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Ramanujan indefinite integrals 

 

 

 

 

 

 

 

 

The integral that we want analyze is, for a = 1  and  b = 2: 

 

1

1 +
𝑥
𝑎

∙ 1 +
𝑥

𝑎 + 1
…

𝑑𝑥

 1 +
𝑥
𝑏

∙  1 +
𝑥

𝑏 + 1
…
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We also have this other way of calculating the same integral for repeated values of a 
and b: 

1

1 +
𝑥
𝑎

∙ 1 +
𝑥

𝑎 + 1
…

𝑑𝑥

 1 +
𝑥
𝑏

∙  1 +
𝑥

𝑏 + 1
…

 

 

 

 

where 0,625697... is a value even closer to 0.6283185 ... 

 

We note that for a =1 and b = 2, we have: 
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1

2
𝜋 /

Γ 𝑎 +
1
2

Γ 𝑏 +
1
2

Γ(𝑎 + 𝑏)

Γ(𝑎)Γ(𝑏)Γ 𝑎 + 𝑏 +
1
2

=
1

2
𝜋

Γ
3
2

Γ
5
2

Γ(3)

Γ(1)Γ
7
2

Γ(2)
= 

 

1

2
𝜋

1
2 √π ∙

3
4 √π ∙ 2

15
8 √π

= 0,628318530638 … =
2𝜋

10
=

𝜋

5
 

 

Then, in conclusion, we have the following expression (for a = 1 and b = 2): 

 

1

1 +
𝑥
𝑎

∙ 1 +
𝑥

𝑎 + 1
…

𝑑𝑥

 1 +
𝑥
𝑏

∙  1 +
𝑥

𝑏 + 1
…

= 

1

2
𝜋 /

Γ 𝑎 +
1
2

Γ 𝑏 +
1
2

Γ(𝑎 + 𝑏)

Γ(𝑎)Γ(𝑏)Γ 𝑎 + 𝑏 +
1
2

= 0,628318530638 … =
𝜋

5
 

 

Practically the obtained value is exactly 10 times 2π which represents the 
circumference of unit radius or π /5 

 

Now, we have also: 

 

The first integral to the left of equation (1.5) is: 
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1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

The value of the function to the right of (1.5): 

1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
 

 

for  a = 1  e  b = 2, we obtain: 

 

1

2
𝜋

Γ
3
2

Γ(3)Γ
3
2

Γ(1)Γ
5
2

Γ(2)
=

1

2
√𝜋

1
2 √𝜋 ∙ 2 ∙

1
2 √𝜋

3
4 √𝜋

 

= 0.886226925452758 ∙
1.570796326794897

 1.329340388179137
= 1,047197551196598 … 

 

Thence: 

 

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 =
1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 

                                                                = 1,047197551196598 … 

 

We note that:  √𝜋 = 0.8862269 = 0,7853981 =  

Now: 
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1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
=

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

from which: 

1

2
𝜋 =

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 × 

×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= 0,7853981 =
𝜋

4
 

 

 

Indeed for  

 

 

we obtain : 

(0.8862269) = (1,04719) ∙
1

1,1816359
= 

0,7853981182 = 1,0966068961 ∙ 0,8462843757539  

0,7853981182 = 1,0966068961 ∙ 0,7161972446453 

0,785398 ≅ 0,7853868 

 

The integral 
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1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

 

for  a =1  and  b = 2, become: 
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Or: 
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We note that 1,05304 and 1,06526 are nearly to the value: 

 

1

2
𝜋

Γ
3
2

Γ(3)Γ
3
2

Γ(1)Γ
5
2

Γ(2)
=

1

2
√𝜋

1
2 √𝜋 ∙ 2 ∙

1
2 √𝜋

3
4 √𝜋

= 1,047197551196598 … = 
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                                         = 𝜋
( )

( ) ( )
=  

And since the integral is of the form: 

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

we note that the further one goes on in the series of fractions the more the value of 
the integral tends to the number 1.04719755119 ... which, we note, multiplied 3 gives 
the following value: 3 × 1.04719755119 = 3.14159265357 ... that if we go to check it 
is exactly the value of π. Ramanujan, with the value of that integral multiplied 3 
times, by a = 1 and b = 2, wanted to give us another mathematical expression that 
provides the value of π. Finally, we note that the value 1.05304 * 3 is equal to 
3.15912 value close to π. 

So in conclusion: 

                  3 ∫ ∙ … 𝑑𝑥 = 3( 𝜋
( )

( ) ( )
) 

                         = 3 × 1,047197551196598 … = 3,14159265357 … 

for the integral from 0 to 2,898159 we have: 

integrate [(1+(x^2)/9))/(1+(x^2))]*[(1+(x^2)/16))/(1+(x^2)/4)]  x, [0,2.898159] 

Definite integral 

 

Indefinite integral 

 

Also for the definite integral 

integrate [(1+(x^2)/225))/(1+(x^2)/169))]*[(1+(x^2)/256))/(1+(x^2)/196))]  x, 
[0,1.449222] 
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and indefinite 

 

And further for even more varied: 

integrate [(1+(x^2)/9))/(1+(x^2))]*[(1+(x^2)/16))/(1+(x^2)/4)] * 
[(1+(x^2)/225))/(1+(x^2)/169))]*[(1+(x^2)/256))/(1+(x^2)/196))]  x, [0,2.92386] 

 

 

 

 

And again: 

integrate [(1+(x^2)/9))/(1+(x^2))]*[(1+(x^2)/16))/(1+(x^2)/4)] * 
[(1+(x^2)/225))/(1+(x^2)/169))]*[(1+(x^2)/256))/(1+(x^2)/196))]  x, [0,0.93069)π] 
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Thence: 

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 =
1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 

= 1,04719 

For various definition intervals. 

We have then: 

integrate [(1+(x^2)/9))/(1+(x^2))]*[(1+(x^2)/16))/(1+(x^2)/4)] * 
[(1+(x^2)/225))/(1+(x^2)/169))]*[(1+(x^2)/256))/(1+(x^2)/196))]  x, [0,1.639851] 

 

 

Which is the same as before, but with a different definition range: that is from 0 to 
1.639851. The end result is the conjugate of the golden ratio 0.61803398 = 0.618034. 
This placing b = 2 + 1, 2 + 2, 2 + 13, 2 + 14 = 3, 4, 15 and 16 and a = 1, 1 + 1, 1 + 12, 
1 + 13 = 1, 2, 13, 14. 

We take now the integral (1.6): 

𝑑𝑥

(1 + 𝑥 )(1 + 𝑟 𝑥 )(1 + 𝑟 𝑥 ) …
=

𝜋

2(1 + 𝑟 + 𝑟 + 𝑟 + 𝑟 + ⋯ )
 

and place r = 2. We will have for the function to the right of the equation:  

𝜋

2(1 + 𝑟 + 𝑟 + 𝑟 + 𝑟 + ⋯ )
=

𝜋

2(1 + 2 + 8 + 64 + 1024 … )
= 

=
𝜋

2 + 4 + 16 + 128 + 2048 …
=

𝜋

2198
= 0,001429296 … 

 

For the integral, we have: 
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integrate 1/[(1+(x^2))(1+(4x^2))(1+(16x^2)] 
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For the same integral, from 0 to 700,00098  

integrate  1/((1+(x^2))(1+(4x^2))(1+(16x^2))  x, [0, 700.00098] 

we have: 
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The value 0.0014285 is very close to 0.0014292. It should be noted that 0.00142921 / 
16 = 0.66403858 which is very close to the Planck constant value 6.626 * 10 ^-34 = 
0.6626 * (10 ^-33) and close to 0.66274 which is the Laplace limit provided by the 
solution of the equation: 

 

For  r = 3, the integral that we calculate, is: 
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The value of this integral, for r = 3 is equal to 0.127627. The function to the right of 
the equation is: 

𝜋

2(1 + 𝑟 + 𝑟 + 𝑟 + 𝑟 + ⋯ )
=

𝜋

2(1 + 3 + 27 + 729 + 59049 … )
= 

=
𝜋

2 + 6 + 54 + 1458 + 118098 …
=

𝜋

119618
= 2,6263544396 × 10 … = 

= 0,00002626354… 

 

Let's see with a definition interval how we can equalize the integral. 

Let  

integrated 1 / [(1 (x^2)) (1 (9x^2)) (1 (81x^2))] x, [0, 0.0072568] 

We will have the integral that goes from 0 to 0.0072568: 
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And the value 0.0000262677 is very close to 0.0000262635. This written value 
2.6263544396 ×10^(-5) is very close to the square of the golden ratio which is equal 
to 2.61803398. The value is also equal to 2.62205755 which is the Lemniscate 
constant : 

  

 

We resume the integral: 

1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
=

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

from which we obtained and verified: 

1

2
√𝜋 =

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= 0,785398 

 

Now let's analyze the wave function of the universe of the paper 
 
Wave function of the Universe 
  
J. B. Hartle - Enrico Fermi Institute, University of Chicago, Chicago, Illinois 60637 and Institute 
for Theoretical Physics, University of California, Santa Barbara, California 93106  
S. W. Hawking - Department of Applied Mathematics and Theoretical Physics, Silver Street, 
Cambridge, England and Institute for Theoretical Physics, University of California, Santa Barbara, 
California 93106 - (Received 29 July 1983) 
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By introducing "imaginary time", a mathematical abstraction that allows to relate two 
events that are casually unconnected or not temporally connected - that is, a time 
without the presence of space and spacetime - singularity can be studied. Hawking 
proposes an infinite universe or more precisely without outline or boundaries, 
expanding and with an beginning in imaginary time 

In boundless state theory, the wave function of the universe - that is, an image to 
explain how the universe was born - is calculated through the paths integral, a tensor 
metric function defined at (D-1) of compact surface, where D is the space-time 
dimension. [1] This wave function of the universe can satisfy the Wheeler-DeWitt 
equation 

The state without borders can be positioned even before a multiverse or a world-
brane or wherever it is necessary to speak of infinity or singularity; in the ecpirotic 
model of branes the boundless state is hyperspace where d-branes fluctuate. Ahmed 
Farag Ali and Saurya Das instead replaced Hawking's boundless dome model, with 
an eternal fluid of gravitons, in their cosmology of quantum potential, while for 
Roger Penrose the universe consists of infinite Big Bang-expansion cycles 
(conformal cyclic cosmology) and does not require an initial state. 

In our model, the informal state has several phases: in the first phase there is the 
uncreated vacuum of motionless light and time, which contains the perturbative 
vacum of string in idea-form, i.e. the infinite-dimensional Hilbert space that contains 
infinite potential bulk in 26 dimensions with infinite pairs of strings + and - (we note 
that the perturbative vacuum of string, therefore the quantum foam, is not chaotic but 
only an infinite set that contains infinite possibilities arranged in an orderly albeit in 
continuous vibration), in the second phase these infinite potential bulk, reduce their 
size from 26 to 10 (actually 24 and 8) actually compacting 16 into a 16d torus (wave 
function collapse) and in the third phase, intermediate between the informal and the 
formal state, between the infinite pairs of strings, only one pair is formalized for the 
collapse of the wave function in two D3-branes. 

According to the "no-boundary proposal", the three phases that we describe take 
place, in imaginary time and in the ecpirotic model of branes the borderless state is 
identified with the hyperspace where the d-branes fluctuate, which is our Hilbert 
space / infinite dimensional torus. (A. Nardelli) 
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The equation that we are going to develop is: 

with 

 

and 

 

 

 

We have:  

 

 

 

for: 

   

from which: 𝐻 𝑎 = 9𝜋/16 

we have Λ > 0, thence we put: Λ = 1  

from which  𝐻 = 𝑙 /72𝜋  

after the calculations, we place 𝑙 = = 0,5 that is equal to:  
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  =
√

∙
√

=  

We remember also that: 

arccos(0.707106700000000) = 0.785398278212558,  dove 0,7071067 è 1/√2  e 
0,78539827… è 𝜋/4. 

 

thence: 

                                        

𝜓 𝑎 = 2 cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋

4
= 2 cos

0,671919

𝑙
24𝜋

−
𝜋

4
= 

= 2 cos
0,671919 ∙ 24𝜋

𝑙
−

𝜋

4
= 2 cos 159,1577932698

1

𝑙
− 2 cos

𝜋

4
= 

𝜓 𝑎 = −0,971750458594
1

𝑙
− 2 ∙ 0,7071067811 

𝜓 𝑎 = −0,971750458594
1

𝑙
− 1,4142135622 

−0,971750458594
1

𝑙
− √2 = 𝜓 𝑎  

For 𝑙 = 0,5 we have: 

−√2 = 𝜓 𝑎 +
0,971750458594

0,5
 

1,943500917 + 𝜓 𝑎 = −√2 

𝜓 𝑎 = −√2 − 1,943500917 = −3,357714479 

thence 

                                                    𝜓 𝑎 = −3,357714479.  
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Now, we note that: 

                              = 1,6788572396   and    = 0,6715428958    

We observe that 0.6715428958 + 1 = 1.6715428958 is a value practically equalt to 
the proton mass. 

Furthermore: 

 

and that:  

“the elementary charge, usually denoted by e or sometimes qe, is the electric charge 
carried by a single proton, or equivalently, the magnitude of the electric charge 
carried by a single electron. This elementary charge is a fundamental physical 
constant. The charge e is sometimes called the elementary positive charge. This 
charge has a measured value exactly of 1.602176634×10−19 C (coulombs)”. 

Now:  

                 ∙ 𝒆 = 1,6449 … × −1,602176634 = −2,63547492637482242 …  

taking      

            ∙
𝒆

= −0,2978216302351656863 ∙ −2,63547492637482242 = 

1

𝜓 𝑎
∙

𝜋 𝒆

6
= 0,7849014390168 … 

Value practically equal to   = 0,785398163397 … Indeed: 0,78490 ≅ 0,78539. 

In conclusion, we have the following fundamental connections: 

From 

𝜓 𝑎 = 2 cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋

4
 

For the inverse function muliplyed by   
𝒆
   we obtain: 
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1

𝜓 𝑎
∙

𝜋 𝒆

6
=

1

2cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋
4

∙
𝜋 𝒆

6
=

𝜋

4
= 0,785398163397. 

 

From the Ramanujan’s integral equation (inverse formula),  

1

2
√𝜋 =

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= 0,785398 

We have: 

𝜋

4
=

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

=
1

𝜓0𝑎0
∙
𝜋2𝒆

6
=

1

2cos

⎣
⎢
⎢
⎢
⎡ 9𝜋

16
− 1

3/2

𝑙
2

24𝜋2

−
𝜋
4

⎦
⎥
⎥
⎥
⎤

∙
𝜋2𝒆

6
= 0,785398 

From: 

 

= 1,6788572396    and    = 0,6715428958    

we have: 
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𝜓 𝑎

2
=

1

2
2 cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋

4
= 1,6788572396 … 

 

𝜓 𝑎

5
=

1

5
2 cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋

4
= 0,6715428958 … 

 

 

From: 

Brane New World 
S.W. Hawking, T. Hertog†and H.S. Reall‡ - DAMTP - Centre for Mathematical 
Sciences - University of Cambridge - Wilberforce Road, Cambridge CB3 0WA, UK. 
Preprint DAMTP-2000-25 - March 7, 2000 
 

 

....we calculate the graviton correlator  using the Hartle-Hawking “No Boundary” 
proposal and analytically continue to Lorentzian signature.  
We have the Euclidean correlator defined as an infinite sum. However, the 
eigenspace of the Laplacian on de Sitter space suggests that the Lorentzian 
propagator is most naturally expressed as an integral over real p’.... 
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  and: 
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We analyze the following equation: 

 

 

 

where 𝑝 = 7𝑖/2. 

Regard the connection with  , from the integral: 
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Dividing by 128 both the sides, with regard 32𝜋 we obtain:  = .  thence: 

〈ℎ (𝑥)ℎ (𝑥′)〉

128
=

𝜋

4
𝐺 𝑅

𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)  

𝜋

4
𝐺 𝑅

𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′) =

〈ℎ (𝑥)ℎ (𝑥′)〉

128
 

𝜋

4
=

〈ℎ (𝑥)ℎ (𝑥′)〉

128
∙

1

𝐺 𝑅 ∫
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)

 

Now, we have : 

〈ℎ (𝑥)ℎ (𝑥′)〉 = 32𝜋𝐺 𝑅
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)  

where 

         

𝑝 = 7𝑖/2. 

thence:     𝜆 − 2 = + − 2 = − + − 2 = −8 − 2 = −10; 

7𝑖/2

−10
𝑊

( )
𝜇(𝑥, 𝑥′) = −

3,5𝑖

10
𝑊

( )
𝜇(𝑥, 𝑥′) = −

7𝑖

20
𝑊

( )
𝜇(𝑥, 𝑥′) = 

= −0.35𝑖𝑊
( )

𝜇(𝑥, 𝑥′)  

Now  

𝑊
( )

𝜇(𝑥, 𝑥′) ;   𝑊 = −72𝛼(1);     

 

 

𝑄 =
. ∙

 ,
=

( )

∙
= −

∙ ,
=

,
= 0,004386678 …  
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Thence: −0.35𝑖 × 0,004386678 =  −0.0015353373𝑖 

from which: 

−0.0015353373𝑖 × (−72) = −0,1105442856𝑖 

 

Now:  

 −0,1105442856𝑖 × 32𝜋𝐺 = −0,1105442856𝑖 × (6,70541535982 ∙ 10 )

= 0,00000000074124535 

that multiplied by  is equal to: 

0,00000000074124535 ∙
𝜋

36
= 0,000000000064686 = 0,64686 × 10   

value near to the golden ratio conjugate 0,61803398… 

Now we calculate the integral for a certain interval: 

32𝜋𝐺 𝑅
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)  

32𝜋 ∙ 6,67 × 10 −0.0015353373𝑖 × (−72) 𝑑𝑥 

integrate  [(-0.0015353373)*(-72)] [0.021829]  [0, 0.000000006705415] 

 

integrate  [(-0.0015353373)*(-72)] [0.01465686]  [0, 0.000000006705415] 

 

 

Thence: 

〈ℎ (𝑥)ℎ (𝑥′)〉 = 32𝜋𝐺 𝑅
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′) = 1,61806 × 10 𝑥 

for [0, 0.021829]   



35 
 

We note that 1.61806 (excluding zeros before the value) is practically equal to the 
golden ratio 1.61803398 ... and that the other value 1.08643 is the result of a 
Ramanujan integral that we have already analyzed and which allows us to obtain 
another very interesting mathematical connection. 

We know that: 

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 =
1

2
√𝜋

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 

                                                                = 1,047197551196598 … 

 

1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
=

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 

from which: 

1

2
𝜋 =

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 × 

×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= 0,7853981 =
𝜋

4
 

 

Indeed for  

 

we obtain: 
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(0.8862269) = (1,04719) ∙
1

1,1816359
= 

0,7853981182 = 1,0966068961 ∙ 0,8462843757539  

0,7853981182 = 1,0966068961 ∙ 0,7161972446453 

0,785398 ≅ 0,7853868 

 

 

And the following connection: 

〈ℎ (𝑥)ℎ (𝑥′)〉 = 32𝜋𝐺 𝑅
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′) ∙

𝜋

36

= 0,64686 × 10   

1

9

1

2
√𝜋 =

1

9

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

=
0,785398

9
= 0,0872664 

𝜋

36
= 0,64686 × 10  ∙

1

32𝜋𝐺 𝑅 ∫
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)

 

 

 

Indeed: 

0,000000000064686

0,00000000074124535
= 0,087266 … 
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1

9

1

2
√𝜋 =

1

9

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 ×

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

⇒ 0,64686 × 10−10  ∙
1

32𝜋𝐺4𝑅2
∫

𝑑𝑝′
𝜆𝑝′ − 2

𝑊𝑖𝑗𝑖′𝑗′
𝐿 𝑝′

𝜇 𝑥, 𝑥′
+∞

0

=
𝜋

36
 

 

 

while: 

〈ℎ (𝑥)ℎ (𝑥′)〉 = 32𝜋𝐺 𝑅
𝑑𝑝′

𝜆 − 2
𝑊

( )
𝜇(𝑥, 𝑥′)  

integrate  [(-0.0015353373)*(-72)] [0.01465686]  [0, 0.000000006705415] 

 

Indeed 

0,00000000074124535 × 0,01465686 = 1,08643 × 10  

 

thence the following fundamental mathematical connection: 

 

𝜋 /

Γ
3
4

= 1 +
𝑒 /

√2𝜋

4𝑒 𝑒 − cos √2𝜋𝑡

𝑒 − 2𝑒 cos √2𝜋𝑡 + 1
= 1,08643481 ⇒ 

 

               ⇒ 32𝜋𝐺 𝑅 ∫ 𝑊
( )

𝜇(𝑥, 𝑥′)     x, [0, 0.01465686]   

 

We note, with great interest, as well as the result of the Ramanujan’s integral written 

above, multiplied by the “Module of Infinite Tetration of i” that is   or 



 

                                                 

that is equal to 0.567555163306957
practically the reciprocal of the

1,086434*0,567555 = 0,616611...

Thence, we obtain: 

 

𝜋 /

Γ
3
4

∙ 0,56755 = 1 +
𝑒

√

 

 

4,442882938158 / 3,625609 = 1,225417;   1,331335 / 1,225417 = 1,086434...
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0.56755516330695782538, give us as result a number 
reciprocal of the aurea ratio. Indeed, we have: 

1,086434*0,567555 = 0,616611... 

/

√2𝜋

4𝑒 𝑒 − cos √2𝜋𝑡

𝑒 − 2𝑒 cos √2𝜋𝑡 + 1
∙ 0,56755

𝜋 / = 1,3313353638 … 

4,442882938158 / 3,625609 = 1,225417;   1,331335 / 1,225417 = 1,086434... 

 

 

, give us as result a number that is 

= 0,616611537 … 
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From Wikipedia 

Super-logarithm as inverse of tetration 

As tetration (or super-exponential) is suspected to be an analytic function, at 

least for some values of , the inverse function may also be analytic. 
Behavior of , defined in such a way, the complex plane is sketched in 
Figure 1 for the case . Levels of integer values of real and integer values of 
imaginary parts of the slog functions are shown with thick lines. If the existence and 
uniqueness of the analytic extension of tetration is provided by the condition of its 
asymptotic approach to the fixed points  and of 

  in the upper and lower parts of the complex plane, then the inverse 
function should also be unique. Such a function is real at the real axis. It has two 
branch points at and  . It approaches its limiting value  in vicinity of 
the negative part of the real axis (all the strip between the cuts shown with pink lines 
in the figure), and slowly grows up along the positive direction of the real axis. As 
the derivative at the real axis is positive, the imaginary part of slog remains positive 
just above the real axis and negative just below the real axis. The existence, 
uniqueness and generalizations are under discussion. 

We note that  

(0,318 + 1,337𝑖 ) = 0,101124 − 1,787569 = −1,686445 

And that 

– 1,686445 + 1,086434547 = – 0,600010453 

 

 

 
From:  Gravitational waves from spin-3/2 fields Hunting SUSY in the sky - Karim Benakli, 
Yifan Chen, Peng Cheng, Gaetan Lafforgue-Marmet: 
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We take the equation (3.20): 

                                            

If 𝜖 ,±   𝒖
,±

( / )
(t);   

                              𝜖 ,± = 1,08643 × 10 ;    

  𝒖
,±

( / )
(t) = (6,582 × 10 ) / = 1,6886390 × 10  

 
(6,582×(10^(-16)))^1,5 = 1,68863901E-23 
 

(1,6886390 × 10-23) + (1,08643 × 10-28) = 1,68864986 × 10-23 

Thence: 

                           𝜓
,±

(𝑡) = 𝜖 ,±   𝒖
,±

( / )
(𝑡) = 1,68864986 × 10    

We note that 

𝜖 ,± = 1,08643 × 10 =
/

= 1 + ∫
/

√

√

√
× 10   

that is the Ramanujan’s integral. 

We have that, from (3.5): 
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Note 1 

Analytic continuation (sometimes called simply "continuation") provides a way of extending the 
domain over which a complex function is defined. The most common application is to a complex 
analytic function determined near a point by a power series  

 

(1) 

Such a power series expansion is in general valid only within its radius of convergence. However, 
under fortunate circumstances (that are very fortunately also rather common!), the function will 
have a power series expansion that is valid within a larger-than-expected radius of convergence, and 
this power series can be used to define the function outside its original domain of definition. This 
allows, for example, the natural extension of the definition trigonometric, exponential, logarithmic, 
power, and hyperbolic functions from the real line to the entire complex plane . Similarly, 
analytic continuation can be used to extend the values of an analytic function across a branch cut in 
the complex plane.  

Let and be analytic functions on domains and , respectively, and suppose that the 
intersection is not empty and that on . Then is called an analytic 
continuation of to , and vice versa (Flanigan 1983, p. 234). Moreover, if it exists, the analytic 
continuation of to is unique.  

This uniqueness of analytic continuation is a rather amazing and extremely powerful statement. It 
says in effect that knowing the value of a complex function in some finite complex domain uniquely 
determines the value of the function at every other point.  

By means of analytic continuation, starting from a representation of a function by any one power 
series, any number of other power series can be found which together define the value of the 
function at all points of the domain. Furthermore, any point can be reached from a point without 
passing through a singularity of the function, and the aggregate of all the power series thus obtained 
constitutes the analytic expression of the function (Whittaker and Watson 1990, p. 97) 

From 

https://dilucia.wordpress.com/tag/prolungamento-analitico-di-una-funzione/ 

Note in Italian 

VIII.55.- Prolungamento analitico di una funzione.- 

Supponiamo che : 

 

una funzione f(x) sia indefinitamente derivabile in un intervallo ]a,b[ e sviluppabile in questo 

intervallo ]a,b[ in serie di Taylor.- 
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Consideriamo questa serie nel dominio complesso sostituendo l’argomento reale x con 

l’argomento complesso z = x + i·y  

 

Il dominio di convergenza di questa serie é un cerchio di raggio R e centro nel punto  

Il numero R é comunque tale che tutto l’intervallo ]a,b[, nel quale la serie

 

é convergente, é contenuto nel cerchio  

poichè, come é noto, in tutti i punti esterni al cerchio di convergenza una serie 

di potenze é divergente.- 

Nei punti  z ∈ ]a,b[, 

la somma della serie  é uguale, per ipotesi, a f(x). 

Nei punti  z ∉ ]a,b[, 

La somma della serie negli altri punti del cerchio di 

convergenza é una funzione di z; la chiameremo Prolungamento Analitico della funzione f(x) al 

dominio complesso e la indicheremo con 

In particolare, 

se la serie é convergente per tutti gli x reali, 

la serie  é convergente per tutti gli z complessi e il 

prolungamento analitico della funzione f(x) risulta così definita in tutto il piano complesso.– 

 

Let's now take the wave function of the Universe of Hawking's paper: 

                                     𝜓 (𝑎 ) = 2 cos
/

−  

 

For the values we have given previously, it becomes: 
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2 cos
0,671919 ∙ 24𝜋

0,5
−

𝜋

4
 

 

2cos[((0,671919*24*9.86960)/0.5)-(3,141592653/4)] 

integrate 2 cos[((0.671919*24*9.86960)/0.5))-((3.141592653/4))]  [1.08643] 

𝜋 /

Γ
3
4

= 1,08643 

 

 

 

Indefinite 

 

 

 

So: 

1,08643 2 cos

9𝜋
16

− 1
/

3𝑙
72𝜋

−
𝜋

4
= 1,08643 2 cos

0,671919 ∙ 24𝜋

0,5
−

𝜋

4
= 

                                                              = 1,60277𝑥 

Generically:  

1,08643 2 cos
(𝐻 𝑎 − 1) /

3𝐻
−

𝜋

4
= 1,60277𝑥 

𝜋 /

Γ
3
4

= 1 +
𝑒 /

√2𝜋

4𝑒 𝑒 − cos √2𝜋𝑡

𝑒 − 2𝑒 cos √2𝜋𝑡 + 1
= 1,08643481 
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The value 1.602773 is practically equal to the electric charge of a positron 
(1.602176). Recall that the universe, according to the "brane-world" scenario, 
originates from the collision of two branes. From what has been deduced from the 
mathematical point of view, the hypothesis that the two branes are nothing more than 
a positron and an electron that collide appears increasingly plausible, annihilating and 
thus originating a pair of mediating bosons. One of them, due to the infinite 
possibilities of the quantum vacuum and its energy, expands in an inflationary way 
giving rise to a universe, while the other remains in quantum form, identifying with 
the 6 extra compact dimensions in a toroidal space (dimensions of energy, 
identifiable with real plans of existence and / or degrees of freedom). 

The positron, as well as the electron, are fermionic strings. The action of them is 
given by the following equations: 

 

From: 

SLAC-PUB-3088  
March 1983 - T 
SUPERSPACE GEOMETRY OF FERMIONIC STRINGS 
EMIL MARTINEC 

 

  

 

 

Or for supersymmetric boundary conditions: 
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Here  𝑑 = 26 

For the second equation , we have: = − = − = −2,546479 … 

 

We note that  π1/e = 1.523 671 054 858 931 718 386 285  e che   

                         π-1/e = 0.656 309 639 020 204 707 493 834 

we observe that 2,546479 * 0,6563096 = -1,671278613… value very near to the 
proton mass 1,6726231 × 10−27 kg  

thence:    

 

10 − 𝑑

2𝜋
= 𝑆 ∙

1

∫ 𝑑 𝑧�̂�
1
2

(�̂� 𝜓)(�̂� 𝜓) +
1
2

𝑅𝜓 + ∫ 𝑑�̂�𝑑 𝜃𝑘𝜓
 

 

−2,546479 = 𝑆 ∙
1

∫ 𝑑 𝑧�̂�
1
2

(�̂� 𝜓)(�̂� 𝜓) +
1
2

𝑅𝜓 + ∫ 𝑑�̂�𝑑 𝜃𝑘𝜓
 

 

and: 
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𝑆 = −2,546479 𝑑 𝑧�̂�
1

2
(�̂� 𝜓)(�̂� 𝜓) +

1

2
𝑅𝜓 + 𝑑�̂�𝑑 𝜃𝑘𝜓  

 

𝑆 = −2,546479 × 0,6563096 = −1,671278613 

If instead from 1,04719755 multiply by 0,61803398, we obtain: 0,64720 

from which   −2,546479 × 0,64720 = −1,6480812088. 

Thence, we have for: 

 

1 +
𝑥

𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 =
1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 

                                                                = 1,047197551196598 … 

 

0,61803398
1 +

𝑥
𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥

= 0,61803398
1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 

                                                                = 0,64720 … 

Thus: 

𝑑 𝑧�̂�
1

2
(�̂� 𝜓)(�̂� 𝜓) +

1

2
𝑅𝜓 + 𝑑�̂�𝑑 𝜃𝑘𝜓 = 

= 0,61803398
1 +

𝑥
𝑏 + 1

1 +
𝑥
𝑎

∙
1 +

𝑥
𝑏 + 2

1 +
𝑥

𝑎 + 1

… 𝑑𝑥 
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= 0,61803398
1

2
𝜋 /

Γ 𝑎 +
1
2

Γ(𝑏 + 1)Γ 𝑏 − 𝑎 +
1
2

Γ(𝑎)Γ 𝑏 +
1
2

Γ(𝑏 − 𝑎 + 1)
= 0,64720 

 

 

From Wikipedia: 

Ramanujan approximation formula to π 

 

We have the following Ramanujan formula 

 

For k = 2, and inverting the formula, we obtain: 

1/(((2sqrt2/(9801) * sum ((((4n)! (1103+26390n))))/((((n!)^4*396^(4n)))), n = 0 to 
2))) 

Input interpretation: 

 

 

 
Result: 

 

3.14159265… = π 

Possible closed forms: 
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from which, multiplying by 0.16394033883189229775 = ((((-979 + 398 sqrt(π) - 210 
π + 86 π^(3/2) + 51 π^2)/(95 π)))), we obtain: 

 

((((-979 + 398 sqrt(π) - 210 π + 86 π^(3/2) + 51 π^2)/(95 π))))*(((1/(((2sqrt2/(9801) * 
sum ((((4n)! (1103+26390n))))/((((n!)^4*396^(4n)))), n = 0 to 2))))))^2 
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Input interpretation: 

 

 

 
Result: 

 

1.61803 

 
Alternate forms: 

 

 

 

We note that: 

((((-979 + 398 sqrt(π) - 210 π + 86 π^(3/2) + 51 π^2)/(95 π)))) 

Input: 
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Decimal approximation: 

 

0.16394033883… 

Property: 

 

Alternate forms: 

 

 

 
Series representations: 
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