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Abstract 

In this paper, the notion of direct product of vague set 
in BCK- algebra is introduced and some related 
properties are investigated. Also we introduce some 
of the properties of direct product of finite vague 
ideal and vague subalgebras of BCK- algebras. 
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1. Introduction: As crisp set theory does not reflect 
the real life problems exactly, L. A. Zadeh [16] 
introduced the concept of fuzzy set to generalize the 
notion of a member belonging to a set X. The concept 
of fuzzy set has been applied to various algebraic 
structures. Imai and Iseki [6,7]introduced two classes 
of abstract algebras, BCK- algebra and BCI- 
algebras. Al- Shehri [1], Jun et al[8,9], Saeid et 
al[13,14] and satyanarayana et al[15], applied the 
concept of fuzzy set to BCK- algebra. Zhan and Tan 
[17] introduced the concept of fuzzy H- ideal in 
BCK- algebras. Gau and Buehrer[3] introduced the 
concept of vague set. The vague set is developed by 
means of truth membership function and false 
membership function. Ranjit Biswas[12] initiated the 
study of vague algebra by studying vague groups. 
The objective of this paper is to contribute further to 
the study of direct product of vague set in BCK 
algebra and vague ideal in BCK- algebras and discuss 
some of their results. 

2.Preliminaries: 

Definition 2.1:[5] A BCI algebra is a non-empty set 
X with a constant 0 and a binary operation  “∗ ” 
satisfying the following axioms for all .,, Xzyx ∈ : 

(i) 0)())()(( =∗∗∗∗∗ yzzxyx  

(ii) 0))(( =∗∗∗ yyxx  

(iii) 0=∗ xx  
(iv) 0=∗ yx  and 0=∗ xy  implies x=y. 

We can define a partial ordering  “ ≤ ”  by  x ≤ y  if 
and only if 0=∗ yx .                                                        

If a BCI- algebra X satisfies 00 =∗ x , for all
Xx∈ , then we say that X is a BCK- algebra. Any 

BCK- algebra X satisfies the following axioms :  

(i) )()()( yzzxyx ∗≤∗∗∗  

(ii) yyxx ≤∗∗ )(  

(iii) xx ≤  
(iv) x≤0  
(v) yx ≤  and xy ≤  implies x=y. where x ≤ 

y means 0=∗ yx . 

Definition 2.2:[4] A non empty subset S of X is 
called a subalgebra of X if Syx ∈∗ for any 

., Syx ∈  

Definition 2.3:[5] A non empty subset I of X is 
called an ideal of X if it satisfies                                           

 (IR1R)   I∈0        and         

(IR2R)  Iyx ∈∗  and Iy∈  imply Ix∈ . 

Definition 2.4:[10] A non empty subset I of X is said 
to be an H- ideal of X if it satisfies(IR1R) and                   
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(IR3R)     Izyx ∈∗∗ )( and Iy∈ imply Izx ∈∗ , 

for all Xzyx ∈,, . 

Definition 2.5: [2] A vague set A in the universe of 
discourse U is characterized by two membership 
functions given by: 

(i) A true membership function 
]1,0[: →UtA  and 

(ii) A false  membership function 
]1,0[: →Uf A  

where )(xt A is a lower bound on the grade of 
membership of x derived from the “evidence for x”, 

)(xf A is a lower bound on the negation of x derived 
from the “evidence against x”, and

1)()( ≤+ xfxt AA . Thus the grade of membership 
of U in the vague set A is bounded by a subinterval 

)](1),([ xfxt AA −  of [0,1]. This indicates that if the 
actual grade of membership of x is µ(x), then, 

)(1)()( xfxxt AA −≤≤ µ .The vague set A is 

written as [ ]{ }UuxfxtxA AA ∈−= /)(1),(,

where, the interval )](1),([ xfxt AA − is called the 

vague value of x in A, denoted by )(xVA . 

 

Definition 2.6:[2] Let A and B be vague sets(VSs) of 
the form [ ]{ }XxxfxtxA AA ∈−= /)(1),(,  and

[ ]{ }XxxfxtxB BB ∈−= /)(1),(,  Then 

(i) BA⊆  if and only if )()( xtxt BA ≤  and 

)(1)(1 xfxf BA −≤− for all x∈X 
(ii) A=B if and only if BA⊆  and AB ⊆  

(iii) { }XxxtxfxA AA
c ∈−= /)(1),(,  

(iv) 
( )

( ) 











∈
−−

= Xx
xBfxAf

xBtxAtx
BA /

)(1),(1min

,)(),(min,


 

(v) 
( )

( ) 











∈
−∨−

∨
= Xx

xBfxAf

xBtxAtx
BA /

)(1)(1max

,)()(max,


 

For the sake of simplicity, we shall use the notation 

AfAtxA −= 1,, instead of 

[ ]{ }XxxAfxAtxA ∈−= /)(1),(, . 

Definition 2.7:[11] A vague set A on X is called a 
vague subalgebra of x if, for any Xx ∈  , we have 

)}(),(min{)( yAtxAtxyAt ≥  and 

)}(1),(1min{)(1 yAfxAfxyAf −−≥−  

Definition 2.8:[11] A vague set A of a BCK- algebra 
X is called a vague ideal of X if the following 
conditions are true: 

(i) )()),()0(( XxxAVAV ∈∀≥  

(ii) )}(),({min)(( yAVyxAVixAV ∗≥                                                               
),( Xyx ∈∀ that is,         

 ),(1)0(1),()0( xAfAfxAtAt −≥−≥  and

)}(1),(1{min)(1(

)}(),({min)((

yAfyxAfxAf

yAtyxAtxAt

−∗−≥−

∗≥
for 

all Xyx ∈, . 

Definition 2.9:[11] Let A be a vague set of a 

universe X with the true- membership function At  

and the false- membership function fRAR. The (α, β)- 
cut of the vague set A is a crisp subset AR(α, β)Rof the set 
X given by ]},[)(/{),( βαβα ≥∈= xAVXxA . 

Clearly AR(0,0)R=X. The (α,β)- cut of the vague set A 
are also called vague cuts of A. 

Definition 2.10:[11] The α- cut of the vague set A is 
a crisp subset ARαR of the set X given by ARαR=  AR(α,α)R 
.ThusAR0R=X, and  if α ≥ β then, αβ AA ⊆ and A(α, 

β)= ARα.R Equivalently, we define the α-cut as

}.)(,:{ αα ≥∈= xAtXxxA  

3. Direct product of vague ideals in BCK- algebras 

Definition 3.1: Let ]1,[ AfAtAV −=  and 

]1,[ BfBtBV −=  be two vague sets in BCK- algebras 

1X and 2X respectively. Then the direct product of 

vague sets AV and BV is denoted by 

]1,[ BAfBAtBAV ×−×=× , and defined as
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)}(),({min),( yBVxAVyxBAV =×                                      

(i.e.,)  )}(),({min),( yBtxAtyxBAt =×  and 

)}(1),(1{min),(1 yBfxAfyxBAf −−=×− for all 

21),( XXyx ×∈ .  

Definition 3.2: A vague set ]1,[ BAfBAtBAV ×−×=×  

of 21 XX ×  is called a vague subalgebra of 21 XX ×  

if ≥∗× ))2,2()1,1(( yxyxBAV                                             
(i.e.,)  

)}2,2(),1,1({min

))2,2()1,1((

yxBAtyxBAt

yxyxBAt

××

≥∗×

)}2,2(1),1,1(1{min

))2,2()1,1((1

yxBAfyxBAf

yxyxBAf

×−×−

≥∗×−

 for all 21)2,2(),1,1( XXyxyx ×∈ . 

Example 3.3: Let }1,0{1 =X  and }2,1,0{2 =X  are 

BCK- algebras by the following tables: 

 

 

 

 
Then )}2,1(),1,1(),0,1(),2,0(),1,0(),0,0{(21 =× XX is a 

BCK algebra. We define vague set ]1,[ AfAtAV −=  

on XR1R as ]1,0[: →XAt  and ]1,0[: →XAf  by  

X 0 1 
VRA [0.5,0.6] [0.3,0.4] 

and ]1,[ BfBtBV −= on XR2R as ]1,0[: →XBt  and 

]1,0[: →XBf  by  

X 0 1 2 
VRB [0.5,0.7] [0.5,0.6] [0.2,0.5] 

Then ]1,[ BAfBAtBAV ×−×=× is a vague subalgebra 

of BCK- algebra. 

Definition 3.4: A vague set ]1,[ BABABA ftV ××× −=  

of 21 XX ×  is called a vague H-ideal of 21 XX ×  if,                                                                                                                                             

(i)  ),()0,0( yxBAVBAV ×≥×  and                                                                                                         

(ii)  ≥∗× ))3,3()1,1(( yxyxBAV

)}2,2())),3,3()2,2(()1,1((min{ yxBAVyxyxyxBAV ×∗∗×

 (i.e.,)  
),(1)0,0(1

),()0,0(

yxBAfBAf

andyxBAtBAt

×−≥×−

×≥×

)}2,2())),3,3()2,2(()1,1(({min

))3,3()1,1((

yxBAtyxyxyxBAt

yxyxBAt

×∗∗×

≥∗×

)}2,2(1

))),3,3()2,2(()1,1((1min{

))3,3()1,1((1

yxBAf

yxyxyxBAf

yxyxBAf

×−

∗∗×−

≥∗×−

Definition 3.5: A vague set ]1,[ BAfBAtBAV ×−×=×  

of 21 XX ×  is called a vague closed H-ideal of 

21 XX ×  if, ),()),()0,0(( yxBAVyxBAV ×≥∗×                                                                                          

(i.e.,)   
),(1)),()0,0((1

),()),()0,0((

yxBAfyxBAf

andyxBAtyxBAt

×−≥∗×−

×≥∗×
 

Theorem 3.6: Let ]1,[ AfAtAV −=  and 

]1,[ BfBtBV −=  be two vague subalgebras of BCK- 

algebras 1X and 2X respectively. Then 

]1,[ BAfBAtBAV ×−×=×  is a vague sublagebra of 

BCK- algebra 21 XX × . 

Proof: For any 21)2,2(),1,1( XXyxyx ×∈ . Then 

)}2,2(),1,1({min

)}}2()2(min{)},1(),1(min{{min

)}}2()1(min{)},2(),1(min{{min

)}21(),21({min

)21,21(

))2,2()1,1((

yxBAVyxBAV

yBVxAVyBVxAV

yBVyBVxAVxAV

yyBVxxAV

yyxxBAV

yxyxBAV

××≥

∗=

∗≥

∗∗=

∗∗×=

∗×

 Hence for all 21)2,2(),1,1( XXyxyx ×∈ , 

* 0 1 2 
0 0 0 0 
1 1 0 1 
2 2 2 0 

* 0 1 

 0 0 0 

1 1 0 
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]1,[ BAfBAtBAV ×−×=×  is a vague subalgebra of 

BCK- algebra 21 XX × . 

Theorem 3.7: Let ]1,[ AfAtAV −=  and 

]1,[ BfBtBV −=  be two vague H-ideals of BCK- 

algebras 1X and 2X respectively. Then 

]1,[ BAfBAtBAV ×−×=×  is a vague H- ideals of 

BCK- algebra 21 XX × . 

Proof: For any 21),( XXyx ×∈ ,

),()}(),(min{

)}0(),0(min{)0,0(

yxBAVyBVxAV

BVAVBAV

×=≥

=×
            

Now for any 21)3,3(),2,2(),1,1( XXyxyxyx ×∈

)}}.2,2(min{

)))},3,3()2,2()1,1((min{min{

)}}2,2(min{

)))},32(1()),32(1((min{min{

)}}2(),2(min{

))},32(1()),32(1(min{min{

)}}2()),32(1(min{

)},2()),32(1(min{{min

)}31(),31({min

)31,31(

))3,3()1,1((

yxBAV

yxyxyxBAV

yxBAV

yyyxxxBAV

yBVxAV

yyyBVxxxAV

yBVyyyBV

xAVxxxAV

yyBVxxAV

yyxxBAV

yxyxBAV

×

∗∗×≥

×

∗∗∗∗×=

∗∗∗∗=

∗∗

∗∗≥

∗∗=

∗∗×=

∗×

 

Hence for all 21)3,3(),2,2(),1,1( XXyxyxyx ×∈ ,

]1,[ BAfBAtBAV ×−×=×  is a vague H- ideal of 

BCK- algebra 21 XX × . 

Theorem 3.8: Let ]1,[ AfAtAV −=  and 

]1,[ BfBtBV −=  be two vague closed H-ideals of 

BCK- algebras 1X and 2X ,respectively. Then 

]1,[ BAfBAtBAV ×−×=×  is a vague closed H- ideals 

of BCK- algebra 21 XX × . 

Proof: Let ]1,[ AfAtAV −=  and ]1,[ BfBtBV −=  

be two vague closed H-ideals of BCK- algebras 1X

and 2X respectively. Using theorem 3.7, 

]1,[ BAfBAtBAV ×−×=×  is a vague H-ideal of 

21 XX × .Now for any 21),( XXyx ×∈ , then 

),()}(),(min{

)}0(),0(min{

))0(),0(()),()0,0((

yxBAVyBVxAV

yBVxAV

yxBAVyxBAV

×=≥

∗∗=

∗∗×=∗×

                                      

Hence ]1,[ BAfBAtBVAV ×−×=×  is a vague closed 

H- ideal of BCK- algebra 21 XX × . 

Theorem 3.9: If ]1,[ BAfBAtBAV ×−×=×  is a vague 

H- ideal of BCK- algebra  21 XX × . Then we have 

),(),(),(),( baBAVyxBAVyxba ×⊆×⇒⊆ for all 

21),(),,( XXyxba ×∈ . 

Proof: Let 21),(),,( XXyxba ×∈ , such that 

)0,0(),(),(),(),( =∗⇒⊆ yxbayxba . Consider 

).,(

)},()),,((),((min{

)},())),0,0(),((),((min{

))0,0(),((),(

baBAV

baBAVbayxBAV

baBAVbayxBAV

yxBAVyxBAV

×=

×∗×=

×∗∗×≥

∗×=×

                           

Hence the proof. 

Definition 3.10: Let ]1,[ BAfBAtBAV ×−×=×  be a 

vague set of a BCK- algebra 21 XX × and for any 

]1,0[, ∈βα . Then the (α, β)- cut of the vague set 

]1,[ BAfBAtBAV ×−×=×   is a crisp subset AR(α, β) Rof 

the set X given by 
]},[),(/21),{(),( βαβα ≥××∈= yxBAVXXyxA .The 

(α,β)- cut of the vague set ]1,[ BAfBAtBAV ×−×=×   

are also called vague cuts of 

]1,[ BAfBAtBAV ×−×=× . 
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Theorem 3.11: Let ]1,[ BAfBAtBAV ×−×=×  be a 

vague subalgebra of BCK- algebra 21 XX × . Then 

]1,[ BAfBAtBAV ×−×=×  is a vague subalgebra of 

BCK- algebra 21 XX ×  if and only if for any 

]1,0[, ∈βα  is a (α,β)- cut of the vague subalgebra of 

BCK- algebra 21 XX × . 

Proof: Let ]1,[ BAfBAtBAV ×−×=×  be a vague 

subalgebra of BCK- algebra 21 XX × . Now for any 

]1,0[, ∈βα  and ),()2,2(),1,1( βαAyxyx ∈ then 

α≥× )1,1( yxBAt and α≥× )2,2( yxBAt . Since 

))2,2()1,1(( yxyxBAt ∗×
ααα =≥××≥ },min{)}2,2(),1,1(min{ yxBAtyxBAt

.))2,2()1,1(( α≥∗× yxyxBAt     

),()2,2()1,1( βαAyxyx ∈∗⇒                                                                               

and for any ),()2,2(),1,1( βαAyxyx ∈ then 

β≥×− )1,1(1 yxBAf  and β≥×− )2,2(1 yxBAf . Since 

βββ =≥

×−×−≥

∗×−

},min{

)}2,2(1)1,1(1min{

))2,2()1,1((1

yxBAfyxBAf

yxyxBAf

.),()2,2()1,1(

))2,2()1,1((1

βα

β

Ayxyx

yxyxBAf

∈∗⇒

≥∗×−
                                                                       

Therefore AR(α, β) Ris a vague subalgebra of BCK- 

algebra 21 XX × .                                                     

Conversely, suppose that  AR(α, β) Ris a vague subalgebra 

of BCK- algebra 21 XX × . Suppose that  

]1,[ BAfBAtBAV ×−×=×  is not a vague subalgebra 

of a BCK- algebra 21 XX × . Then there exist 

21)2,2(),1,1( XXyxyx ×∈ , such that

)}.2,2(),1,1(min{

))2,2()1,1((

yxBAtyxBAt

yxyxBAt

××<

∗×

Now let 

)}}2,2(

),1,1(min{))2,2()1,1(({
2

1
0

yxBAt

yxBAtyxyxBAtt

×

×+∗×=
. 

This implies 

)}.2,2(),1,1(min{

0))2,2()1,1((

yxBAtyxBAt

tyxyxBAt

××<

<∗×

So ),()2,2(),1,1( βαAyxyx ∉ but ),()1,1( βαAyx ∈

and ),()2,2( βαAyx ∈ , which is contradiction. Hence 

]1,[ BAfBAtBAV ×−×=×  is a vague subalgebra of 

BCK- algebra 21 XX × . 

Definition 3.12: Let ]1,[
iAf

iAt
iAV −= be n-vague 

set of BCK- algebras XRiR, respectively i=1,2,…..n. 

Then ∏
=

n

i iAV
1

is called direct product of finite vague 

sets of ∏
=

n

i iX
1

if,

))}(),.....,11((
1

min{

)
1

,.....,1((

nynxnAVyxAV

ny
n

i nxiyx
iAV

∗∗

=∏
=

∗∗
 

for all ∏
=

∈
n

i iXnyyynxxx
1

),......,2,1(),,......,2,1( . 

Definition 3.13: Let ]1,[
iAf

iAt
iAV −= be n-vague 

set of BCK- algebras XRiR, respectively i=1,2,…..n. 

Then ∏
=

n

i iAV
1

is called direct product of finite vague 

subalgebra of ∏
=

n

i iX
1

if, 

≥∏
=

∗ ),.....,1(
1

),.....,1(( nyy
n

i nxx
iAV

     
)},.....,1(

1 1
),,.....,1((min{ nyy

n

i

n

i iAVnxx
iAV∏

=
∏
=

http://www.ijiset.com/
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)},.....,1(
1 1

1),,.....,1((1min{

),.....,1(
1

),.....,1((1

)},.....,1(
1 1

),,.....,1((min{

),.....,1(
1

),.....,1(()(i.e.,

nyy
n

i

n

i iAfnxx
iAf

nyy
n

i nxx
iAf

nyy
n

i

n

i iAtnxx
iAt

nyy
n

i nxx
iAt

∏
=

∏
=

−−

≥∏
=

∗−

∏
=

∏
=

≥∏
=

∗

 for all ∏
=

∈
n

i iXnyyynxxx
1

),......,2,1(),,......,2,1( . 

Definition 3.14: Let ]1,[
iAf

iAt
iAV −= be n-vague 

set of BCK- algebras XRiR, respectively i=1,2,…..n. 

Then ∏
=

n

i iAV
1

is called direct product of finite vague 

ideal of ∏
=

n

i iX
1

if,             (i)  

∏
=

≥∏
=

n

i nxx
iAV

n

i iAV
1

),.....,1(
1

)0,.....,0(  and                                                                                                           

(ii)  ≥∏
=

n

i nxx
iAV

1
),.....,1(        

)},.....,1(
1 1

)),,.....,1(),.....,1((min{ nyy
n

i

n

i iAVnyynxx
iAV∏

=
∏
=

∗

∏
=

−≥∏
=

−

∏
=

≥∏
=

n

i nxx
iAf

n

i iAf

and
n

i nxx
iAt

n

i iAti

1
),.....,1(1

1
)0,.....,0(1

1
),.....,1(

1
)0,.....,0()()(i.e.,

               

)},,.....,1(
1 1

)),,.....,1(),.....,1((min{

1
),.....,1()(

nyy
n

i

n

i iAtnyynxx
iAt

n

i nxx
iAtii

∏
=

∏
=

∗

≥∏
=

 

)},,.....,1(
1 1

1)),,.....,1(),.....,1((1min{

1
),.....,1(1

nyy
n

i

n

i iAfnyynxx
iAf

n

i nxx
iAf

∏
=

∏
=

−∗−

≥∏
=

−

for all ∏
=

∈
n

i iXnyynxx
1

),......,1(),,......,1( . 

Definition 3.15: Let ]1,[
iAf

iAt
iAV −= be n-vague 

set of BCK- algebras XRiR, respectively i=1,2,…..n. 

Then ∏
=

n

i iAV
1

is called direct product of finite vague 

H- ideal of ∏
=

n

i iX
1

if,                     

∏
=

≥∏
=

n

i nxx
iAV

n

i iAVi
1

),.....,1(
1

)0,.....,0()(  and                                                                                                            

)},.....,1(
1

1
)),,.....,1(),.....,1((),.....,1((min

1
),...,1(),..,1(()(

nyy
n

i iAV

n

i nzznyynxx
iAV

n

i nzznxx
iAVii

∏
=

∏
=

∗∗≥

∏
=

∗

∏
=

−≥∏
=

−

∏
=

≥∏
=

n

i nxx
iAf

n

i iAf

and
n

i nxx
iAt

n

i iAti

1
),.....,1(1

1
)0,.....,0(1

1
),.....,1(

1
)0,.....,0()()(i.e.,

               

)},.....,1(
1

1
)),,.....,1(),.....,1((),.....,1((min

1
),...,1(),..,1(()(

nyy
n

i iAt

n

i nzznyynxx
iAt

n

i nzznxx
iAtii

∏
=

∏
=

∗∗≥

∏
=

∗

 

)},.....,1(
1
1

1
)),,.....,1(),.....,1((),.....,1((1min{

1
),...,1(),..,1((1)(

nyy
n

i iAf

n

i nzznyynxx
iAf

n

i nzznxx
iAfii

∏
=

−

∏
=

∗∗−

∏
=

≥∗−

for all ∏
=

∈
n

i iXnyynxx
1

),......,1(),,......,1( . 

Theorem 3.16: Let ]1,[
iAf

iAt
iAV −= be n-vague 

subalgebras of BCK- algebras XRiR, respectively 

i=1,2,…..n. Then ∏
=

n

i iAV
1

is vague subalgebras of

∏
=

n

i iX
1

.  
                                                                  

Proof: Let ]1,[
iAf

iAt
iAV −= be n-vague 

subalgebras of BCK- algebras XRiR, respectively.  Let 

∏
=

∈
n

i iXnyyynxxx
1

),......,2,1(),,......,2,1( . Then 
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 This completes the proof. 

Theorem 3.17: Let ]1,[
iAf

iAt
iAV −= be n-vague 

ideals of BCK- algebras ∏
=

n

i iX
1

, respectively. If  

)()( ix
iAViyix

iAV ≥∗ where i=1,2,…..n, then 

∏
=

n

i iAV
1

is vague H- ideal of ∏
=

n

i iX
1                     

Proof: Let ]1,[
iAf

iAt
iAV −= be n-vague ideals of 

BCK- algebras ∏
=

n

i iX
1

, respectively and 

)()( ix
iAViyix

iAV ≥∗  for any 

∏
=

∈
n

i iXnyyynxxx
1

),......,2,1(),,......,2,1( . Then we 

have,

),....,1((
1
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1
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1
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),....,11(
1
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nxx
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nynxyx
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nyynxx
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i iAV

∏
=

=

≥

∗∗=

∗∗∏
=

=

∗∏
=

Hence ∏
=

n

i iAV
1

is vague H- ideal of ∏
=

n

i iX
1                    

Theorem 3.18: Let ]1,[
iAf

iAt
iAV −= be n-vague 

ideals of BCK- algebras ∏
=

n

i iX
1

, respectively. If 

iziyix ≤∗  where  i=1,2,…..n ,holds in ∏
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n

i iX
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∈
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Theorem 3.19: Let ]1,[
iAiAiA ftV −= be n-vague 

ideal of BCK- algebras XRiR, respectively, If ii yx ≤ , 

whenever 0=∗ ii yx  where  i=1,2,…..n. Then 
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1

),....,1(
1 nyy
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n
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=

≥∏
=  

Proof: Let ∏
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∈
n
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be such that iyix ≤ , whenever 0=∗ iyix  and then 
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