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Abstract

We introduce a concept of convergence of order «, with 0 < a < 1, with respect to
a summability matrix method A for sequences, taking values in (£)-groups. Some main
properties and differences with the classical A-convergence are investigated. A Cauchy-
type criterion and a closedness result for the space of convergent sequences according our

notion is proved.

1 Introduction

The notion of statistical convergence was introduced in [19, 32]. In the literature there are
several extensions of this concept: indeed, statistical convergence can be viewed as a particular
case of convergence with respect to a summability matrix method (see also [13, 26]) as well as
ideal and filter convergence (see also [2, 21, 23, 24, 28, 29]).

In [13, 22, 26] several properties of summability matrices are investigated, while in [1]
and its bibliography several applications to matrix convergence to approximation theory, in
particular to Korovkin-type theorems and to approximation in statistical sense of a function
by means of a sequence of linear operators, even when the limit in the classical sense does not
exist (see also [3, 6, 7, 17]).

The statistical and ideal convergences were investigated in normed spaces in [30] and in
topological spaces in [14, 16, 15, 25]. Recently, there are several studies and applications of
ideal convergence in the setting of Riesz spaces and lattice groups. In [11] the notion of ideal

convergence in ({)-groups was introduced and the main properties were examined, while in
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8, 9, 10, 11] there are some versions of basic matrix theorems and limit theorems for ideal
pointwise convergent measures taking values in an (¢)-group R.

In [4] a natural extension of statistical convergence is presented, by replacing n with n®,
0 < a < 1, in the definition of asymptotic density. This is motivated by the investigation of
different kinds of densities, and by the problem of comparing them with the natural density.

In this paper we extend the statistical convergence of order a to convergence of order o with
respect to matrix methods, and we deal with the (¢)-group setting. We prove a Cauchy-type
criterion, some main properties and some fundamental differences of the behavior of this kind
of convergence between the cases « =1 and 0 < o < 1. Furthermore we present a property of

closedness for the space of sequences, converging according our definition.

2 Preliminaries

We begin with recalling and introducing some notions about densities and summability matrix

methods, which will be useful in the sequel.

Definitions 2.1. (a) Let N be the set of all natural numbers and B C N. If m, n € N, m < n,
we denote by B(m,n) the cardinality of the set BN {m,m+ 1,...,n}.

(b) Let 0 < o < 1 be a real number. The lower and upper asymptotic density of order «
of the set B are defined by

B(1 —a B(1,
4(B) = liminf 2" 3B = lim sup 21" (1)
n ne " «
. ... Bln . . . . .
If the limit lim ———= exists in R, then the common value in (1) is said to be the asymptotic

density of thg set % of order o and is denoted by d*(B).

(c) If (zx)r is a sequence of real numbers, we say that (zx), converges a-statistically to
zo € R (shortly, S®limy, x; = xo) iff for each € > 0 we have d*(A(e)) = 0, where A(e) := {k €
N:|zg — zo| > €}

(d) Let A := (ajx);, be an infinite summability matrix. For a given sequence x = () in

R, the A-transform of x, denoted by (Ax);, is given by

(Ax); ==Y ajp, (2)

provided that the series in (2) converges for each j € N (see [1]).
We say that A is regular iff lim;(Ax); = L whenever lim, z, = L with L € R.

The following characterization of regularity of a matrix A is known in the literature as the

Silverman-Toeplitz conditions (see also [1, Theorem 1.6]).
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Theorem 2.2. An infinite summability matric A = (aj);r i regular if and only if the fol-

lowing conditions are satisfied:
oo

(i) sup(>_ lajl) < +oo,

I k=1

(i1) li§n a;r =0 for each k € N,
(idi) lim (Z aj,k> ~1.
T =

Using regular matrices, Freedman and Sember ([20]) extend the idea of the statistical

convergence to A-statistical convergence as follows.

Definitions 2.3. (a) Let A = (a;x);x be a non-negative regular summability matrix. The
A-density of a subset K C N is defined by

5A(K) = li]mZajjk, (3)

provided that the limit in (3) exists in R. Similarly it is possible to define the concepts of
A-upper density and A-lower density of K C N as follows:

04(K) := limsup Z ajr, O04(K) :=liminf Z ajk
I ke 7 kek

respectively.

(b) A sequence (zy); of real numbers is said to be A-convergent to o € R if 64(A(e)) =0

lim Z ajr =0,

keA(e)

where A(e) is as in Definitions 2.1 (c). Note that, when A := C; = (¢jx)jx is the Cesaro

or equivalently

matrix, defined by

) 5 iHl1<k<y
ok 0 otherwise,

the A-density and A-convergence become the usual asymptotic density and statistical conver-

gence respectively.

We now recall some concepts about (¢)-groups (see also [27, 31]).

An (¢)-group R is said to be Dedekind complete if every nonempty subset A C R, bounded
from above, has a supremum in R. A Dedekind complete (¢)-group R is said to be super
Dedekind complete if for any nonempty set A C R, bounded from above, there exists a count-
able subset A* C A, such that sup A = sup A*.

From now on, we always suppose that R is a Dedekind complete (¢)-group.
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An (O)-sequence (0,), in R is a monotone decreasing sequence, such that /\ o, =0.

p

A (D)-sequence or regulator in R is a bounded double sequence (a; ;); j, such that for every

%7
i € N the sequence (a;;); is an (O)-sequence.

An (¢)-group R is weakly o-distributive if

A <\/ aw@) =0 (4)

peNN \i=1
for every (D)-sequence (a; ;). ;-
A sequence (xy)g in R is (O)-convergent to x € R (and we write (O) limy x;, = z) if there
is an (O)-sequence (0,), such that for each p € N there exists k € N with

|z, — 2| <0, forallk>k.

A sequence (zy) in R is (O)-Cauchy if there exists an (O)-sequence (7,), with the property
that for every p € N there is k € N such that

|zp, — x| <7, whenever h, k > k.
An (¢)-group R is (O)-complete if every (O)-Cauchy sequence in R is (O)-convergent in R.
Note that every Dedekind complete (¢)-group is (O)-complete (see also [12]).
We now fix an exponent 0 < a < 1, and introduce the concepts of A-density and A-
convergence of order « for a summability matrix A = (a;x);k-

Definition 2.4. The A-density of order « of a subset K C N is defined by
IG(K) = hm — Z ajk, (5)
keK
provided that the limit in (5) exists in R. Analogously we define the upper A-density of order

a and lower A-density of order a as follows:

—a 1 1
0 4(K) = limsup — Z ajr, 03 (K) :=liminf — Z ajk,

J keK J J keK
respectively. Note that for A = C;, A-density of order a reduces to density of order « (see
Definition 2.1 (b) ).

Remark 2.5. Observe that, if 0 < o < 1 and E C N is such that §(E) = 0, then §4(N\ E) =
+00. Indeed we get

1o
hjm a1 Zaﬂk = hm Zaﬂk + (6)
k=1 keE
) 1
7T emE



provided that the limits involved exist in [0, +00]. Since 0% (E) = 0, from (6) and regularity of

A we obtain
IG(N\ E) —llm—Zajk—+oo (7)

Definitions 2.6. (a) A sequence (xj); in an (¢)-group R is A-convergent of order o or A%-
convergent to xyg € R (shortly, A*limy x = x¢) if there exists an (O)-sequence (o,), such that,

for every p € N, 05(B,) = 0, where
B, :={k e N: |z, —x¢| £ 0,}, (8)

or equivalently

a—1 Z(ij—o

kEB,

hm

In this case we write A“lim,, x,, = .
(b) A sequence (xy) in R is A*-Cauchy if there is an (O)-sequence (7,), such that for every
p € N there exists n € N with

0GH{k eN:|zp —z,| £ 7)) =0.

Remark 2.7. For A = C;, the Cesaro matrix, A“-convergence reduces to statistical conver-
gence of order « (see [4]). Furthermore, if (xy); is A-convergent of order o when o = 1, we see
simply that (zy) is A-convergent. The collection of all sequences in an (¢)-group R which are

A-convergent and A“-convergent are denoted by Amy and Am{ respectively.

3 The main results

We begin with a Cauchy-type criterion, which extends [11, Proposition 2.13] to A®-convergence
in the (¢)-group setting.

Proposition 3.1. A sequence (xy), in R is A%-convergent if and only if it is A*-Cauchy.

Proof. We begin with the sufficient part. Let (0,), be an (O)-sequence, related with the
Cauchy condition. There is a sequence (n,), in N with 64(N\ F,) = 0 for all p € N, where

Fy={keN:|z; —z,,| <0p}. (9)

We now claim that F, N F, # 0 whenever p # ¢. Otherwise we have F, C N\ F,. But
04 (N\ F,) = 0, while 64 (F,) = o0 or 1 according as 0 < v < 1 or aw =1 (see also (7) ). This

is a contradiction, which proves the claim.



Let now p # q. There exists k,, € N with |z}, , — 2,,| < 0p and |z, — 2y, | < 04. So we
get |z, — z,,| < 0, + 04, and hence (z,,), is an (O)-Cauchy sequence. As every Dedekind
complete (¢)-group is (O)-complete (see [12]), there is y € R with (O)lim x,, = y. So for each
p € N we get ’

{keN:|o, —y|£20,} C{keN: |z — x| + |20, —y| £ 20,}
C {keN:|z,, —yl Lo} U{keN: |a —x,,| £ 0p},

and hence
0G{keN: |z —y| £20,}) =0.
So, A% liII€n xr = 1y, which proves the sufficient part.

We now turn to the necessary part. We know that there exist an (O)-sequence (o,), and
y € R with d%(B,) = 0 for every p € N, where

B, ={keN: |z, —y| £o,}.

Observe that N\ B, # ) for all p € N, because d%(B,) = +0o or 1 according as 0 < o < 1 or
a =1 (see also (7) ). If kK, n € N\ B, then

|2k = @n| <k =yl + |2n —y[ < 20, (10)

Let V, :={k € N : |z — x,| £ 20,}, p € N. From (10), for any p € N we get V, C B, and
thus d4(V,) = 0, since d%(B,) = 0. Thus the assertion of the necessary part follows. This

concludes the proof. O
We now prove uniqueness of the A®-limit in the (¢)-group setting.
Theorem 3.2. Let (x)r be an A%-convergent sequence. Then, its A%-limit is unique.

Proof. Let (x)r be a sequence in R, with A% lillcrn T, = X9 and A% liin T = Yo. Then there are

two (O)-sequences (0,),, (7,), such that
0G{k eN: |y — x| £0,}) =04({k €Nt |z —yo| £ 7,}) =0 for all p e N.
Fix now p € N, and let
Dy:={keN: |z, —xo| <0,}, Dy:={keN:|o—xo <7}

If Dy N Dy =0, then D; € N\ Dy, and hence 6§ 4(D;) < 64(N\ D), but §4(N\ Dy) = 0, while
0%(Dy) = 400 or 1 according as 0 < a < 1 or @ = 1 (see also (7) ), a contradiction. Hence,
Dl ﬂDQ 7£ @ Let k € D1 N DQ, then

lzo — yo| < |wo — 2k| + |28 — o] < Op + Tp-

Since (0,),, (1), are (O)-sequences, by arbitrariness of p we get zg = yo. O
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The next result is a fundamental property of A%-convergence in the case 0 < o < 1, and

extends [4, Theorem 1] to the (¢)-group context.

Theorem 3.3. Let A be a reqular and lower triangular summability matriz. If a sequence
(xk)k in R is A%-convergent to xo (with 0 < a < 1), then there is a set C :={k; < ky < ... <
kn < ...} C N with §,(C) = +oo and (O) lim zy, = .

Proof. Suppose that (z,,), is A®-convergent to zg. Then there exists an (O)-sequence (o),
with 69 (B,) = 0 for each p € N, where B, is as in (8). Set C, = N\ B,,. Since §%(B,) = 0, then
0%(C,) = 400 (see also 7) ). Moreover, it is easy to see that the sequence (C,), is decreasing.

Let now (G;); be a strictly increasing sequence of positive real numbers. Choose arbitrarily
vy € C1. Since §%(Cy) = +00, there is vg € Cy, vo > vy, with

Z a;r > G .51 for each j > vy
keCsq

In particular, we get

E Aoy K > G2 . ’Uga_l.

keCy

At the next step, since §%(C3) = +00, we can find an element v € C3, v3 > vy, with
Z Ay K > Gg . ’Uga_l.
keCs
Proceeding by induction, we construct a strictly increasing sequence (v;); of positive integers,
with v; € C; and
Z Aok > G- vj""l for all 7 € N.

k}GCj
Put now
C:=[1,v]U (U([vj_l,vj] N q)) .
=2
Since A is lower triangular, we get
ay; =0 forall j € Nand k> vj. (11)

As CN L] D C;N[L vl for every j € N, from (11) we get

a—1
d k=D ay x> Gy

keC keC;
that is
1
— Za%k > (G,, forall jeN. (12)
J keC



From (12) it follows that

Zavjk—+oo

;" keC

lim Sup

namely 6, (C) = +oo0.

Now, to show that the sequence (z)rec (O)-converges to xo, it is sufficient to observe that
for all j € N and k > v; we have |z, — x| < 0, where (0;); is an (O)-sequence. This completes
the proof. n

Remarks 3.4. (a) Some examples of lower triangular non-negative regular matrices, whose C;
is a particular case, are the matrices which generate the Erdés-Ulam ideals (see [18, Example
1.2.3 (d)]).

(b) Observe that, for « = 1, A®-convergence reduces to A-convergence, that is the con-
vergence generated by the ideal of those subsets of N having A-density zero. From this (see
also [23, Lemma 4] and [11, Proposition 2.8]) it follows that in a Dedekind complete (¢)-
group R, a sequence () is A-convergent to xo if and only if there is a subset C' C N,
C={k <...<k,<...},with04(C) =1 and (O)limz, = xo.

(c) For 0 < a < 1, the converse of Theorem 3.3 ig in general not true, as can be seen by

taking

(13)

(4,4), ifk=n*neN
Ty 1=
: (0,0), otherwise.

1 —a . .
Indeed, for o = 7 5 4(C) = 400, where C = {n? : n € N}, but it is not true that A*limy, ), =
(4,4).
From now on we do not require lower triangularity of the summability matrix involved, but
only non-negativity and regularity.

We now check the following inclusion, extending [4, Theorem 2.
Theorem 3.5. Let 0 < o < f < 1. Then Am§ C Amj.

Proof. Let (zx), € Am§ and with A® lilgn x, = x9. Then there is an (O)-sequence (0,), such

that for all p € N we get §%(B,) =0, namely

hm o Z ;. k,
kEB,
where B, 1= {k € N : |z — x| £ ap}. Since
=Y =3 a0
37 kEBy kEB,
then we get 65(B,) = 0, which shows that (), € Amj. O
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If we take f =1 in Theorem 3.5, then we obtain the following result.

Corollary 3.6. If a sequence (xy), in R is A*-convergent to xy for some 0 < o < 1, then it

is A-convergent to xg, that is Am§ C Amy.

We now prove a closedness property for the space of A%-convergent sequences, extending

[4, Theorem 3] to the (£)-group setting.

Theorem 3.7. Let o € (0,1], (x*)) be a sequence in Amg, where x*) = ('} ))- and for every

(k

Ty
keN (x§k))j is A“-convergent with respect to a common (O)-sequence (0,),, independent of
k. If x = (z;); is such that

(0)lim (\/ o — ;,;jy> =0, (14)

then x € Amg.
Proof. Let (x®),, satisfy (14), where x*¥) € Amy for all k£ € N. Suppose that

A lima'™ =y, for all k € N, (15)
J

By (15) there is an (O)-sequence (0,), with
6G({neN: |z —y| £0,}) =0 forall k,peN.
Fix now p € N, and put
Eeim fn e N: ol -yl < o) (16)

for all k € N. If B, N E, = (), then Ej, C N\ E, and hence 64(Ey) < 64(N\ E,) = 0. But
0%(Ey) = 400 or 1 according as 0 < o < 1 or @ = 1 (see also (7) ), and so we obtain a
contradiction. Thus for every k, » € N there exists m € E, N E,.

By (14) there is an (O)-sequence (7,), such that for all p € N there is ng = ny(p) € N with

\/ |x§k) — x| <7, forall k> n,.

j=1

Then

k r r
2 — 2] <12l — )+ 2l — ]

oo
v 9\ ) ) <21,

j=1
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for every j € N and k, r > ng. Thus we get

o — vl <y — 2P|+ 2 — 20 4 [y — 2]

< 20,+ \/ ]azgk) — x| + \/ |x§r) — ;| <20, +27,
j=1 j=1
whenever k, 7 > ng. This shows that (yx)x is an (O)-Cauchy sequence in R. Since R is
Dedekind complete, then R is (O)-complete too (see also [12]), and so the sequence (yi)x is
(O)-convergent to some element y € R. Hence there is an (O)-net (,), such that for each

p € N there exists n* = n*(p) with
lyp —y| <mp forall k>n"
Choose k > max{ng,n*}. Then for all j € N we have

k k
oj—yl < oy — 2l 2 — gl + e~y
k
< Tp+np+|x§')_yk|- (17)

Observe that, if E is as in (16) and j € Ej, then |z; — y| < w,, where w, = g, + 7, + 1,. So

(wp), is an (O)-sequence, and
E:={jeN:|z; -yl £w,} CN\ Ej.
Since by hypothesis 0% (N \ E;) = 0, we get also 64(E) = 0, which completes the proof. O

We now recall a condition, under which it is possible to replace a countable family of

(O)-sequences with one (O)-sequence ([5, Lemma 2.8]).

Lemma 3.8. Let R be a super Dedekind complete and weakly o-distributive (£)-group. If
( (k)

op)p is an equibounded family of (O)-sequences, then there is an (O)-sequence (b,), with the

property that for every k, r € N there exists p = p(k,r), with U}Dk) < b,.

Remark 3.9. Observe that, if R is a super Dedekind complete and weakly o-distributive
(¢)-group and (:vg-k))j, k € N, are as in Theorem 3.7, A%convergent for every k and order
equibounded in R (namely with a positive element u € R with ]xgk)| < u for all j, k € N),
then the (:Egk)) ;'s are A%-convergent with respect to a same (O)-sequence (b,),, independent
of k. Indeed, let (yx)r be a sequence in R such that for all £ € N there exists an (O)-sequence

(69, with 62(BS) = 0 for all k, p € N, where
Bz()k) ={jeN: \xgk) — yi| £ U[()k)}. (18)
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Note that order equiboundedness of the double sequence (xgk)

—Yk)jk 1S & consequence of order
equiboundedness of (xﬁk))Jk So, without loss of generality, we can assume that a,(,k) < 2 for
each k, p € N.

By Lemma 3.8 there exists an (O)-sequence (b, ), such that for every k, r € N there exists
p € N with O'gc) < b,. From this and (18) it follows that DM B‘,T()k”)7 where D) = {j eN:
]$§k) — yi| £ b,}. Hence we get 6%(D¥) = 0, since 5?1(356)) = 0. This proves the claim, by

virtue of arbitrariness of r.
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