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Abstract

In this work we have described a new mathematical application concerning the discrete and the analytic functions:
the Volonterio’s Transform (V Transform) and the Volonterio’s Polynomial. We have descrive various mathematical

applications and properties of them, precisely the series development of the type Nk+M. Furthermore, we have
showed also various examples and the possible mathematical connections with some sectors of Number Theory and

String Theory.
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VOLONTERIO’S TRANFORM GENERALIZED AND SERIES DEVELOPMENT OF TYPE
Nk+M

Definition 1 (transformed generalized V)

The transform V of a discrete function ¥{k) is an analytic function of a real variable (or complex) through which it is
possible to pass from the world of discrete or finite mathematics in the world of differential mathematics.

The transformed V provides an overview higher than it can provide a generating function.
The transformed canonical is distinguished from generalized because its existence is based on continuous functions
V(t) and infinitely differentiable for t = 0 while the generalized is based on a continuous function and infinitely
differentiable at t=x (where for x =0 we obtain obviously the transform canonical).
The properties of transformation and anti-transformation of the transform V are independent from the fact that we
consider the transformed canonical or generalized.

Definition 2 (inverse generalized transform V)

The inverse transform V of an analytic function V(&) of a real variable t continues in the zero and infinite times
differentiable at t = 0 (canonical) or at t = x (generalized) (in other words a function V{t) developable in MacLaurin
or Taylor series ) is a discrete function ¥{(k) defined in My, through which it is possible the transition from the
differential world to the world of discrete or finite mathematics.



DEFINITION OF TRANSFORM V

Let v(k) a discrete function, then we can define the transformation V{t) as follows:

+oo
k
V(O =TOH,0 =y Y teC (1.1)
k=0

CONDITION OF EXISTENCE AND UNIQUENESS OF THE TRANSFORM V

To ensure the condition of existence of the transform must be ensured the following relation:

im PO er= a = 2.718281828
kot Kk PR ) TE.e M fT < (a)

where R is the radius of the convergence while e is the Eulero-Nepero constant.

The relation (a) is a necessary condition that has been demonstrated exploiting the condition of the root of Cauchy-
Hadamard while the condition of uniqueness can be attributed to the properties of series of powers where e is the
Euler-Nepero constant.

Definition 1 of inverse transform V

We define with inverse transform of V{t) the discrete function y{k) obtained by the following definition:

dk
y(k) =T V(1) k) = i V(t) (b)
=0
Definition 2 of inverse transform V
Or by the following formula alternative to the (b):
10" .
Ej R (v(e*))as for k=0
Y =T, K =1 _ (©)

- Tk+1) J:‘.‘Fi (V{efé'}:]ms(scf} dé for kEMNk=0

where necessary and sufficient condition because (c) is valid is that is satisfied the condition R = ™ where R is the
radius of convergence (a).



Definition 3 of inverse transform V
2 T )
y(k) = T~1(V(t), k) ==—T(k + 1}_[ 5 (F(e@)) sin(k)dé¥ Kk EMN
T 0

or, for KEN K#0 (see ¢):

V)= 72, Ik + 1)(} gz(\/ (eié))COS(k§ )dfj =
0 (d)

%an (v(e))ae for k=0

yik) =T7HV(t), k) = -
Srk+ 1}j R (V{eff})cas(scf}d.f for kENk=0
s o

Generalized definition of transform V

As follows, we define the generalized transformed Vit

(t—x)*

= ted

+oo
V() = T, (0,0 = ) ()
k=0

Generalized definition of inverse transform V

(1.2)

1.3

We define as generalized inverse transform of V() the discrete function ¥{k) obtained by the following definition:

k
y®) = T7V(0, ) = =Vt +2)

t=0

This definition is particularly useful in all those cases where the function V{t) can not exist in 0.
Another alternative definition is the following:

1
w(k) = TLH(V(D), k) == f—rr(r-c+ 1}J; 3 (V{x+ efﬂf})sin(kf}df i € M,

1.4

1.5



Fundamental properties of the transform V

Among the generalized transform and the canonical transform, is useful to keep in mind the following identity:

T(y(k), t) = Tyly(k), t)

T (y(k), t) = T(y (k). t —x)

T (v(k), t + x) = T{y(k),t)

1.6

1.7

1.8



RELATION BETWEEN THE VOLONTERIO’S TRANFORM, OF LAPLACE AND ZETA

We consider the following definitions of Gamma function, Laplace’s Transform and Zeta Transform:

00 = | e fetas LE@i= | e Far, 20,5 = ;y(k}z-k 19
we have:
T(y )T (k + 1), 1) = f e~t - T(y(k) &%, 0)dE = f e™s  T(y(k), &t)dé = f ed - V(er)de 1.10
o o o
thence:
oo k oo oo
TGONK+D,0= Y yWIk+ D= y@tk = L e~f . V(zt)dE ”
k=0 k=0
TGN +1D,0 = )yt = | e -vinas 112
k=0

but, for the left-hand side we note that:

£ =x/t, df =dx/t, Xpip=0, xpg. =+ 1.13

thence:
J:Ce-f V(Et)dE = % J:Ce-xf’f- Vix)dx = %L(V(xl %) 114
while, for the right-hand side putting:
Z}r(k}rk =z(y0,3) = 1£(v).5) 115
putting %: ¢, x =t we have:
2(y(k), ) =LV (e), ¢) 116
y(k) = 271 - £(V(2), ), k) 1.17



vice versa




ADDITIONAL DEFINITIONS

In order to read and interpret tables in complete sense clarifications is needed on the functions and abbreviations
that have been introduced and also will be essential of the examples that follow after the tables. In any case, before
proceeding to the list of transformations is useful to consider the following relations, definitions and functions.

Definition of operator &,

With the symbol €. we define the following operator:

Fi=t— 1.21
ST (1:21)

where its application iterated n times on a determined function V{(t) is expressed by the operator of the application
in the following way @[ e V(t).

for example, we consider V(t) = Sin(t),thence:

2oV (t) = t%(t%(t%sin(ﬂ)) = tcos(t) — 3t?sin(t) — t3cos(t)

Definition and properties of the Volonterio’s polynomials
+oo tk
V,(t) = e-fz k" o (1.22)
k=0 '

other formulas to determine the polynomial ¥, (t) (see TF N° 4 and 20) are the following:

Vo (t)=e"t@lcet con Vyl(t) =1 (1.23)

or by the following recursive formulas:

d

Vasa(8) = t(ﬁ V.(t)+ Vn(t}) (1.24)

Foo 1

Tl —_—

V,t)h=t Vi (t) with Vyo(t):=1 and neEHN (1.25)

> ("

or:
d™ . :
V:P: - tle —1:|

(t) Pyl o (1.26)

From the above definition, by the Volonterio’s transform:

10



+oo
- £k
e
galef—1] _ g_uvk(g}k!

Definition of Bernoulli’s Polynomial:

The Bernoulli’s polynomial (see TF N° 21) is:

k n
Bi(a) = Zuﬁ;f—ﬁr@ (a+1)*

The generating function of the Bernoulli’s polynomial is:

tete T tk
et —1 Z Bk(ﬂ}ﬂ
k=0

Definition of Eulero’s Polynomial:
Eulero’s Polynomial (see TF N° 22):

k n
E(a) = Z[,E%Zf—ﬁr (M) @+

The generating function of the Eulero’s polynomial is:

Definition of Laguerre’s Polynomial:

Laguerre’s Polynomial (see TF N° 15 and N° 23)

di’!

L:—:(t} =ef drn

Definition of the Bessel’s Polynomial of the first kind:

Jpta s E‘k
et +1 Z Ek{a}ﬂ
k=0

(ett™)

B\ (—1)k(t/2)%
!n(t}=(§) LTk +n+1) k!

Definition of the Hermite’s Polynomial

Hn(t} = (_1}n€r:

dqn
dt™

11

(=)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)



PROPERTIES OF THE TRANSFORM V

PF Function Definition
N. ylk) kEHN, Vit) =T{y(k),t) tER
1 ayy (k) + By, (k) aly (t) + pVL(t)
2 }’(k} |k:u V(t}h:u
3 vk le=n %V(t} -
. ()54 (k — ) )
n—1
tk
5 y(ul i —n) V() —;y{k} =
6 yik)k tiv{z}
dt
7 ylk) k™ "o V(t) con @ = t%
8 vik)a* Vi{at)
9 yik)ex* Vite®)
dﬂ-
10 yik +n) @V(t}
1 Yk — 1) v(-0 + [ V(az
o
12 yik) sin{ak) RV (tei=))
13 vik) cos{ak) S(W(te=))
14 (f:)}*(k —n+m) :TT;%:V&}
+oo
15 > (“)y@ V(R)e® ove V(E) = TG |=iot)
=0

vl +k) Vi) —v(o)
16 1+k t
17 vy (k) # v, (k) W (v ()
18 | T(TUeTr(Ry(E — k), 8),K) |z t) V(t)2
19 y(k)T(k + 1) %Ll{_"-’[tls] |, with LW(t),s) = ng-“v{ﬂ dt

12




TRANSFORMATION V OF SOME KNOWN FUNCTIONS

TF Function Definition
N. y(k) ke, Vit) =T(y(k),t) teR
t'?‘!-
1 84(k —n) -
n!
2 u? (k) (idem for 1) et
3 k tet
d
4 k™ $mopet =V (tlet with ¢ := tE
5 gk Eﬂ.’t
6 gk exp(te®)
7 sin{ak) e““':'ﬂsin{t sin(a}}
8 cosl(ak) e““':'x}cns{t sin(:ﬂ}
9 a¥sin(km/2) sin{at)
10 a*cos(km/2) cos(at)
11 3((8 +ia)¥) sin(at)eft
12 R((B + ic)¥) cos(at)eft
1
13 k! -
1—t
Yok -
14 (—1)*K! 17
k+n)! qdn
15 ( ) et L,(—t) with L,(t) =e*—(e~t™)
k! dat™
k tret
16 () -
1 et —1
17 1+k £
+oo
1 _ (—1)*(t/2)n+2k
— 24/t riith t) =
18 P Jo(2t) with Ja(®) L KTk +1-n)
19 1 Iﬂ{Z*\E}
(k +n)! /2
20 Va (k) = Vi(a) Eﬂﬂ:ﬂr—lj
t ot
21 Va(k) = B (a) d
et —1
22 wlk) = E.(a)
Ya g et +1

13




TRANSFORMATION V OF SOME KNOWN FUNCTIONS

TF Function Definition
N. vik) kEHN, Vit) =T(y(k),t) teR
1 et
k) ==L
23 Yalk) = Li(a) e ()
1 _ . = (—1) k2
24 Valk) = —L,(a) !D{ZN."QI:}EE with Jo(t) = Zﬁ
k! L, 4F (k1)
+ bk
25 - — (=)=¢(al'(c) — b (c + 1) — al(c, —£) + B (c + 1,—1))
C
O — gy . ey
26 gk + 2)r(k + 1) —w—% where y= 0.5772156... with wO() = ];_E:I
I (a)
ik + _—
27 (k+a) a—pe
(k) = . N-1N-1
}( ) fw(k} 1 ) _ I  [2mn
28 with 5 y(k)e™/Ncqs 5 —tsm(T)
Fulk) = fulk+N) == : :
22(22% — 1)B

k+1 2

14




FUNDAMENTAL PROPERTIES OF THE INVERSE TRANSFORM V

PA Function Definition

N. Vit) teR ya(k) =T"H(V(t), k) keEHN,

1 aly (t) + 5V, (t) ayy (k) + By, (k)

2 Vit =0 Vie) =Ty(k),t) teR y(kllp=
3 Viat) a*y(k)

4 V() ey (k— 1)

k!
5 t?V(t) Gz Tl}!}?(k —n)
+os
6 atv() > ma)*(¥)ye -0
=0
oo
7 et (t) Z e ('E;) vik—1)
=0
#oo
8 sin(at)V(£) ;(—1}fa2f+1( L e—2e-1)
+os
9 cos(at)V(2) ZD(—:L}TQH( )y—20)
dn k4 n

10 @V(t} vk +mn)

11 %F(t} FD vk =g

12 j V(£)ds ylk —1) —y(-1)

o
13 W (v, (8) y1(£) * y2(t)
14 V2(t) T(T Ty (E — k), £), K)lz=p. t)

15




INVERSE TRANSFORM OF KNOWN FUNCTIONS
AF Function Definition
N. Vit) teR y(k) =T 2V(t), k) keEN,
1 1 k) wieh ' =f={9 k=0
2 £ n!84(k —n)
3 ot (loga)®
4 g%t ok
k!
t?‘! 4
> ¢ i —n)!
6 sin(t) sin{km/2)
7 cos(t) cos(km/2)
8 sin{at) a*sin(km/2)
9 cos(at) a*cos(km/2)
10 sin{at)eft 3{(,.5’+ itﬂk}
11 cos(at)efr ‘.'Fi{(ﬁ+ Itx}k}
1
12 — )Rk
1+t ( 1} k
1
13  — k!
1—-t
z T dn T
14 et Hy(0) with H,() = (-D"e” — (e=")
15 In(t +1) (84(k) — D(-D)*r k)
GENERALIZED TRANSFORMATION OF NOTE FUNCTIONS
Function Definition
GTF
N. y(k) k€ N, Vie) == T, (y(k),£) tER
— H
1 84(k — n) E=x"
n!
2 -l Ef—x
3 K (t—x)et™
d
4 k™ o * =V (t—x)e™™™ with & =(t—x) o
5 ak Erx{r—x}
6 pak exp((t —x)e)
7 sin{ak) sin{(t — x) sin{a) ) et} cos(=)
8 cos(ak) ccs{ (t—x) sin(a}}e':r‘:‘} cos(a)

16




GENERALIZED TRANSFORMATION OF NOTE FUNCTIONS

Function Definition
GTF
N vl KEN, V() =T.00),8) teER
9 a*sin(km/2) sin(a(t — x))
10 a*cos(km/2) cos(a(t — x))
11 3((8 +ia)¥) sin{a(t — x))ef(t==)
12 R((B + ic)*) cos(a(t — x))ef(t—=)
1 k! !
3 ' 1—t+x
1
— 1k - -
14 -D* 1+t—x
(k + Tl}! qn
15 et * L (—t+x) with L,(t) =e'—(ett")
k! dat™
k (t—x)net™=
16 (n) —
1 E—x __
17 — e -1
+oo
1 (—1)(z/2)nt2x
1 — 24t —x) with t) = Z
8 k! Jo(2Ve =) with Ja(®) k_Dk!F(k+1—n}
19 1 Irz{z*n"lt_x]
(k +n)! (t—x)"/2
20 Ya(k) = Vila) exp(al(et= — 1))
_ alt—x)
21 Va(k) = By (@) (£ = )e™™
gfm¥—1
zeﬂ:l:t—x}
22 Valk) = E;(a) pr=ranry
1 alt — x)
k) =L x S — (—)
23 valk) = Li(a) el
1 _ . = (—1)kg2x
24 }’E(k} = EL;{(L‘I} !D{E\.' I‘I(t - .'X-'}}Et *  with )fl}{t} = W
k=0
25 a :’f (4 20-<(ar(@) —bT(c + 1) — alles—t + 2) + bTc + 1 —t + 1))
c
@1 —t+x) ¥ B R (5
26 (k+2)r(k+1) —— - where y=0.5772156... with ¥0(t)= ™
I'(a)
Ik + - -
27 (ke +a) (1—t+x)=
(1) = Fullk N-1N-1
y(k) = fy(k) 1 ) _ Pnk 21
28 with 5 y(k)e?™/ ¥ cos T {t—x) sin (T)
fulk) = fiu(k + N) == : !

17




GENERALIZED TRANSFORMATION OF NOTE FUNCTIONS

GTF Function Definition
N- ¥l keN, V(D) =T, p(),8) teR
2k+1 2k+1 —1\B
2 { Kkt 1 L (ﬁ?k) tan(t =)
k! et *(I(c) —T{c,t —x))
30 ( + k) F) t=x)°

18




GENERALIZED INVERSE TRANSFORMATION OF NOTE FUNCTIONS

GAF Function Definition
N. V() teER yA(k) =T;1(V(t), k) ke,
K
1 1 =D
(—k)! x
LIk
2 t =0
1— k) x
nlxmk
3 t" =0
(n—k)! x
4 et g% Wy
5 at (log o) ¥ Wx with a = 0
6 et ok e Wx
k! _o
(k —n)! =
7 thet Vx
Z ] ['r- o x¥0
8 sin(t) sin(x + kw/2) Vx
9 cos(t) cos(x + km/2) Wx
10 sin(at) a¥sin(ax + km/2) Vx
11 cos(at) a¥ cos(ax + kn/2) Yx
12 sin(at)eft F((5 + i a)kexlBria)y Wy
13 cos(ot)eft NUB + i a)kexBriad) W
1 (—1)* k!
- _— = -1
1 1+¢ (1+ x)F 1 x
1 k!
15 ; (1 _ X} w1 x+1
16 logt log(x) 84 (k) + (6% (k) — D(—1)*x~*I'(k) x#0

19




From the GAF n.16, we observe:

T (logt, k) =log{x) 62 (k) + (8% (k) — 1){—1) *x~*Ir(k) 135

Where, especially, if we want to use this property we must remember to run the rest of the calculations with a seed
equivalent based on the properties (1.6), (1.7) and (1.8).

T (logt, k) = (82 (k) — 1) (—1)*r (k) 1.36

T.*(logt, k) = &% (k) + (6% (k) — D(—1)*e ™ (k) 1.37

20



Example
PROBLEM
Solve the following equation to the finite difference of the 2" order.

Yk+2_3yk+1+ EYk =GYD= 2 Yj_: 3

Now, to solve such a simple equation to the finite difference of the second order homogeneous with constant

(1.38)

coefficients may be used various methods, including the method of the generating function and the method using

the transform realized here.

SOLUTION
a) METHOD OF THE GENERATING FUNCTION
We consider the following generating function:

+oo
G(t) == Z Yy t¥
k=0

+oo +oo +oo
Z Yk+ztk_ SZ Yk+1tk + EZ thk = ﬂ
=0 k=0 k=0

(Vo+ Vot + Vat? + - ) —3(Y, + Vot + Fyt2+-- )+ 26(¢) =0

G(t) — Y, —Yit 3 G(t) — ¥,

3 +2G{t) =0

2-—3t 2-3t 1 1

GI-': - = — +
(® 1—-3t+2t2 (1-t)1-2¢) 1—-¢t 1-2t

taking into account the following observations:

+oo +oo
1 1
th=——|t| =1 E 2t =——2t| =1
Z 1—t|| (@t) 1—2;||
k=0 =0

From which we get the new generating function (have already been considered the initial conditions):

#oo
G(t) = Z{i +2K) ¢k
k=0

21

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



b)RESOLVING METHOD BY TRANSFORMED V

Calling with T this transformation from the variable & € M to the variable t € R and placing ¥, = y{k) with
V{t):=T(y(k),t), we obtain:

T(y(k+2),t) — 3T(v(k + 1),t) + 2T(v(k),t) =0 (1.46)
dzv(} 3dv(} 20()=0vV(0)=2V(t) =3 (1.47)
a2 t_E t+20(t)=0v(0) =2Vt = )

The characteristic equation associated is:

rP—3r+2=0->n=1 rp=2 (1.48)

i.e., the solution of the differential equation with the initial settings is:

Vit) =ef + 2 (1.49)

where now anti-transform, obtaining the solution searched:

Ve=ylk) =T et +e, k) =1+2% (1.50)

22



Transformed V of a discrete periodic function:

Let vy (k) be a particular discrete function in which is valid the following relation:

yu(k) = yy(k + N) Vk ENge N EN

Thanks to the Fourier series in the discrete domain:

J".'-_l J".'-_ 1
TITR ity

1 2m _ 2k
}?;".'-(k} = ? Z C?! EE N o En = Z ¥u (k}e ‘ N
: n=0 k=0

we can apply the transformation V to the (1.52) as in (1.53):

J".'-_l
1
Tv(yw(,8) =% ) CaTv(exp(i 2unk/N),0
{
n=0

for the transformations tables, we obtain:

N-1

1@ =LY ,elemr )
n=>0

N-—-1

1 2mn . {2mn
Yyl(t) = EZ C,exp (t cns(?) +itsin (?))
n=0

N-1
P 2mn 2mn
Yu(t) = » Cy ercm[ N ) cos| tsin (—) + isin| tsin (—)
ZD N N
n=

Now replacing C;, of the (1.52) in the eq. (1.56) we obtain the eq. (1.57):

N-1 N-1
1 _.omnk i, 2mn 2mn
Yyl(t) = —Z Z yylkle ™ w er”s[ '\} cos| tsin (—) + i sin| t sin (—)
N = \ &= N N
n= =

N-1N-1

Yult) = %Z Z yu(k)e® Eps[%}e_i%‘k (cos(tsin (ZJTM)) +i sin(tsin (L:T?rn)))

n=0 k=0

23

1.51

1.52

1.53

1.54

1.55

1.56

1.57

1.58



thence expanding the term e~ 12mk/N  \e obtain:

N 1N=-1
”mf 2mnk . (EMJ{ . (211?1 L . (2':'1‘:“?1
¥yt =— ;Z}N{kje (cus( T ]—Lsm T ] cos | ¢ sin N ] +isin|t sin N ] 1.59
Now, for the same definition of transformed V we have:
+oo tk
Yult) = Z yu () 1.60
=0 '
ie.fort ER = ¥y(t) € Rthence R(Yy(t)) = ¥y(t) e F(¥y(t)) =0 namely:
N-1N— 5 5
TH TTH
R(¥y(D)) = Z Z k}ermﬁ{ }cos(— — tsin(—)) 1.61
i N N

;".l 1N-1

2w 2mn
I(¥y(t) = Z Z Yn (k}emsf }sm (—— tsm( m )) =0 1.62
n=0 k= :
from which we deduce the following relations:
.'u in-1 5
zmm T TH
Yyl(t) = Z Z Vi (k}e“m{ }cas(— — tsm( )) 1.63
n=>0 k= v N
P 2mnk 2
T
Z Z ¥ (k}erms[T}sin MY _ tsin (E) =0 1.64
= N N

In the particular case where the period N of the periodic discrete function is very large or even tending to infinity, we
proceed as follows:
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X, = 2% where the stepis h = sz namely i = Ax,thence rewrite the (1.63) as follows:

N-1

1/2 2mn 2 2
Vy(t) = Z}w(k}— —”Ze““[x}cas(%”—tsm(?m)) 1.65
| |

and for N = +co we have limy_+.. vy (k) = v(k) thence rewrite the eq. (1.65) as follows:

N-1 N-1
1 .
(= tim [ 3w 5= D heteossn)cas(ion, — tsin(x,) (1.66)
’ n=0 k=0
i.e.:
1w S |
¥it) = EZ v (k) gtooslx cos{kx — tsm(x}}dx (1.67)
o
n=0

Given that V(t) is the transformed V of y{(k), we obtain the equality:

+oo 2 +m

1 = ) tx

EZ v (k) J; gtoosiz) cos{kx — tsin(x}:}dx = Z y (k) =l (1.68)
n=0 k=0 '

from which, we have that:

2 k
i toosix) — tci = i
e cas{kx tsm(x}:}dx VteECYEEN (1.69)
27 J, k!
+om 1At 5 ,
Z Vi {.fr;} Pl Vi (k}etmj[ N -}cos (T - tsm( m )) soloesoloseyy(k + N) =vy(k)  (1.70)
{ { {
k=0 n=0 k=0
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SERIES DEVELOPMENT OF THE TYPE Nk+M

Assumption
The intent is to find a form equivalent to the infinite sum below with N EH and M € Z :

KN+M

Wy 0:0) _Z}( }(w+w}1

(2.1)

We will solve this problem by using the Volonterio’s Transform.
In these proofs and examples we will consider the convergence problem inherent in the solutions and criteria
adopted.
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Proof

Consider the following examples with N = 3 and M = 4 needed to understand the proof that will follow, where
C41 (k) is a discrete periodic function of value 1, of period N shifted by M.

Table 1
T 0 1 2 3 4 5 6 7 8 9 10
In +4 4 7 10 13 16 19 22 25 28 31 34
Table 2
k 0/1/2|3|4|5|6|7|8|9(10|11|12|13 (14|15 /16|17 |18 |19 (20|21 |22 (23|24 |25 (26|27 |28 |29|30|31|32|33(34|35

C;(k} o|o|ofof1]o|o|1/ojo|1|0|o|1]|0|0|1]|0|0|1|/0|o0of1|0|0|21|0]|0|2|0]|0|2|0|0|1]|0

Thence for the (2.0) and to the Tables 1 and 2 where the relation between n and k isn = (k —4)/3 we obtain the
following Table:

Table 3
k 0 1 2 3 4 5 6 7 8 9 10
k—4
n = T -4/3 -1 -2/3 -1/3 0 1/3 2/3 1 4/3 5/3 2
C3(k) 0 0 0 0 1 0 0 1 0 0 1
—4 -2 -1 1 2 4 5
y(n) 3 (3) 20 | 3(F) | »(F) @ | 5G) | »G) 2@ »() () @
yin)Ci (k) 0 0 0 0 ¥(0) 0 0 y(1) 0 o | »(2)
With the Table 3 is easy to understand the following equivalence:
+oo +oo
tkhl--h.d _ tk
M - K—MY ~M
arMr ey ; = S e M — 2.2
Wi ,0) ;}(k}(kw+h{}! ;}( )it 22

Now for the definition (1) of the Volonterio’s Transform, we can write the following relation (see tables and
definitions attached):

w0 =T(y(557) ¥kt (2.3)

Of course the relation (2.3) is the one that will lead us to obtain the generalized solution of the expression (2.1).
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We consider the foIIowing known relationship [A.V. Oppenheim R.W. Schafer — Elaborazione numerica dei segnali (Digital Signal Processing) —

Franco Angeli Editions]:

J".'-_l
_1 mmmy 9 v =nN
en(v) = NZ &N = {ﬂ altrove

m=0

and more in general with ¢,z" (v) we define the following expression:

N—-1

1 izmm (k—M) 1 k=nN+M
M — N = !

by (k) = N ZD e " {ﬂj alitrove

m=

(2.4)

(2.5)

of the (2.4) we must narrow the field to only non-negative integers, namely the (2.4) there must return the zero for

each integer value negative, so we have to rewrite (2.4) as follows:

N—-1

1 P 1, v=nhN
5 Z e v ulln)=10, v =—nN
Y osh 0, altrove

where u?{k) is a step discrete function of Heaviside defined as:

neEHM

1 kO
4 b
“ (k}'_{ﬂj k<o K
furthermore, we observe that:
A _oa ey (L k Oa o
uflk) = u (a)"{ﬂ, k < Oa =
. _ . . ML)
Now placing v = k& — M we deduce the discrete function C,; *:
1 J".'-_l ) . '1,f‘|
L2 -1 —
M — —_— A [RkMYy 1_. k=nN+M
c”(k} N Ze . U ( N )_{{L altrove nen
m=0
and then through the observation (2.8):
_l N—=1 . (k—D
Lzmmie— A 1 E=nN+M
M —_— N A _ — ¥
Cy (k) = N Z e " u'(k — M) {CIJ altrove EN
m=0
Or the equivalent expression:
1 kE=nN+M
M — M A — — ¥
€M (k) = M (K)ud (k — M) {ﬂj M new
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So to utilize the transformed V is useful to rewrite (2.10) in the following way:

J".'-_l
1 —izmmM  izmmk 1 Ek=nN+M
M —_— N . N A — — ¥ .
Cy (k) -—NZ g W e v ul(k—M) {CIJ alirove neEMN (2.12)
then we can rewrite the relation (2.3) as follows:
1 J"'I-_l . "f . a2
M M - k—M - —157'-:-'“4 . lﬂ?'-'-:ﬂlf A —
WM (t) _T( )c (K), t) (}-(h_ )NZ e N -e v ullk M}J:)
m=0
and thence:
1 J".'-_l . .“_
) (k=M _ —izwmM (k-M izmmk
Wi @:=T(y () Go,t) = EZ e » -T(}- (M) e udle—m), :) (213)
m=0
From the PF N. 9 which is given here for convenience:
T(}-‘(k}eﬁk, t} = V(te®) (2.14)
we have:
_l J"'I-_l . w .
M M = (, B=MY o Acp _ ﬂ)
WM (y,£): _T( ( )r: (K), :) NZE N T }( = )u (k — M),te n (2.15)
m=0
. k=M
While for the PF N.5 which is given here with ¥ (k):=vy {T)
. A,
T(y" (ul (k — M), ) = W(5) — Z v (0 (2.16)
k=0 '
and thence:
J"’f_l fk .
k=M k—M zom
T(y (52)utle-10,8) =T(v (52).6) - ) y(52)% con ¢=te s 217
k=0
We obtain finally the following equivalence:
N—1 N—1M-1 mmik-M
tk""+"’f 1 — fzamM M Lzmm 1 =M tke™ w
Wiyt —Z —Z N -T(-‘—_‘,r N)—— P — (2.18)
m=0 m=0 k=0

To facilitate the understanding of the examples that follow will call with A?{;‘(k} :
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N—-1

1 —izmmM _ fzwm
Ay = EZ e N T(}’ (kﬁ;w)J te N )
m=0

and with By (v,k):
—-1M-1 lE""'I‘lIh!' M

pr w TN
v (55 k!
0 k=0

-d'

==

Bf (}’, t) =

™

manipulating the B} (y,£) in the following way:
J"’f_l J".'-_l
Z 1 Z fzmm (k—M) k=M ik
= N
v2.¢ (5 )a
k=0 \ m=0

we observe that the inside bracket of the (2.19) is precisely the function qb (k)

M=-1

_an tF
D oMoy () k=nN+M

k=0
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CASE 1 (N < M):

Example 1.1: (N = 3) < (M = 4) where k goes from 0 to 3

n -2 -1 0 1
k=n3+4 -2 1 4 7
¢ (k) 1 1 1 1

4 k—4 tk
HOMESES VR Y ) /

thence:

Example 1.2: (N = 4) < (M = 11) with k from 0 to 10:

&—
k=0

1
Y 6360y (5595 =y

1 -3 -2 -1 0 1
k=nd+11 -1 3 7 11 15
pi' (k) 1 1 1 1 1
e i i
R-11
i Gy (5= / y-25 | D / /

thence:

11-

Z e 0y (52 11)—-—}( 2} -+ (= 1}—

1
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Example 1.3: (N = 2) = (M = 10) where k goes from 0 to 9

thence:

tB
8!

= x 2 4 6
Y 6120 Wy (IF0) 1 =y (-9 + ¥ 5 + 3D +y(-D 5 +y(-D)
k=0

2 J! (2.23)
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CASE 2 (N = M)

Example 2.1: (N = 5) = (M = 5) where k goes from 0 to 4

thence:

tk

5—1
> 82 Gy (553) o = (-0 220
2 |

Example 2.2: (N = 7) = (M = 7) where k goes from 0 to 6

thence:

7=1
Z &l (k)y (?); = y(-1) (2.25)
k=0
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CASE 3 (N > M):

Example 3.1: (N = 7} = (M = 5) where k goes from 0 to 4

n -2 1 0 1 2 3
k=n7+5 -9 2 5 12 19 26
B3k 1 1 1 1 1 1
o k-5 tk
P (k)y (T)E / / / / / /
thence:
5-1 tk
s SEE
Z ¢5 (y (2 =0 (2.26)
k=0
%k %k %k

In general from these observations by induction we conclude for deduction the following equivalence:

-1
t KN+M

M-1
- t*
(EMY a M = k) ———
kg_u} = )Gfm G E (k) N D! (2.27)

k=—TIpi M N}

Where with Ip(x) represent the function that returns the integer part of x, and then we can rewrite the (2.18) in a

simpler form:

-1
tk"."l"-'f —Lz""n..‘l-f o [nrm ti'{"H"d'
£ =Y yik Z T (3 (52) e ) - > vl .
Vi () Z}( b ~ ) e v e 2
K=Ipl =MD
where if M < N and in particular for (M <0) we have BY (k) = 0, thence:
f -1 ti.."n +M
k) . N=M
Ne1M-1 izmm.(k-M) Z y (&) (kN + M) =
. 1 k— Mytke W k=—1n(2)
By (y.t) = m Y\~ p =4 - (2.29)
m=0 k=0 ' y(-1), N=M
L0, N=M
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PARTICULAR CASES

Case with v(k) =1

Case with v(k) =1, NEN, ML

WELD = (0 Te FlN+M Z _l,,.,m-,,c (1 [zm) -1 FN+M

VM1, =0Mt =Y —— . Jte N | — —_— .

N N N+ M) N ¢ Z (kN + M)! (2.30)
k=0 k=—IpiM/N)

It can be shown easily from (2.2) and (2.3) that the function 85 (t) satisfies the following differential equation:

a™ [ d¥ M M
F F @4"." (t} - @4"." (E’} =0 (2.31)
thence:
oo -1
tk;"."'l';'-'f —Lz""rLﬂ-f fzmm ti'{;"."+;"-'f
M) =) ——— Z gts T — Z — (2.32)
! (kN + M}! N (kN + M)!
k=0 k=—IpiM/N)
we have for the TFN.2 T(1, E]'I = EE, furthermore we have:
fzmm (ETEm) s (Eiwn) (2.33)
N = —_— .
5 Cos N i sin N
thence:
R M 1 KN+M
L Y A R Y
N (kN+ M) N (kN + M) .
k=—IpiM/N)
after several steps we obtain:
Sy 1 KN+M
M(e) = L Z eeos( 5 Ji{e in(FFF)-HE) _ T (2.35)
1 ! :
(Ic"..f +M)! N k=T (kN +M)!
where here we separate the real part from the imaginary part:
N—1 CON-1 -1 N
M r|:|:u3|r ) . 1"'_?7 _ ImmM ‘_ rnl:uslr_ ) . 1"’_?1' _ T _ Z £
IS'N{i':] N Zﬂ \ -:u:us(t sm( - ) " ) +jl.,f ZD w sm(t sm( ~ :I ~ ) R=_,u,mfv~,—{kf"'r Y (2.36)

it follows:
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AN-1
ccod ) . (. (2mm\ 2mmM ViEL
Z e ~ N 7 sin (t sm( )— ) 0 YNEHN (2.37)

= N N YMET
and thence:
N—1 -1
1 v - - FRN+M t e
@f {t) = E Z EMDE{ N -}cns(t sin (‘:‘m:] = LRJ?H) — Z m N E N (2.38)
m=0 E=—Ipl M AN ‘ MeT

In particular for M = 0 we have:

N-1
1 2mm 2mm
0%(t) = 5 Z e““[ N -}cas(t sin (T)) tECNENMET (2:39)
|

|

m=0

From 2.33 it is shown that:

ti_rr(etc-ﬁ{?} (cas(t sin (Zﬁm) + ZMM) +1isin (t sin (Zﬁm) + ZMM)))

dt N N N N

= etcosli%} (cas(t sin (sz) + 2mm(M — T}) + i sin (t sin(zm) + 2mm(M — T}))

I N N N

and

dM ( £ cos(ZE) C 2mmy\ 2mmM\ _ {2mmy\ 2mmM
—l e L (cns(tsm( )+ )+asm(t51n(—)+ ))

dt™ N N N N
=& v S COS sin 1 5In S| ——
N N
T

v zmm 2mm 2mm a¥ MY L (EEm ztimz
—(etms{ N -}(cas(t sin (_"J )) +isin (t sin (—)))) = —(etms{ N } e'" Bm[ N }) —g N T

dtT ] N CdtV

Putting T = N we obtain

() (s n () i cn (1)) = 75 F
— . N i I gj i = N !
dt““(e cos|tsin N +isin|tsin N e N

but €2i™mT™ = 1 and thence

(;—; (etms{%} (ccs(t sin (ZT)) +isin (t sin (ZT))))) - E:.EZ—EQ-E!
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Case with y(E) = y(§N+ M)

Rewriting the eq. (2.18) as follows:

< t;‘w""“ 1 gt —i2mmm izmm -1 tF.'N+‘-:
WEG.0 =) yDl ==z D o~ T(y@lemte v )= Y y@lapo (240
] RN +MMON — = et ) i= (kN + M)

in this eq. we replacing the following expression ¥{£) := ¥(éN + M) and thence

s RV +M 1 W=k — 2w i2mm = e
Wiyt :=Z (kN + M —:—Z N 'T(’kst"_'jl— Z kN £ M) ——
Nt =) yON + M) g I =N L © y(k). te _ ¥ Gl + M) G (2:41)
k=0 m=0 k=ipl—M/W]
%k %k %k

EXAMPLES

Example 1
Calculate Wi((—1)%,2).

Solution
We consider (k) :== {—1)¥ with N=2 and M=1 and we replace in the (2.41) obtaining:
-1 Th+1

-1 . .
Wi((—1)k,t) = Z( 1}k(2::+1]| En’lz:ﬁe—l?m-]-(},(k?)lw%)— Z (k}m (2.42)

k=Ip(-1/2)

the third summation of the (2.42) is null because M<M, thence:

1
2h+1
WiH-D"t) = Z( 1}k(2:c+1}l EZ ¢
m=0

¥ k:l)J temm)

but

t"k+1

1
H.Fl{( 1}’{ t} Z( 1}k(2k " 1::“ > Z g—imm T(}-‘ (?)J tez‘nm)
m=0

then we proceed in the steps:

t"k+1

Wl.[( 1)%, t} Z( 1}k(2k =T E(E—mu . T(}-‘ (?)J te:‘nu) —ir T(

), tew))
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t‘k+1

k=1 k=1

Wi((—1)k,t) = Z( 1}k(2k+1}| E(T(}r( - )J:)—T(y( - )J—:)) (2.43)
2+l 1 -1 -1
Wl.[( 1)%, t} Z( 1}k(2k+ O —(T({—i}TJt)—T((—i}TJ—t)) (2.44)
2K+
wi((—1)k,t) = Z( 1}k(2k+1}I (T{ i)k t) - T{—a(a}k—t})
wi((—1kt) = Z( 1}k(2k+1}| (T{ i-i%t)—T(—i-1 —t})
wi((—1*t) = Z( 1}k(2k+1}| (T{—a %) —T(—i-1 —t}) (2.45)
= F2k+1 1
Wi((—1)k,t) = Z(—i} BT = (T(@*8) -T(®*-1)) (2.46)
k=0
for the TF.5 we have:
2k+1
Wi((—1)kt) = Z( 1}k(21+ﬁ|——l_{eff—e-=f} (2.47)
Wi((—1k,t) = Z( 1}:{(2:’:; sin(t) (2.48)

Example 2

Calculate T:-FEJ-(I::”J t) . We shall see how in this example the Volonterio’s polynomials lend themselves to providing a

generalized solution of this problem.

Solution
In this case is M=0 thus the last term of the (2.30) is null:

W (k™ t) = Z k™

For the TF. N.4 we obtain:

t:"u'k

i)

11

—iZomQ ,ri;— I:I

{2rm

te »

(5 =)

(2.49)

m_D
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N-1 N-1

1 K"z 1 Zom,  f2m
W (k™ t) = v I’(‘—_ te ): Vy (tg ¥ )g” m (2.50)

m=0 m=0

where ¥, (£} is the Volonterio’s polynomial of order n.

Putting N =2 andn =3 we have Wz (t) = ¢t + 3t + 2 ;

-1
1 tam
W3k, t) = ;Z Vi(te™ )et (2.51)
© m=0
o 3 1 -t 13
W3k, 6) = (e vs(~1) + e'V3(2) (2:52)
D 3 1 b ] .
W2(k?,8) = 2t (3¢ cosh(t) + (1 +¢2) sinh (2)) (2.53)

Here we can connect with the Ramanujan’s equation concerning the number 8, that is a Fibonacci’s
number and is linked to the physical vibrations of the superstrings, i.e.

1 ¥
Wi (k3,t) = gt (3t cosh(t) + (1 + t2) sinh(t))
=

# COSAW' e g
4 antilog Cojzhﬂx : t. 142
A w
€ 4 ¢W(|tVVI)

Sw2(ke t)=1/2 t(3tcosh(t)+ (L+1?)sinh(t)).  (2.53b)

| \/[10+11\/§J \/[10+7\/Ej
ool | = T4

Example 3
a73 (1
Calculate W3 (2k+4‘t)'
Solution
; 1 bl 1 $2k+3
I'.Vﬂ ( _.I.') = . 2.54
“\2k+4 k_ﬁ2k+4- (2k + 3)! (2:34
Wa( 1 ) 1 Cat— . 1 ‘ fzmm L 1 $2k+3
3 s t _ = . , I_' - R )
2\2k + 4 EZE‘ : 2t +alxs’ " Z 2k +4 (2k +3)! (2:55)
m=0 = k=Ipi—3/2)
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w3 ( 1 t) 1 —izmms T( 1 . L'z.".m) Z 1 p2he+3

[ ’ = - =4 2 . _, e z i .

“\2k+4 2 E+1 2k+4 (2k+ 3)!
T = p-2 e

Now to calculate the transform, we use the TF No. 17:

(e =

Thence:

1
—zErfm —1
zfrm

I:\JII—'~

HJE( 1 ) — _E
22k+4"_ 2

After some calculations we have:

Wl( 1 Jt) — t 1 N cosh(t)

2\2k + 4 2t t

Example 4
g3 (T(Nk+M+1)
Calculate W3 (]" ".-k+"d'+1} )

Solution
We'll see how this example is related to the Laguerre’s polynomials.

Foo )
- F(Nk+2M+1) \  OT(Nk+2M +1) (VM
T+ m+D ") = LT+ M+ D k+ )

—.t| == —_—
TWk+M+1) ) N ]"["'.'E+'-f+1|

m=0

N-1 "
it T(Nk+2M+1) ) 1 Z tzo TiNE+2M+1)
n TNk + M +1) (kN +M)!

-1 2
.m) Z TNk +2M +1) tFV+M
= k=19 = M/N)

N-1

—,t —— .
NATINE +M +1) N ik +1) FTiNk+M+1) (kN +M)!

m=0 k=1pl-M/N)

" (“Nk +2M +1) ) 1 Z —iamme (F{N +M+1) _m) i [(Vk +2M +1) kv
4 e g e B —_—m—m— g —_

from the TF N. 15 we have:

rin+M+1)
T—

rik+1)

M

E
dt:‘l’f

—tta'-’f}

,ef) = e Ly, (—&) with Ly(t) =

then replacing:
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(2.59)

(2.60)

(2.61)
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1"':N.’i: +2M +1) ) 1 NZ_]' —izmmm r;'::"'-'l L ( . [:m] - MNE+2M + 1) F N +D
_— = — wo egtf - N | = .
TiNE+M+1)° N hng g | —te A kI M+ D GN £ (2.65)

Putting N=2 and M=3 we have L; () = 6 — 18t + 9¢% — ¢*:

-1

-1 al.
2k +7) 1 . A 2k +7)  ¢3+?
W (— t) =- Z g T L gte T [ (—te™™m) — . (2.66)

Baad

T2k + 4) 2L e TR+ 8 @k +3)!
2k + 7) 15 o TRk +7) 3+
a3 — P —imm3 ra“‘"“ fmmy _ - B
W3 (F{Ek ¥ 4:1’*) 2L.° L (™) TRk +9 Gkt (267)
m=0 k=ipl-mM/N)
2k +7) rGs) 19 o .
W == L Z —imma | gte™ p (g gtAm -
(e )=t 3 2, et Lt (269
2k +7) fmm
wil— = t)=—24-¢ Z —imma | gte ™ (_pgimm .
(1"{95; 9 ) +- (—tg™™) (2.69)
v3 FQk +7) ] —24t +(18 h 6+0 h
T2k £ 3)’ t + (18t + t¥)cosh (t) + (6 + 9t%)sinh(t) (2.70)

This last equation can be connected with the Euler Gamma Function and with the number linked to the physical
vibrations of the bosonic strings, i.e. 24.

Indeed, with regard the number 24, this is related to the “modes” that correspond to the physical vibrations of the
bosonic strings by the following Ramanujan function:

. Cosﬁxw eV | 5
4f anti log = COSL7X s
= w
e ¢ ¢ (itw")
£10+11\/§] (10+7\/§j
log 2

Thence, we have the following expression:
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. (r(zk +7)

oy +4]**J = —24t + (18t + t¥)cosh (£) + (6 + gt:]sinh{ﬂ:

= COS ;ztxw'e,,,xzw- dx
4/ anti log ° CO;P”X : t14'2
Ay w

e * ¢, iw
:>W23(r(2k+7),t] — (i) t+ (18t +t° Jcosh(t)+ 6+ 9t? )sinh(t)
I(2k +4) N(lmnﬁ] \/(10+7\/§ﬂ
log +
4 4
(2.70b)

ON SOME MATHEMATICAL CONNECTION WITH SOME SECTORS OF STRING THEORY

In 1968 Veneziano proposed the following heuristic answer

(3.1)
with a(s)=al0)+a's
Euler Gamma function has poles in the negative real axis at integer values a(s)=n
with residue
(- a(s)) = [(-a(s)+1) (- a(s)+n+1)

—as)  —a(s\-a(s)+1 (- a(s)+2).(-a(s)+ (n-1)-als)+n)

a(s)»n(_1\"
R

Hence, at fixed t , the amplitude has infinitely many poles at Se (O’Oo)for Ol(S) - 0!(0)+ Sa=n or

with residue
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Ao Y Teal) 1 (al)s Yal) s 2l o) 2

n T(-n-aft)) a(s)-n n! a(s)-n

.(3.4)

_ 2 _ '
In the bosonic string the simplest vertex operator is the one for the tachyon state N =0 hence M* = —Ala .
We have:

ip-X
V(0; p)= g'[dze _gj'szz,z,p) 55)

With regard the 4-point tachyon amplitude, we have the following equation:

A A apj'pl
R YRR 1O
.(3.6)
Settingm:4weendupwith
apj'pl
o )=o{ 2o [ty TIealln s

sL(2,C) 012

After fixing the invariance by putting the insertion points at and 2y > ®© we end up with

~ gsé,(z p ]J‘d Z‘Z‘a P1-P3

1— Z‘a P2-P3
(3.8)

using Gamma function identities this expression can be given a nice form. One must use the integral representation

J‘dzz‘zlza—z‘l_ leb—z _ ZnF(a)F(b)F(c)

Irl-a)rl-bjra-c) (3.9)

where &+ b+c= 1. With this, (3.8) can be shown to be equal to

. 955(2 p.j I(-1-a's/4)(-1-a't/4)0(-1-a'u/4)

F2+a's/4F2+a't/4)0(2+a'ul4)

(3.10)

in terms of the Mandelstam variables
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7

_(pl + pz)z’.t :_(pz + p3)2 .U :_(p1+ p4)2 (3.11)

—pi=M?= —4/a)

which satisfy on shell (i.e. use the tachyon mass

s+t+u=—z =Y M?=-

a’ (3 12)

We can write also the following mathematical connection:

1— Z’a’ P2-Ps ~

~ gsé(z P, jjd 2l2" ™

0% ZP ~1-a's/A(-1-a't/4)(-1-a'u/4)
F2+a's/4)F(2+a't/4)F(2+a'ul4)

_ZA: pi2 :zMiz =T
i=1

a(313)

This expression can be related with the following Ramanujan’s modular equation linked with the “modes” (i.e. 8 that
is also a Fibonacci’s number) that correspond to the physical vibrations of the superstrings:

» COS 7tXW'

T2 e
i 0 /142
4| antilog = COSh s
A w
1 e 4 g¢,(itw)

_3| J[lmnﬁj J(mnﬁ}
oo | T

Thence, we have the following relationship:

A~ g T, [faraz -

[sz ~1-a's/4)(- 1—az't/4)r(—1—oz'u/4):>

F(2+a's/4(2+a't/4)0(2+a'ul4)

.(3.14)

3_24: pr=> M -0
i-1 a
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» COS 7itXW'
4| antilog=> co}izhm(
1 e ¢ g,(iw)

3 ’ N[louwzj J[10+7«/2]]
a'log 4 + .
.(3.15)

We note that this relationship ca be related also with the eq. (d), i.e. the inverse transform of v (t) , thence we
obtain this further mathematical connection:

R T

t2w'

TV ir(k +1)Uf/2(\/ (eié))COS(kf)dfj =N

0% ZP ~1-a's/4)(-1-a't/4)F(-1-a'ul4)
F2+a s/I4N(2+a't/4)(2+a'ul4)

_i pi2 :ZMiZ ==
i-1

o COS 7tXw'

S e X
, 0 /142
4| antilog = COSh 2 o
= : \W
1 e ¢W.(|tWI)

S J[lmnﬁ] J(mwﬁ)
alog | ==+ |5

.(3.15b)

b)the open string scattering

With regard the open string scattering, the amplitude is computed with operator insertions along the boundary of
the disk which maps onto the real axis of the complex plane. The equation of the amplitude is:

20'p;-p;
A(4) X< |pl x1 . |p1 (4)>~ gs 26 S dX _ i
Vol( SL2R IHd VolI(SL(2,R)) 2P IH
(3.16)
For a given ordering, the residual symmetry can be used to fix 3 points to % =0.%,=0,x, and Xy =0 .The

resulting expression contains a single integration for0<x<1
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(4)z 1 2a'pyPa | 12a'P2 Ps
A gs.[odx\x\ 1-x| 3

This integral is related to the Euler Beta function (thence with the Euler Gamma function)

1 _
B(a,b)= jodxxafl(l— X = -

2 1
Whence, using now the tachyon mass M* =-1/a" one recovers the Veneziano amplitude

e [(-1-a's)i(-1-a't)
A<>~g{ F(c1-a'(s+1)) j(slg)

Thence, we have the following possible mathematical relationship between 3.16), (3.17) and (3.19):

A= Vol SL2 R)) IH <Ipl et )> V0|(5L52 R)) 26(52"}“.1‘“ i<l

Zap pj

1 .- . [(-1-a's)M(-1-a't)
:gsjodx\x\z PP \1—x\2 PP 395( M(-1-a'(s+1)) J (3.20)

Also this relationship can be related with eq. (d), thence we obtain this further mathematical connection:
TV(t)k)="=T(k +1)Uf/2 (%) )cos(ké:)dcfj

Za‘pi'pj

VoI(SgLS(Z R))J.l_[dxi <eip1>2(x1),,_eipl>2(x4)> VoI(SLSZ - 26(52 P, jﬂl_!dx

il

o, . [(-1-a's)F(-1-a't)
=0 fdx\x\z T g{ [(-1-a'(s+1))

j. (3.20b)

c) Four point amplitude for the tachyons from CFT

The ground state tachyons in the twisted sector corresponds to:
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—
NJ (3.21)

For the near marginal tachyons, in the large N limit, which are in the (

N —k )th

sector, the vertex operator in the

(-1-1) representation is,

. (z, Z). (3.22)

The four point amplitude for these lowest lying tachyons can now be computed by taking two vertices in the

-1,-1)

(O’O)representation and two in the ( representation.

C .[c d?z <V(:1,71) (Zw Z, )6¢TF e’z'i:FV(fly,l) (1)\/(:1,,1) (Z ) Z)E¢TF e‘;-i:FV(jl,—l) (0)>

.(3.23)
2
The constant C= ngf' where C is related to 9 by
cz=47
S 2
9c  (3.24)
This amplitude can now be computed and is given by,
-2-s —2-t
| =Clik,f [ d? 2 -1
Fe) (3.25)
where ( )is the hypergeometric function,
_k
F(z)= F(;,l “a j—lj:dyy V(- yy v yo)
7 ,(3.26)

and s=—(k +k, ) t=—(k+k) s=—(kg+k)
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In the large N approximation,

k 1 1
F(z)z1+[z+z2 +-7° +...j+O((k/N)2)
N 2 3 .(3.27)

2
Note that the terms proportional to K/N jn (3.27) shift the s-channel pole. There is an additional factor of (k k) ,
2
due to which the contact term from any of the terms of (3.27) apart from 1, would at least be of O((k/ N) ) With this

observation, the integral can now be performed for Fz)-1

| =C2x(k, k)

s t
r(l_jr(l_Jr
:—(47r)2902><1(u—2m2)2(1+1j 2 t 2 :
4 st r(l—s—jr(ujr(uj
2 2 2 2) (3.8

2
Now using S+t+u=4m )

where we have to expand the gamma functions.

Also here we can write the following relationship between (3.25) and (3.29):

‘—Z—t

s
BATLI

48



S t st
2 2} F(i—jf(l—}r(quj
= —4r’g? (t=2m )2+(s—im ) +3(s+t)—8m2]x 2 2 2 2

F(l _s tjr(l i Sjr[u tj
2 2 2 2) 330

Also this expression can be related with the eq. (d) and with the Ramanujan’s modular equation concerning the
number 8 and thence, we obtain this further mathematical connection:

T gr(k +1)U‘gz(\/ (eié))coS(kf)deg] =N

Vs
—2-s —2-t

Cc(k k.Y dzzM
= (l 3) -[C ‘F(Z)‘Z

S t s t
2 \2 2 F(l—)l"(l—jl“(l++j
:>—4;zzgc{(t_2m ) +(s—im )2+3(s+t)—8m2}< 2 2 2 2)

s rf1-3 Y14 S {14 L
272 2 2

© COSZIXW' _ .2,
0 coshm & 9| 142
4 antilog = COSN X S
Ay tw'
1 e 4 ¢W(Itw')

3| N(lOHl«/Z] J(lon«/zﬂ
R 1 ) T e
(3.30b)

d) expressions concerning the four tachyon amplitude in CSFT

With regard a closed analytical expression for the off-shell four tachyon amplitude in CSFT, Giddings gave an explicit
conformal map that takes the Riemann surfaces defined by the Witten diagrams to the standard disc with four

tachyon vertex operators on the boundary. This conformal map is defined in terms of four parameters a,py,6 .

The four parameters are not independent variables. They satisfy the relations
af =1 y0=1 44,
and

1
2 = Ao(‘gl! k)_Ao(ez’k)
,(3.32)

where AO(Q’ k)is defined by

49



Ay(0,k)= E(E(|<)F(a,k')+ K(k)E(6,k")-K(k)F(6,k"))
7 .(3.33)

In (3.33) K(k)and E(k)are complete elliptic functions of the first and second kinds, F(&, k)is the incomplete elliptic

6,0,k

integral of the first kind. The parameters and K’ satisfy

By using the integral representations of the elliptic functions it is possible to write the equation (3.32) in a useful
form

vle 1

2\(7/e 1 4 2
()] o WW—(l—y Ki)[” Tl

To expand (3.36) for small 7 and & we have to divide the integration region into three intervals in such a way that

the square roots in the denominators of (3.36) can be consistently expanded and the integrals in t performed. For
example consider the integral in the first term of (3.36) , it can be rewritten as

dt : jlz dt ! +j7’“

j”“ L =" dt L + dt L
ay 42 4 | 2 ay 2 v 4 1 4
Uy let i 1+t—4«/1+t2 t 1+7t/—2«/1+t2 t24/1+7t/—2 /1+t12
e

In each integral of the rhs the integration domain is contained in the convergence radius of the Taylor expansions of

(3.37)

the square roots containing 7 , so that they can be safely expanded and the integrals in t performed. With this
procedure one gets the following equation equivalent to (3.36):

/4
n,k=0 1—‘(1 _ n)l—‘(; . kjn'k' 2n+2k +1
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1) 1
yztig:]k_5kn74"'Wz}—(l—f‘)K(?z)i (1 r(zjr(;zj j“”‘!{ : [7“_[0{}2%(“7)”}

—njl“(——k 2n+2k +1 y
2 2

an 4K 2k+3

yo=7 4n 2 1 4n a 2n T
+@1-5,) - Iny*+ > |y —| = ="
(1=3) 2k—2n 7 2n+2k+3[7/ (}/j (@) ]} 4

(3.38)

Thence, from (3.36) and (3.38) we can write the following mathematical relationship:

9 7/ad 1 s ) y/ad 1
E<7)a7 tJtzﬂ/‘JlHZ ’ y)K()/)W tJtzﬂ/‘(JlHZ)3

gL oo
2 2

UL 0.

2n+1
1 4k [CXJ 2k:|
-l = (N |+
“'kor(;n)r(;k]n!k!{szer’Ll[ 4

4n 4k 2k+3
y =7 N | o2 1 m [ 2n T
+0-60)" L =Sy T (e ==
( k”)2k—2n T 2n+2k+3{y (7/] (@) H 4

.(3.39)

Also this expression can be related with the eq. (d), and thence we obtain this further mathematical connection:

TV (E)K) = ZF(k + 1{]5 fR(V (eié ))cOS(kég)dfl =

7 0

) 7/ad 1 .4 2 7/“d 1 —
:>E(7/ )Iar tJt2+y4J1+t2 (1 y)KQ/ )L” tJt2+7/4(x/1+t2)3
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1
()Y, F(Z et —(“jm(aﬁk +{1-5,)

”"‘=°F(—njl“ ; kjn!k! 2n+2k+1 Y

g 0

4n 4k
+(l_5kn)7/2k_72/n - kn74n|n72+

o 2k+3

2n+2k +3|7 [y

e) physical interpretation of the nontrivial zeta zeros in terms of tachyonic string poles

The four-point dual string amplitude obtained by Veneziano was

A, = As,t)+ At,s)+ A(u,s) _fdx\x\ "1-x"" = B(a, p) (3.41)

s,t,u

where the Regge trajectories in the respective channels are:

_(Z(S)Zlﬁ-ls —ﬂ(t):l-}lt _7(U)=1+1U
2, 2, 2 (3.42)

The conservation of the energy-momentum yields:

k1+k2:k3+k4:>k1+k2—k3—k4:O.(3.43)

We have also that the sum

S+t+u :2(k12+k22+k32)+2(k1-k2—k2'ks_kl'ks):_S (3.44)

in mass units of m Planck = 1, when all the four particles are tachyons and one has the on-shell condition:
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2n+1
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kZ=KZ=ki=m’=

—2m?*Planck = -2 (3.45)

in the natural units LPlanck = 1 such that the string slope parameter in those units is given by L2Planck = 1/2 and the
string mass spectrum is quantized in multiplies of the Planck mass mPlanck = 1.

From the conservation of energy-momentum (3.43) and the tachyon on-shell condition eq. (3.45) one can deduce
that:

m+@¥:@+nf:m,@=gkkﬂw

Therefore, from eqs. (3.44) — (3.46) it is straightforward to show:

s+t+u=2(-2-2-2)+2(k, -k, =k, - (k, +k,))=~12+2(k, -k, — ks - (k; +k,)) =

:_]_2-|-2(k1-k2—k3'k4—k3'k3):_12_2k3'k3:_12+4:_8 (3.47)

2
This relationship among s+t+u=4m°=-8 will be crucial in what follows next. From egs. (3.42), (3.44), and (3.47)
we learn that:

a+ft+y=1 3,45

There exists a well-known relation among the I functions (Euler Gamma function) in terms of é/ functions

(Riemann zeta function) appearing in the expression for A(S’ t, u)when a, 'Bfall inside the critical strip. In this

A(s,t,u)

case, the integration region in the real line that defines
leads to the very important identity

in eq. (3.41) can be divided into three parts and

As.t)= Bla, p) = @NB)  T(@)Nl) TEIN(B) _(U-a)(l-p)¢0-y)

Ma+p) Ta+ry) To+B) <@ <B) <0) a9

where ¢ +h+y= 1and a,p are confined to the interior of the critical strip.

a+p+y=1

The derivation behind eq. (3.49) relies on the condition eq. (3.48) and the identities
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B my

sinz(a + B)+sinz(a +y)+sinz(B +y)=4cos "= cos £ cos L
2 2 2, (350

1 s
Lla+p)sinzla+pf) (35

M(y)=Tl-a-p)=

plus the remaining cyclic permutations from which one can infer

(e)r(B) . sinz(a + )
Tt f) =(e)r(B)r()==""~" .

[()r(y) _ . sinz(a + )
F(a N }/) F( )F(IB)F(V) jn 353

CACG) _ sinz(4 +7)
r(g+y) Ml (o)) 4 .(3.54)

Therefore, egs. (3.50) — (3.54) allow us to recast the left hand side of (3.49) as

As,t,u)=B(a,p)= —cos—cos@cos— ()0 (B)C(r)
2 2 2 . (3.55)

And, finally, the known functional relation

(27)¢(l-2)= ZCOSZZF(Z);(Z)

, (3.56)

— -+ f+y
at+fty= 1such that (2”) =27, is what establishes the important identity

As,t,u)

in conjunction with the condition

(3.49) expressing explicitly the string amplitude either in terms of zeta functions or in terms of I functions.

In conclusion, we have the following interesting relationship between the egs. (3.41), (3.49) and (3.55):

A, = A(s,t)+ Alt,s)+ Au,s) = IR dxx“L-x"" = B(e, f)=
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~ Als,tu)=B(a, )= NIB) Tle)l) TEINp) _¢0-a)dl-p)cl-y)_

Ma+p) Ta+y) To+p) @) <B) <0)

ﬂ(:os—cos ™ COS—F( LB (r)
T 2 2 2 ,(3.57)

from which we can to obtain the following equivalent expression:

< —f dxx“-x"" = LllB(a B)= 7[0058cosfcosgf(a)F(ﬂ)r(ﬂf)

(3.58)

In this expression there are both 1t and 8, i.e. the number that is connected with the “modes” that correspond to the
physical vibrations of a superstring by the following Ramanujan function:

© COS 77tXwW'

R N B
4| antilog ™ COSh”X /142
t2w'

1 e ¢4, (itw)

3 | N{lmnﬁj J[mnﬁﬂ
o s " 4
.(3.59)

Thence the final mathematical connection:

411 —I dxx“-x"" = 4118(0[ B)= 71[ s8coséBcosé/F(a)F(,B)F(y):>
© COS 7tXW' oW g
4| antilog ™" COSh”X : 142
tw'
1 e ¢ g, (itw)

BE | [ [10+11ﬁj J(wnﬁ}]
o R 4
| (3.60)

55



References

Odoardo Volonterio, Michele Nardelli, Francesco Di Noto — “On a new mathematical application concerning
the discrete and the analytic functions. Mathematical connections with some sectors of Number
Theory and String Theory”. Feb- 2014 http://empslocal.ex.ac.uk/people/staff/mrwatkin//zeta/nardelli2014.pdf

56


http://empslocal.ex.ac.uk/people/staff/mrwatkin/zeta/nardelli2014.pdf

