extensively investigated by many researchers. Liu and Meng (2004)
introduced the notion of g-ideals and a-ideals in BCl-algebras. The study of fuzzy algebraic structure was started with the
introduction of the concept of fuzzy sub-group in 1971 by Rosenfeld (1971). In 1993, Jun (1993, 1994) applied in BCI algebra. Of
these, the notion of vague set theory was introduced by Gau and Buehrer (1993). Using this vague set, Biswas (2006) studied vague
groups. Further Ramakrishnan and Eswarlal (2008, 2009) continued the study of vague algebra by studying the characterizations of
cyclic groups in terms of vague groups, vague normal groups, vague normalizer, vague centralizer, vague ideals, normal vague
ideals etc. Ganeshree Selvachandran (2012, 2016) introduced vague soft rings and vague soft ideals and studied some of their
properties. Also Alhazaymeh (2012) introduced the concept of possibility vague soft set. Jun and Park (2007) studied vague ideals
and vague deductive systems in subtraction algebras. In (Arsham Bourmand Saied, 2009), the concept of vague BCK/BCl-algebras
is discussed. Lee (2004, 2000) introduced an extension of fuzzy sets named bipolar -valued fuzzy sets. Based on notion of bipolar-
valued fuzzy sets, Jun and Song (2008) and Lee (2009) discussed subalgebra and ideals of BCH-algebras.The concept of bipolar
vague fuzzy translation and bipolar-valued fuzzy S-extensions of a bipolar valued fuzzy subalgebra in BCK/BCl-algebra was
introduced by Jun et al. (2009) In this paper, we apply the concept of bipolar vague A-ideals to BCl-algebras and investigate its
properties. Also we discuss the relations among bipolar vague subalgebras, bipolar vague ideals and bipolar vague A-ideals.

Preliminaries

Definition 2.1 (Young Bae Jun et al., 2007) An algebra (X;*,0) of type (2,0) is called a BCl-algebra if it satisfies the following
conditions:

(i) (Ocxy)*(x*2))*(z*y)=0,
(i) (x* (x*y))*y =0,
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(i) x*x=0,




(iv)x*xy=0,y*x=0=x=yforall Xx,y,ze X
We can define a partial order '<'on X by X < yifand only if x*y =0.Any BCl-algebra X has the following properties:

@) x*0=x.

(2) (xxy)*z=(x*2)*y.
B)x<y=xxz<y=*z,zxy<z*xXforal X,y,ze X

Definition 2.2(Zadeh, 1965): Let X be a nonempty set. A fuzzy set A drawn from X is definedas A={< Xz, (X) > X e X}
, where g, © X —[0,1] is the membership function of the fuzzy set A .

Definition 2.3(Lee, 2000): Let X be the universe. Then a bipolar valued fuzzy sets, A on X is defined by positive membership
function y, , that is 2, : X —[0,1], and a negative membership function g, that is z, : X —[-10]. For the sake of

simplicity, we shall use the symbol A ={(X, 2, (X), 14, (X)) : x € X}.

Definition 2.4 (Gau and Buehrer, 1993): A vague set A in the universe of discourse U is a pair [tA, fA], where
t,:U—>[01], f,:U —[0,1]are the mappings (called truth membership function and false membership function
respectively) where t, (X) is a lower bound of the grade of membership of X derived from the evidence for Xand f, (X) is a lower
bound on the negation of X derived from the evidence against Xand t, (X) + f,(X) <1lforall x €U .

Definition 2.5 (Gau and Buehrer, 1993): The interval [t (X),1— f,(X)]is called the vague value of Xin A, and it is denoted
by V,(X). Thatis V,(X) =[t,(x),1— f,(X)].

Definition 2.6 (Gau and Buehrer, 1993): A vague set A of U with t,(x) =1and f,(X)=0 VXU, iscalled the unit vague
set of U . Avague set A of U with t,(x)=0and f,(X)=1 ¥xeU , is called the unit vague set of U

Definition 2.7 (Gau and Buehrer, 1993): Let Abe a non-empty set and the vague set A and Bin the form
A={(xt,(x),1-f,(x)): xeX}, B={(xt5(x),1- f5(X)):x €X}. Then

(i) AcBifandonlyif t,(X)<t;(X)and 1— f,(x) <1- f,(X)
(i) AUB = max{t,, (X),t, (x)}and max{l— f,(x),1— f5 (X)}.
(i) A B = min{t,, (X),t, (X)}and min{1— f, (x),1— f5 ()}

(iv) A={(x, f,(X),1-t,(X)):x e X}.

Definition 2.8 (Cicily Flora and Arockiarani, 2016): Let X be the universe of discourse. A bipolar-valued vague set A in X is
an object having the form A ={(X,[t, (X),1— fy (X)],[-1— fo (X),t,(X)] : x € X}, where [t:,1—f,;]: X —[0,1] and
[-1-f,,t,]: X >[-L0]are the mapping such that t; + f,” <land —1St; + fA’ The positive membership degree
[tL(x),1— f . (X)]denotes the satisfaction region of an element x to the property corresponding to a bipolar-valued set A and
the negative membership degree [—1— f, (X),t, (X)] denotes the satisfaction region of x to some implicit counter property of

A . For a sake of simplicity, we shall use the notion of bipolar vague set V, =[ty,1— f  Jand v, =[-1—f,,t,].

Definition 2.9 (Arockiarani and Cicily Flora, 2016): A bipolar vague set A= (X;VX,V;) in X is called a bipolar vague
subalgebra of X if it satisfies:

Va (x# y) 2 minfv, (X),v, ()}

Va (X y) <max{v,(x),v,(y)}
forall X,ye X, thatis



ta O y) = ming ta (), tp (V)}
1- £ 5 (xxy) 2 min{1- £ (x),1- £, ()}
ta (x*y) < max{ty(x),ty(y)}
1 (xxy) <max{l-f, (x)1-fo ()}

Definition 2.10 (Arockiarani and Cicily Flora, 2016): A bipolar vague set A = (X ;V:\,v;) of a BCK algebra X is called a
bipolar vague ideal of X if the following conditions are true:

(1) VA (0) > v, (X)and Vv, (0) <V, (X)
(1) Vo (%) 2 min{v,, (x* y), v, (y)}and v, (x) < max{v, (x* y),v,(y)}

3. Bipolar vague A-ideal

Definition 3.1: A bipolar vague set A=(X;V,,V,)in X is called a bipolar vague A-ideal of X if it satisfies:
() VA (0) 2V, (¥)

(i) V4 (0) <V, (%)

(iii) Vi (y*x) = min{V,, ((x*2) *(0+*y)),V, (2)}

(iv) V, (y*x) <max{V, ((x*z)*(0*y)),V, (z)}forall X,y,ze X

Example 3.2: Consider a BCI-algebra X= {0, a, b, ¢} with the following Cayley table:

* 0 A b c
0|0 [ A b |c
a a 0 c b
b b C 0 a
c c B a 0
Define a bipolar vague set A=(X;V,,V,)in X by
X 0 A b C
v (0.6,0.8) (0.6,0.8) (0.3,0.4) (0.3,0.4)
A
V- (-0.6,-0.4) (-0.6,-0.4) (-0.4,-0.3) (-0.4,-0.3)
A

Then A=(X;V, ,V,)isabipolar vague A-ideal of X .

Theorem 3.3: If A=(X;V, ,V,)is a bipolar vague A-ideal of X, then V, (X) =V, (0*X)and V, (x) =V, (0*X) for all
xe X.

Proof: Let A=(X;V,,V, ) be abipolar vague a-ideal of X . Taking y =z = 0in Definition 3.1 and using Definition 2.1(jii)
and (1), we get V, (0*x) <V, (X)and V, (0% X) >V, (X)....*

Setting X =z = Qin Definition 3.1 and using Definition 2.1(iii), (*) we have V, (y)=V, (y*0)<V, (0*(0*y))<V, (0*y)and
Vi (Y) =V, (y*0) 2V, (0% (0% ) =V, (0= y)forall Y € X.

Hence, V, (X) =V, (0*Xx)and V, (X) =V, (0*Xx)forall xe X.

Theorem 3.4: Every bipolar vague A-ideal of X is both a bipolar vague subalgebra of X and a bipolar vague ideal of X .
Proof: A=(X;V, ,V, ) be a bipolar vague A-ideal of X . By Definition 3.1 and Theorem 3.3, we have



V(0 =V, (0% %) < maxV; ((x2) = (0%0).V,, (2)}

- max{V; (x*2),V; (2) band
V(0 =V, (0%3) = mingV; ((x*2) = (0% 0)),V, (2)}

=min{V, (x*2),V, (z)}orall x,z e X.
Hence A=(X;V,,V,) isabipolar vague ideal of X  Now forany X,y € X. We obtain
Vi (xxy) <max{V, ((x*y)*x),V, (X)}

= max{V, (0*y),V, (x)} =max{V, (x),V, (y)}and

Va (xxy) = min{V,0 ((x* y) *X),V, ()}
= mindV, (0 y),V,, (x)}=min{V, (x),V, ()}

Therefore A=(X;V, ,V, ) isabipolar vague subalgebra of X

The following example shows that the converse of the above need not be true.

Example 3.5: Let X= {0, a ,b} be a BCl-algebra with the following Cayley table:

* 0 a b
0 0 b a
a a 0 b
b b a 0
Define a bipolar vague set A=(X;V,,V,)in X by
X 0 a B
Ve (0.6,0.8) (0.4,0.4) (0.4,0.4)
A
V- (-0.8,-0.6) (-0.7,-0.5) (-:0.7,-0.5)
A

Then A=(X ;VA+ ,VA") is both a bipolar vague ideal and a bipolar vague subalgebra of X , but not a bipolar vague A-ideal of X

Theorem 3.6: Let A= (X;V,,V, ) beabipolar vague ideal of X . If the inequality X* Yy < Zholdsin X . Then
Va () =max{V, ().V, ()}
Vi (¥) 2 mindV, ()., (2)}.

Proof: Let X,Y,Z € X be such that Xy <Zz.Then (X*Yy)*Z=0,andso

Va () <max{V, (X y),V, (¥)} < max{max{V, ((x*y)*2),V, (2)}.V (¥)}
=max{max{V, (0),V, (2)},V, (y)}=max{V, (y),V, (z)}and

Vi () 2min{V,0 (x*y),V, (y)} 2 min{mindV, ((x* y) * 2),V (2) },Va ()}
=min{min{V,7 (0),V, ()} V. (Y)}=min{V, [ (Y), V4 (2)}-

Hence the proof.

Theorem 3.7: Let A=(X;V,,V, ) be abipolar vague ideal of X . Then the following are equivalent.

(i) A=(X;V,,V,)isabipolar vague A-ideal of X .
(i) A=(X;V,,V,) satisfies the following conditions:
Vi (y* (< 2)) V5 (x*2)*(0%y)
Vo(y*(x*2)) =V, ((x*z)*(0*y))forall X,y,ze X.



(iif) A=(X;V, ,V,)satisfies the following conditions:

Vi (y*x) <V, (x*(0*y))
Vo(y*x) =V, (x*(0*y))forall X,y e X.

Proof:

(1) = (i) Assume that A=(X;V,",V, ) is a bipolar vague A-ideal of X . Using Definition 3.1, we get

Vi (y*(x*2)) <max{V, ((x*2)*0)*(0*y)).V, (0)}=V, (x*2)*(0*y)) and

Vi (y*(x*2)) 2 midV,, (x*2)*0)*(0*y)).V4 (0}=V, (x*2)*(0*)).

(i) = (iii) taking z=0 in (ii) and using (1) induce (i)

(ii1) = (i) Note that (X*(0*y)*((x*2)*(0*y)) < x*(X*2) < Z forall X,Y,Z € X . It follows from (iii) and Theorem
3.6that v, (y*x) <V, (x*(0*y) <max{V, (x*2)*(0*y)).V, (2)}and V7 (y*x) >V, (x*(0*y) > min{V, (x*2)*(0*y)),V, (2)}-
Hence A=(X;V, ,V,)isabipolar vague A-ideal of X .

Theorem 3.8: Assume that X is associative, i.e., X satisfies the following identity:

((x*y)*z=x*(y*2).Forall X,Y,Z€ X, then every bipolar vague ideal is a bipolar vague A-ideal of X .

Proof: Let A=(X;V, ,V, ) be abipolar vague ideal of a associative BCl-algebra X . Since 0*Xx = xfor all x € X , it follows
that Y*X=(0*y)*x=(0*X)*y=x*y=x*(0*y)for all X,y,ze X . Therefore V, (y*X)=V, (x*(0*y))and
Vi (y *X) =V, (Xx*(0* y))using Theorem 3.7. We conclude that A= (X;V,,V, ) is a bipolar vague A-ideal of X .

Theorem  3.9:  Let A=(X;V,,V,) be a Dbipolar vague  A-ideal  of X. Then the  set
Q={xe X |V, (X)=V, (0),V, (X) =V, (0)}is an A-ideal of X .

Proof: Obviously ,0 € Q. Let X,Y,Z € X besuchthat (X*2)*(0*y)eQand ze Q. Then

V5 (0) Vi (y #X) <MooV (x*2) * (0% y)) V5 (2)}=V;5 (0)and

Vi) >V, (yxx)>mindV, (x*2)*(0=*Yy)) Vi (2)}=V, (0)by using Definition 3.1. It follows that
V. (y*x)=V, (0)and V, (y*x) =V, (0). Thatis, Yy * X € Q. Therefore Qis an A-ideal of X .

Theorem 3.10: If A=(X;V,,V,)and B=(X;V;,Vy ) be two bipolar vague A-ideal of BCl-algebra X , then AN Bisa
bipolar vague A-ideal of X .

Proof:V, (0) <V, (X)and Vg (0)<Vg (x)for all Xe X . maxqv; (0).Vs (0)} < maxdVi (x).Vx ()} = Vi 5 (0) <V g () fOr all
X e X. To verify second condition, v-(yx) < max{V; ((x*2)*©*y).V,(z)3and Vg (y*X) < max{Vy ((x*2z) * (0 y)),Vy (2)}-
max{V; (y*X),V (y * 0} < mexmax{V; ((x*2) (0% Y).V, (20} mexqVy ((x*2) = (0% Y)).Vy (203}

Vo (%) < mexmaxqV,; ((c2) # (0% y)) Vg ((x* 2) (0% y)) }mexqV; (2), Vg ()3}

Vos(yexX) <max{V, ((x*2)*(0*Y)),V,s(2)} And V,(0)>V,(X)andV; (0) >V (X)for allxe X.
min{V, (0),V, (0)}=>mindV, (X),V, (X)}=V, 5(0) >V, z(X)for all xeX. To verify second condition,
Vi (y *x) = mindV, ((x* 2) * (0 ).V, (2)}and Vg (y = x) > min{Vg ((x*2) * (0 y)), Vg (2)} mindV, (y *x),Vg (Y * X)}
> min{min{V,; ((x*2) * (0*)),V (2)}, min{Vg ((x* 2) * (0* )).Vg (2)}}

Vg (Y #X) = min{mindV, (x> 2) * (0* y)), Vg ((x* 2) * (0* y)) },min{V,1 (2),Vg (2)}}

Vo g(yxx)>mindV, o ((x*2)*(0%*y)),V, g(z)}orall X,Y,Ze€ X . Therefore AN B isabipolar vague A-ideal of X

Definition 3.11: For a bipolar vague set A=(X;V,,V,)in X and (e, ) €[01]and (1, 7) €[-1,0], the positive (e, ) -
cut and  negative (,U, 7/) -cut are denoted by A;a ) and A(W) , and are defined as follows:



AL =xeX/ty(X)>aand 1-f(X)> f}and A, ,={xeX/t,(X)<pand —1-f,(X) <y}, respectively
with a+f <land p+y=-1. The bipolar level-cut of A=(X;V,,V,)denoted by A, is denoted to be the set

Ay =< A(txﬁ)’A(_ﬂ,y) >

Theorem 3.12: A bipolar vague set A= (X;V,,V,)in X isabipolar vague A-ideal of X if and only if for all (¢, ) €[0,1]

and (1,7) €[-1,0], the non-empty positive (&, ) -cut and the non-empty negative (£, 7) -cut are bipolar vague A- ideals of
X.

Proof: Let A= (X;V,,V, ) isabipolar vague A-ideal of X and assume that A(+a,,5) and A, , are non-empty for
(a, B) €[0]and (1, 7) €[-1,0] . Obviously, 0e A, ,y N A, . Let X,Y,Z € X be such that

t,(x*2)*(0*y))e A, and t,(2) € A, yalso —=1—f, ((x*2)*(0*y))e A, jand—1-f,(z) € A, . Then
t,((x*2))*(0*y)) <z and t,(z) < also —1— f, ((x*2))*(0*y))<y and —1— f, (z) <y . It follows from
Definition 3.1that t, (y *X) < max{t, ((x*z)*(0*Yy)),t,(z)}< xand

=11, (y*x) <max{t,((x*2z)*(0*y)),t,(2)}< ysothat y*xe A, . Now assume that

t,((x*2)*(0=xy))e A;aﬁ) and t,(2) € A(;ﬁ) also 1— f, ((x*z)*(0*y)) e A(Z,ﬁ) and1l—f, (2) € A(tlﬁ). Then

t ((x*2))*(0*y)) > and t,(z) > also 1— f ((x*2))*(0*y))> S and 1— f, (z)> £ . 1 tfollows from
Definition 3.1that t, (y *x) = min{t, ((x*z) *(0*y)), ty(z2)}zcand 1, (y*x) =min{t,((x*2)*(0*y)), t,(2)}= B
sothat y *X € A, ;. Therefore A, ; and A, ) arean A-ideal of X .

Conversely, suppose that the non-empty negative (,U, 7/) -cut and the non-empty positive (a, ﬂ) -cut are A-ideals of X for
every (o, ) €[01] and (1,7) €[-1,0]. 1f t,(0) >t (a), —1— f, (0) > -1 f, (@) or t;(0) <t} (b),

. N - N - -
1- 7 (0)<1- f; (b)forsome a,be X, then 0 ¢ At @) O O A (211, (ayy - This is a contradiction. Thus

t,(0) <t (x), -1-f, (0)<-1-f, (X)and t,(0) >t,(X), 1— f, (0)>1— f, (X)forall xe X . Assume that

t; (b*a) > max{t, ((a* ) * (0%b)),t; ()} =  and

—1-f, (b=a) >max{-1- f, ((@*c)*(0xb)),—1- f, (c)}=y forsome a,b,c € X . Then (@a*c)*(0*h) e A, ,
and ce A, butb*ag A . Thisisimpossible, and thus t, (Y *X) < max{t, ((x*z)* (0*y)),t,(z)}forall

X,Y,2e X . If t,(b*a) <min{t,((@a*c)*(0*b)),t,(c)}=« and

1-f. (b=xa) <min{l- f, ((a*c)*(0=b)),1- f, (c)}= S forsome a,b,ce X . Then (a*c)*(0*b) e A, ; and
ce A, ,butbxae Al o Thisisimpossible and thus t, (y*X) > min{t, ((x*z) * (0 y)),t,(z)}forall X,y,z€ X .
Consequently, A= (X;V,,V,)is abipolar vague A-ideal of X
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