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several equations inherent the zeros of certain Dirichlet series
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We want to highlight that the development of the various equations was carried
out according an our possible logical and original interpretation



From:

A. A. Karatsuba, On zeros of certain Dirichlet series,
Sovrem. Probl. Mat., 2016, Issue 23, 12—-16
DOI: https://doi.org/10.4213/spm57

We have that:
L, _ V10— 21/5 — 2
o V5 —1
[sqrt(((10-2sqrt(5))))-2] / ((((sqrt(5))-1)))
Input:
v 10-2v5 -2
V5 -1

Decimal approximation:

0.284079043840412296028291832393126169091088088445737582759...

0.28407904384...

Alternate forms:

i.fl — — [ =
;[-\.' 10-245 -245 +“|15[lD—2~.,"5] -2]
1

" [1+-4€][-\f10-2~.ﬁ? -2]

[- 1-v5 + .\;‘I 2(5+ -u'?] ]

|- ]

Minimal polynomial:
¥ 22 63 -2x+1

We have that

L(s,x1) = Z x1(n)n™?, Res > 0.



Fors=2andn=2

x1 = x1(n)
x1(2) =i, i2 = —1
o o 1 —ix T fa ~ei) i 1+I’{rrﬂ —
I(s)= L(s,x1) + L(s,x1)
2 2
we obtain:

(1-1%0.28407904384)/2*((((27-2)*1))) + (1+i*0.28407904384)/2*(((((2*-2)*1))))

Input interpretation:

1 1

[—[1“ [—0.284D?9D4384n] i+[—[1+1 D.EE4D?9D4384}] LA
2 22 2 22

iizthe imaginary unit

Result:
0.25
0.251=f(s)
Fls) = Z r(n)n~
n=1
¥ll=1 r(2) = r(3) = —s, r(4) = —1 r(5) =0




(5/P1) * gamma(3/2) * 0.251

Input:

2 r[g] 0.25
& 2 = I
Result:
0.352618... i

0.352618...i = g(s)

Polar coordinates:

r = 0.352618 (radius),

Alternative representations:

()5 -0.25:
2

8= 90" (angle

1.25 i P—]DgG'iBII'E;IﬂDgG':EII'Z;I

T T

r[§}5 0.25i 1.25; zl!

T T

r[g}s 0.25 i 1.251-r[§,0}

i T

Series representations:

r[g}s 0i25¢ 125437

k!

(220 Mag)

r I

r[g}s 0.25 i

1.25:

Iix)is the gamma function

iizthe imaginary unit

logGiz) gives the logarithm of the Barnes G-function

n!is the factorial function

I'ia, xis the incomplete gamma function

ha

2

T

ZN [3 3 }k zk ':—1}-':n‘j"‘k5i1-||:é';rl:—_,"-lk+23|:|:|:|r';_.::'-:1—2|:|:|
=00 g =0

£is the set of integers



Integral representations:
5
r(;)5-0.25¢ 15;

= [wl“_f'\;‘lf At
s T Jo
3 —_——
F[E}S DEE! 125! fl I1 _]_J e
— (] =
T T Jo \I g[t

1 _3x 32
) I
r(2)s5 -0.25: 125 EXP[JD (~Laxlogt) ‘”‘]'

Ha i

logix is the natural logarithm

From f{s) + g(s), we obtain:

0.251 + ((((5/P1) * gamma(3/2) * 0.251)))

Input:
5 (3
0.25i+ - r[—} 0.251i
oo \2
Iixiis the gamma function
iizthe imaginary unit
Result:
0.602618... ¢

0.602618...1

Polar coordinates:
r=0.602618 radiu d=00° ancle

L]

Alternative representations:

3 J |
F[E }5 0.251 1.95 ; o-0EG(3/2)4l0gG(5/2)
0.25i+ =0.25i+
m e
r[E}s 0.25 1.25: Ly
1 [ Y TR LANSR— S, U | S —
i m



r(2)s -0.25: 1.25:1(2, 0)
025§+ —=——— —0.25j+ ——=

logGiz) gives the logarithm of the Barnes G-function

n! is the factorial function

I'ia, xiis the incomplete gamma function

Series representations:

3 a0 [ iRzg)
r()s - 0.25i 1.25i 5 lg=] M)
2 k!
0.25i+ ————= = 0.25i+ for (zo ¢ Z orzg > 0
iy ar
r(2)5 - 0.25:
0.25i+ —2——— =
T i ik 1 . ]L_.;:;.
w (3 k o o 5|n|}5nf—;+.5:+23|:,:l SN 1-2g)
ﬂ.251[5+zm{2 ~%0) Tig T

i i i1 : i
ZM [3 . }k Zk -1¥ o .-+k5|n{5n|:—_;+k+23|:|:|]r<.-:'.;l—zu;l
k=0\z ~—“0 =0 T

£isthe set of integers

Integral representations:

3 .
M=)5=0.25i 1.25 .
D.251+{2}—=D.251+ !jmf_[\',?dt
m T 0
0.25i+ =025+ J lcg[EJ dt
T I ]
. 1 3x 3/
FLige: el
r(2)5 - 0.25: L2 EXP[ (Laxlog() “"‘]‘
0.25i+ —2 _0.25i+
FiB Fig

logixy is the natural logarithm



and:

-1/((((((0.251 + ((((5/P1) * gamma(3/2) * 0.251)))))))))

Input:
1

0.25i4 3 r[i} 0.25 i

T

Result:
1.65042
1.65942...1

Polar coordinates:
= 155942 i::-i!!!'~ I d= g':": ill':_"!"

Alternative representations:

1 1
) r2)s o.2s5i 3 1.25: 41
02554 N2 0BT 4 og, 125
[ ]
1 1
- 3 . T - -logG(3/2)+logG(5/2)
gigys NEAOAE gy aand B IR
[ ]
1 1
) r 2|5 025 &3 1.25i 1 2 o)
0.25i4 202 op, 1250
[ ]
Series representations:
1 4
{25 025i oo |2z Mizg)
0.25i + ”1-_,_512“,::0_.—

Iixiis the gamma function

iizthe imaginary unit

n! iz the factorial function
logGiz) gives the logarithm of the Barnes G-function

Iia, x) is the incomplete gamma function



e, e o], . . :
Ay [E i rzk =1 7 _-+k5m|:5nn:—_,-+k+ZzDI|:|[‘f_.3-:1—z|:|J
k=0ly 70} &i=0 i1 (=i+k)!

1

(=1} nmi¥% sinll[I; nl:—_.‘+k+23|:|:|:| M 1-zg)

['|:3]5 0.25i = — -
0254 22 ifs s 3, (3 - B

£ is the set of integers

Integral representations:
1 4

- i 1_3x, 33
5 Exp[le e dx] P+im

r2)s o.2si
0.25i+ 22—
T -l+x)logix)

1 1
- Hils o2si (.25 2.5 A
0.25 + N2l> 02 L
72
1 1
[-|:3l|5 0254 3 —1+.1'3-"E—Ing|5.1'3-"2'|
oy _2F ol ! s
0.25i + 2 = 1.25 exp| 5 +b —-:—1+.1':|In:|g-:.1'] dx|i
0.25i+

m

(((CC((1728)"1/3)))/1073)))i-1/((((((0.251 + ((((5/P1) * gamma(3/2) * 0.251)))))))))

Where 1728 occurs in the algebraic formula for the j-invariant of an elliptic curve. As
a consequence, it is sometimes called a Zagier as a pun on the Gross—Zagier theorem.
The number 1728 is one less than the Hardy—Ramanujan number 1729

Input:
V1728 1

I—

10? 0254+ 2 r[E} 8.25
m 2

Iixiis the gamma function

iizthe imaginary unit

Result:
1.67142... i

1.67142...1



Polar coordinates:
r =1.67142 radius), &=90° (angle

Alternative representations:

iv1728 1 iV 1728 1
100 35 025/ 10° 1254 L1
58 g Nl 2042 D
m am
iv1728 1 iV 1728 1
10° f3)s ozsi 10 0.95 ; 4 1251 OHG3/DHI0KG(5/2)

0.251+ —2”—

m

iv1728 1 iV 1728 1
10° 35 025¢  10° 1251 2 0|
0.95 1.4 N2}370354 0254+ 2139
m F13

n! is the factorial function

logGiz) gives the logarithm of the Barnes G-function

Iia, x) is the incomplete gamma function

Series representations:

iV 1728 1 i 4
10° 3]s o2si 250 (220 10z
. w  [5-%0] M)
D.251+—2—n ,,frJ,s,dej J—k!
for | Z o 0
iv1728 1
10° s p25i
0.251+r—{2'n—‘
w g k (-1y P sin{ln[—j+k+Ez.:,}}F‘j’[l—z.:,}
0.012 |5+* - 333.333 L[g-z-n]kl e T +
k=0 _|‘=|:| |.[—|+ }
k (-1¥ % sin(1 7 (- +k +2 2o)) 11 - 2g)
A Z[ —an Z [ } i
o~ it + k) /

k (- 1y ai*k 5111[51fr[—j+k+25'.;.}}r‘j’[1—z,;,}
5+2- 'z”r (=] +k)!

£ is the set of integers
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Integral representations:

iV1728 1 74 4x
10° 0235 o2si 250 o L
G5 12) i in+5i|"e Vit dt
m
iv1728 1 i 4
10° (35 o2si 250 o
0.25 44 ~2—— ”r+51j:jl‘(10g[rl}dt
iV1728 1 3 1
10° r(2)s o0.2si 250 B e e e e
0.25f + —=——m——— 125 exp| [ —S——————dx|i
m {=1+x) log{x)

0.25:i+

m

log(x) is the natural logarithm

Fork=5and 0.5 mod 5=0.5=y
a=(x(1) — x(-1))/2;
((((0.5(1)-0.5(-1))))/2

Input:
1
5 (0.5x1 -0.5=(-1)

Result:
0.5
0.5=a

(((2"-2)*1)) = L(s, 1)

vy —(s+a)/2 s+a
£(8,%) = (I) F( —IZ_ )L(s,x},

11



(Pi/5)"-1.25 * gamma(((2+0.5)/2))) * (((2*-2)*)))

Input:

)

..
P 2

2

Result:

0.405076...

0.405076..

A

Polar coordinates:

r = 0405076 radius

’ ﬁ':gDc :I!':_";

Alternative representations:

r[2+ﬂ.5 }1

2 )0 0.24134.
Z3125 g 125
(Z)7 22 1.06504(%)

[g }1.25 22 = 4{“0.0982?18 [E}I.ES
P o

r11.25 . 711.25
5772 ()

Series representations:

; (1.25 - k)
r[zm.s i 1.86919: 3, (1.25 zn:"r‘ iz)

2 !

= oI
[ﬂ }1.25 o2 125
5
240.5

r[_z ' 1.86919 i
xAL25 g ST Py
[é} 22 J11_III..'ZS Z:J;D (1.25 —Zn}k Zkﬂj -1H m """csml: E:rl:—_.+k+22|:,||:|r': 1.1—z|:,;|

FITY

12

Iixiis the gamma function

iizthe imaginary unit

n!is the factorial function



£isthe set of integers

Integral representations:

r 240.5
G 1.859191fw P
[
[,1-1.25 o2 T 5

2)

240.5
M=) 1.86919: 1

2 2 J logn'zs[—]dt

[ﬂ }1.25 92 ;125 o t

]

S 1 0.35-1.25 x4xl 25 i

M32)i 1869190 o

ST 1.25

HEE :

3

log(x) is the natural logarithm

and:

4(89+55)/144 (((((P1/5)"-1.25 * gamma(((2+0.5)/2))) * ((((2"-2)*1))))))

Input:
240.5
89455 (T(*52)
14 [E 125 o2
5)
Iixiis the gamma function
iizthe imaginary unit
Result:
1.62030...
1.62030...1

Polar coordinates:
r = 1.6203 (radius), &=90"iangle

13



Alternative representations:

[4{ {Zm's 139.012;

(Z)*2?)144 106504 144 ()"
(4(r(222) ) 89 + 55) S

[[é }1'25 22} 144 - 144 00982718 [é }1.25
[4{ [2+u:|5} ”[89+55} 144 0.951

[[5}125 22}144 144[ }125

n! iz the factorial function

Series representations:
[4(r(*3°): 7.47674i 5}, M%W

[{ }125 22}144 & 125 for .
(l22):

(2)"*°2%) 144

747674 i
j =i . lJ . L
- Z:LD (1.25 — g ziﬂ -1¥n +-'~:5m|:_ EJ:!Tl:-,_;::;zzD]]r: 1-zg)

£isthe set of integers

Integral representations:

[4{ [2+|:|.5 (89 +35) _ TATE74E e §0-25 g4
[[ }125 22}144 = 125 L €

[4{r[2+§'5 i|] (B9 + 55 _ 747674 ‘110gn.25 } dF
[[1 }1_25 22} 144 }T1.25 0
5

e .. P
[4(M(552)9)9+55) 74767460 eosm

[[é }1.25 22} 144 . o125

14



or:

Pi(8+34+55+89)*1/144 ((((Pi/5)*-1.25 * gamma(((2+0.5)/2))) * (((2*-2)*))))))

Input:

1
a(8+344+554+80)x —
144

Result:
1.64375... i

1.64375...1

Polar coordinates:
r = 1.64375 radius # = 090" (angle

)

2
1.64375 =~ {(2) =’% = 1.644934 .

Alternative representations:

(r (8 + 34+ 55 + 89 (222 44.8892ix

144(1 Jratiat 1.06504

(r (8 + 34 +55 + sg}w[%]z

()1

Q3 i

144 [isr }1.25

22 2. 144 ¢

0.0982718 [5 }1-25
5

((8+34+55+80NI(*22)i  93;,0.251

r11.25

144[;} 22 2 144(

r11.25

)

15

Iixiis the gamma function

iizthe imaginary unit

n! is the factorial function



Series representations:

—z R
(r(8+34+55+89) 1(202) i 2.41437i 57, “ﬁzﬂk—r‘zﬂ’

11.25

0.25
144(3) "

22

({8 + 34 +55+89 r[zf's }1

144&}1.25 92

2.41437 i7" 7

e g ok 'i—l}':;r__.:""":gim:%nl:—_,"-|k+23|:|:|]r':_.::'-:l—3|:|:|
Lk:n[ restida) 2.;:0 it{=j k)t

£isthe set of integers

Integral representations:
(m(8+34+55+8IN (222 )i 5 41437,

2 f‘“’ 0 ,0.25
= e dt
1 [g}l.ZS o2 025 5

(r8+34+55+8INT(Z2)i  241437; ;1 Lol
| = og [—Jf”
144&}1.25 92 7925 J,:, t

AR AR gL B
(8 +34+55+ 80y r[zjj}! 24143?{,13 {=14xilogix) =

1 1.25

144[1;} 0.25

22 m

logixy is the natural logarithm

(55/1073-2/1073)i-8/10"3i+Pi(1+5+89%2)/144 ((((Pi/5)*-1.25 * gamma(((2+0.5)/2)))
*(((27-2)*D)))))

Input:
240,57
55 2 8 1 r[—*2} i
[E_EJI_E!+}T[E4[1+5+EQ 2}] RYET ;
5

Iixiis the gamma function

iizthe imaginary unit

16



Result:

1.671078323779447077377561675383988106009659813763624116800... ¢

1.67107832...1

Polar coordinates:

r=1.67108 radius), &=00° angle

Alternative representations:

(55 zJ i8 [}T{[z“':'5}”[1+5+gg 2) 44 4065 i
e ol | iR &

10° 10°)  10° (= | 22) 144 106504 144(%)

240.5
I

(1+5+89  2) ABin

[E 2 JI_£+[”{F[

103 102 10° [[ }125 22}144 144 (00982718 [5

(145+89+2)  46ix0.25! 45i

N B T T T

[E 9 ] ) i8 [F{r[zm.s ;
10°  10° 1

Series representations:

K
2.3884i 33 <1.25-z.:,kfl‘r" (zg)
0.045: + : for{zg ¢ £ orzp = 0
025

(1+5+89:2)

!_
100 10°

[E 2] i8 [’T{r[ g

0770 () e

1.25 3

}125 g

45 §
10°

45§
10°

n!is the factorial function

-1y poitk 5i11|: % m—j+k+2 =g 'I] F':-'::'-:l—znil

2.3884 [;rﬂ-?'-‘ +0.018841 5 (1.25 -z ) £¥ e

i =i+ gin L j i)
Zm (1.25 - 2 }k Zk {=1¢ n~4 sm|: E:rl:—_.+k+23|:|:|]r-:_,1“_zm
k=0 L 8] _|i=|:| _I:!|:__|:+|l;:|!

17

£isthe set of integers



Integral representations:
55 2 iB [II' [r[2+;'5}!}}[1+5 + 849
=)

]

) 2.3884i rw
IR 1T Lo p Rudeaiatle J et 195 gt
0

- E X [[:_j_r }1_25 sz 144 028

(55 2]! i [r(r(22)i))a+5+89.2

e e - — + =
1|:|3 1|:|3 1|:|3 [[,1}1.25 22j144
2.3884 1 : 1
. I i3
0.045 i + J lo ME[—JM
J1,I_III.EE a g t

55 2 ;g [}T [r{z+;_5},”[1+5+89 2)
R PR D
2.3884{'101 1':—1+.:] logix) dx 2

0.045: + S

logixy is the natural logarithm

_8/1073i+Pi(1+5+89%2)/144 (((((Pi/5)"-1.25 * gamma(((2+0.5)/2))) * ((2*-2)*))))))

Input:

8 1
—E1+r(m[l+5+89 EPJ[

i
[_,1}1.25 22
5
Iixis the gamma function

iisthe imaginary unit

Result:
1.618078323779447077377561675383988106009659813763624116800... ¢

1.61807832...1

Polar coordinates:
r = 1.61808 (radius #=00° (angle

)

1.61808 result that is a very good approximation to the value of the golden ratio
1.618033988749...

18



Alternative representations:

i (r(r(*2))a+5+892) 44.4065 i 8i
g X i

10° ((2)"* 22) 144 1.06504 144 (1)"%  10°
i [(r(*72))a+5+89 -2 46in 8

100 [[ }125 22} 144 - 144 g00982718 [g}l-ZE T 10°
18 [}T[{zms}”[1+5+89 2) 451”0251—&

1|:|3 " [[ }125 22}144 144[ }125 103
Series representations:

i-8) (r[M(%52)i))a+5+89.2 2.3884i 57, <_1-25-zu: fizg)

T T =-0.008:+ T -

10 (5) " 22)194 %
i(-8) [fr [r{2+|:|_5 (1+5+89 -2)

0 (e

2.3884(n"7° - 0.00334952 5" | (1.25 - ) i,

=1y piHk

n!is the factorial function

5i1'||: % m—jHe+2 2 'I] F';-';:'-:l—zDIl

T

k (=1 n—iH 5|r||: m- +k+z;,;,1]r“‘¢1-z.:,y
z;;:n[IES ~Zo) Z:EI

I 'I —j+k]!
Integral representations:
240.3
I8 [r(r(*72)i)) 2 +5+89 - 2)  oo0s, . 23884 jm 025 4,
1|:|3 [[ }1 .25 22} 144 }TD'EE 0
I r{Z22)i)) (1 +5+89x2)
o e il i . j agﬂ-z'-‘[l].;n
1|:|3 [[ }1 23 22} 144 }TU.ZE o t

19

£isthe set of integers



\ 1 0.251 25 z4] 25
S {ﬂ_[ [2443.5 i|(1+5+89 2) 2 3884¢=JU i1 +x) logix) :!x!

T {[ }125 22}144 = -0.008i+ — o

logixy is the natural logarithm

(21/1073-3/10"3)i+Pi(1+5+89*2)/144 (((((Pi/5)"-1.25 * gamma(((2+0.5)/2))) *
(((2"-2)*D))))

Input:

21 3 1 . i
[E—EJ1+N(E[1+5+EQ 2}] 125 Z.E

Iixiis the gamma function

iizthe imaginary unit

Result:
1.64408... i

1.64408...1

Polar coordinates:
r=1.64408 radius # = 90° ill':_"!"

1.64408 =~ ((2) = = = 1.644934 ...

Alternative representations:

(ﬂ _i] [ﬂ[r[m's i 44,4065 i r 18
10° 10°)" ((2)"* 2%) 144 " 106504 144(1)'% " 10°
21 3 [F[F[M'S i 46in 18
[E B E]I ’ [[ jl.23 22} 144 - 144 (00982718 [E}LZS & E

[21 3 J [fr[r[m"j i _ 46ir0.25! 18i
1|:|3 1|:|3 EX [[ 12522}144 144[ }125 2 103

n! is the factorial function

20



Series representations:

¥ 4]

(6 ) =0.018i+ s

Ior(zo £ orzg =4

I+
10°  10°

(ﬂ i] {‘T{r{ — )

21 3 {F{r{zm's il +5+89 2
[E EJH ((2)° 22) 144 )

-1y poitk sinll % mi-j+k+2 7 'I] F':-'::'nil—zD:l
J-j)t

2.3884 [;r':'-?'-‘ +0.00753641 £ (1.25 - z0)* Thg

L -1y pitk smli—:rl: _.+k+23|:|'l:|r'; :'-:l—zDil
S (1.25 - z) Z s A

£is the set of integers

Integral representations:

r 240.5 .
[ﬂ _i]H (= (%5 oo s A NATY j €025
10°  10° {{ }125 22}144 025
21 3 {F{r{m's i 2.3884 (1 1
T T T e
240.5 @ 0.25-1.25 r4x!-25
21 3 {”{ { } ”[1*5 +89 - 2) 2.3884 ¢ {-147) loglx) ;
[___Jf"‘ =0.018i+
108 10° {{ }125 22}144 0.25

logix is the natural logarithm

21



V10 —2/5 — 2

v’g —1

H =

we obtain:

272 ((((([sqrt(((10-2sqrt(5))))-2] *1/ ((((sqrt(5))-1)))))

Input:
[uf 10-2v5 -2] 1
va-1
22
Result:
V10-2+v5 -2
45 -1)

Decimal approximation:
0.071019760960103074007072958098281542272772022111434395689...

0.07101976...

Alternate forms:

l—;[\/m-z-\g -21!?+\/|5[1D—2*~E] —2]

o0

[-1-ﬁ€+,\;‘|2[5+u'?]]

\/2[5-15] 3

4(y5 -1)

Minimal polynomial:
256 x* +128x° -96x° -8x +1

22



and:

sqrt((((((colog((((((2"-2 * ((((([sqrt(((10-2sqrt(5))))-2] *1/ ((((sqrt(5))-
DOIIIMMII))

Input:

[*u' 10-2v5 -2] !

v 5 -1

~log

\

22

e

log(x) is the natural logarithm

Exact result:

v 10-2+5 -2
~log —
\ 4(v5 - 1)

Decimal approximation:
1.626283221731029060431182422919583254374345669824004146502...

1.62628322...

Property:

———

~2+v 10-2+5
4(-1+5)

~log

\

] 15 a transcendental number

(34+8+3)/10"3+sqrt((((((colog((((((2"-2 * (((([sqrt(((10-2sqrt(5))))-2] *1/
((((sqrt(5))-DNNNNINNNIN))

Input:
_aafc _ 1
34+8+3 : [‘m £ 2] 75 -1
+ | -log
10° \ 22

logixy is the natural logarithm

Exact result:

V10-2+5 -2
4(v5 -1)

9

200 +\‘- is

oy
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Decimal approximation:
1.671283221731029060431182422919583254374345669824004146502...

1.67128322...

Property:

~24+410-2+5
— 4+ |-lo
200

4(-1+v5)

] iz a transcendental number

Alternate forms:

A ||—1c:g é[—1—£+\/2[5+w’€]]]

200 "\

i H[\f—r o] V5 1)

V10-2+5 —2]

— |9 +200 |-log —
0 - [ 4(V5 -1)

Alternative representations:

34+8+3 10-2v5 -2| 45 ‘ 1 -2+V10-2+v5
—— + | -lo e = — + | —-l0E, e
10° \ 22 (5 -1) 10° '\ 4(-1+v5)
34+8+3 Y10-2v5 -2 45 -2+V10-245
5. - | -log s =+ | —logia) log, -
10 \ 2°(v5 -1) 10° 4(-1+v5)

34+8+3 10245 =2 45 ‘ -2+V¥10-245
+ | -log - {Li7|1 -

10? \ 22 (V5 -1) 4(-1++5)

loggixiis the base=b logarithm

Lipixiis the polylogarithm function

24



Series representations:

1 [_1 . _24v 10-245 T(

34+8+3 | V10-2v5 -2 9 i 41495 )
— + | -log = — +
10° 22 (V5 -1) 200\ = k
344+8+3 | (V10-2+5 -2
+ | —log =
10° 22 (v5 -1)
arg 249 10-2_135 . [—l}k 24y 1IZI—I'Z_1.-' 5 x| x*
0 ; 4-14v5 | 1 o 4{-1+v5]
r—s el - logix) +
200 b T BLx) ;;1 k
for 0
34+8+3 10-2+5 -2
s ~log =
10 \ 22 (+5 -1)
I3
i [2:¥ 10245 %
1 -1y | ——————— -=2g| &
9 T—arg = —argizl o 4[-14V5) o
— 4+ | -2 - logizg) + ' '
200 o 2n 850} + ) k
k=1
argiz)is the complex argument
|x] iz the floor function
Integral representation:
2 10-24 5
34+8+3 10-2+5 -2 9 RENHR
———— + |-log = —+ —j —dt
10° 22 (V5 -1) 200 1 t
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-8/10"3+sqrt((((((colog((((((2"-2 * (((([sqrt(((10-2sqrt(5))))-2] *1/ ((((sqrt(5))-
DOIMIN))

Input:
. = 1
4 o [u“ 10-2v5 -2] —
L
10° \ i

log(x) is the natural logarithm

Exact result:

~log

\

V10-245 -2 1
4(vW5 -1)

Decimal approximation:
1.618283221731029060431182422919583254374345669824004146502...

1.61828322.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...

Property:
1 ~2+Y10-245 |
-— + | -log — is a transcendental number
125 \ 4(-1+v5)

Alternate forms:

| é[-l-wj?+\(lz[5+ﬁg]]]-i

| lo
| 5 125

\

_1_:25 -4y lag[‘j 10-2v5 - 2]- 103[4["? -1))

1 Vi0-2+5 -2
— 125 | -log -1
125 \

4(+5 -1)
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Alternative representations:

8 Y10-2+5 =2 8 ~—24+¥10-2+5
ks | —log =-— + |-log,
10 22 (V5 -1) 10 4(-1+v5)}
g : V10-2v5 -2 8 R —2+Y10-2+75
-— -log =-——7+ | —l0gla)log,
107\ 22{(f5-1) 108y 4(-1+v5)
8 | Y10-2+5 =2 8 i by 224+¥ 10245
-— + | -log =—-——+ 111 -
10° 22 (v'5 -1) 10° 4(-1+v5)
logpixiis the base-b logarithm
Liy(x)is the polylogarithm function
Series representations:
—2 10-245
o 1 T e 6
8 j Vv10-2+5 -2 B 4[-1495
- % —log =
10° 22(¥5 -1) 125 '\.|k=1 k
8 1 [V10-2v5 -2 1
-— + | -log -— 4
10° \ 22 (V5 -1) 125
24y 10-245 k[-24¥10-2v5 ik
argl ——————— -x -1y | — -x| x
5 4|:_-1+u'5] i i 4{_1+u'5] r
—2im — log(x)y + or
2 g(x) k
k=1
8 | V10-2v5 -2
—_—_— — Qg —=
10° 22 (5 -1)
d 1k 244 102 V5 i L
1 n—arg[g] — argizy) o L —44_1”?] —Zn| Ep
125 -2 = —1C:Ig'[Z|;|]'+kZI P
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argiz)is the complex argument

|x] iz the floor function

Integral representation:

—

—24y 10-245

8 Y10-2+5 -2 1 T alaevE) 1
o | 2 :"_“‘{"J alaws) Lo
10° '\ 22 (5 -1) 125 1 t

Thence:

Z(t) = exp(i*1.7917594692) zeta(1/2+31)

Input interpretation:
1
expli 1.?91?594692};[5 + 3:}

£(5) is the Riemann zeta function

iizthe imaginary unit

Result:

-0.039781315591... +
0.53707584880...

Polar coordinates:
r = 0.53854713854 (radiu

N L]

8 = 94.23617405° (angle

0.538547...
Note that 0.538547*3 = 1.615641, result very near to the value of golden ratio
and:

Result:
0.251

0.251 = {s)
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We have that:

A. A. Karatsuba, On zeros of certain Dirichlet series,
Sovrem. Probl. Mat., 2016, Issue 23, 12-16
DOI: https://doi.org/10.4213/spm57

From:

t+h t+h
1= / |Z(u)| du, L= \[ Z(u) du|.
Ji Jt

F(u) = Z(w)| f(u)]?,

where: r = 0.53854713854 (radius), @ = 94.23617405° (angl

)

0.53854713854 * (0.251)"2

Input interpretation:
0.53854713854 (0.25 )

iizthe imaginary unit

Result:
-0.03365919615875

-0.03365919615875

integrate [0.53854713854]x x,[3, 5]

5
[ 0.53854713854 xxdx = 17.592539859
3

17.592539859
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Visual representation of the integral:

14 | e
5 [ -
10| /

8 | ﬂ/

6 | _—

3.0 4.0 4 0

((((integrate [0.53854713854]x x,[3, 5]))))"1/6

Input interpretation:

[ rs
::Il'f 0.53854713854 x x dx
3

Result:
1.61270434959

1.61270434959 result that is a good approximation to the value of the golden ratio
1.618033988749...

Computation result:

II 5
"?III [ 0.53854713854 xxdx = 1.6127
w3

(((integrate [0.53854713854]x x,[3, 5]))))"1/(24"2/10"2)

Input interpretation:

@
L [ 0.53854713854 xx dx

Result:
1.64514003871

1.64514003871 = {(2) == = 1.644934...

30



Computation result:

@
L [ 0.53854713854 xxdx = 1.64514

sqrt(((((1/(2P1) ((((integrate [0.53854713854]x x,[3, 5])))))))))

Input interpretation:

J:d

5
= [ 0.53854713854 x xdx

T w3

Result:
1.67330202895

1.67330202895

Computation result:
.'

1 s
\II'I 2n ( 0.53854713854xxdx = 1.6733

o W3

-2/T0M3+H(((((sqrt(((((1/(2P1) ((((integrate [0.538547138541x x,[3, 51)))))))))))))

Input interpretation:

2 (1 5

] — [ 0.53854713854 x x dx
108 N 2n.Js

Result:

1.67130202895
1.67130202895

Computation result:
2., L
103 " "'q'l 2.

*5
( 0.53854713854 x xdx = 1.6713
3

-55/1073+(((((sqrt(((((1/(2P1) ((((integrate [0.53854713854]x x,[3, 51))))))))))))
Input interpretation:

55 1
"10° "V 2x.

"5
{ 0.53854713854 xx dx
3
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Result:
1.61830202895

1.61830202895 result that is a very good approximation to the value of the golden
ratio 1.618033988749...

Computation result:

55 1 s
_inoag "{ s [ 0.53854713854 x xdx = 1.6183
10°

T 3

-1/(((0.53854713854 * (0.251)"2)))

Input interpretation:
1

© 0.53854713854 (0.25 i)?

iizthe imaginary unit

Result:
29.70956273832586242674273442997839013269748232947319003686...

29.7095627...

(((integate (((0.53854713854 * (0.251Y°2))x, [3, 13]))))"1/2

Input interpretation:

[ 13
.\In'j (0.53854713854 (0.25 i° ) x d X
3
iizthe imaginary unit

Result:
1.00476 x 1072 4+ 1.64006 ;

Computation result:

[ 13
,\f' j (053854713854 (0.25 i)?) x dx = 1.00476x107'® + 1.64006 ;
3
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Alternate form:
1.64096 ;

1.640961 = ((2) = L =1.644934 ... (with imaginary unit)

2
6

(34/1073-3/10"3)i+((((integate (((0.53854713854 * (0.251)"2)))x, [3, 13])))*1/2

Input interpretation:

34 3 [ 13 2
[— - —]H | [ (053854713854 (0.25 1)) x dx
100 108/ Y.Js :
iizthe imaginary unit
Result:

1.00476x 1076 + 1.67196 ;

Computation result:
[ 34 3 '

10°

"13
E]z + ,\;‘ [ (053854713854 (0.25 i)°) x dx = 1.00476x107'® + 1.67196
w3

Alternate form:
1.67196

1.671961

(-55/1073-2/10"3+34/10"3)i+((((integate (((0.53854713854 * (0.251)"2)))x, [3,
BY)))M/2

Input interpretation:

5 2 34 [ iz :
[_ E _] I+ VI' [ (0.53854713854(0.25 )" | x dx
Ja

e
10 10°

iizthe imaginary unit

Result:
1.00476x 1076 + 1.61796 ;

Computation result:

55 2 34 | 13 5

[-— Ly —}H\( f (0.53854713854 (0.25 /") x dx =
1?7 107 1¢? J3
1.00476 x 107 1% 4+ 1.61796 ;
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Alternate form:
1.61796

1.617961 result that is a very good approximation to the value of the golden ratio
1.618033988749... with imaginary unit

Now, from the sum of /; and /,, we obtain:
2* integrate [0.53854713854]x x,[3, 5]
Definite integral:

"5
2[ 0.53854713854 x” dx = 35.1851
J3

35.1851

and:
((((((2* integrate [0.53854713854]x x,[3, SD))"1/7

Input interpretation:

5
,:IIE ( 0.53854713854 xxdx
3

Result:
1.66306170311

1.66306170311 result very near to the 14th root of the following Ramanujan’s class
invariant Q = (Gsos/G101 /5)3 =1164.2696 i.e. 1.65578...

Computation result:

5
,:III 2 { 0.53854713854 x xdx = 1.66300
3

8/10"3-+((((((2* integrate [0.53854713854]x x,[3, S))))) /7

Input interpretation:

8 | 5
— +72 ( 0.53854713854 x x dx
100 N Js
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Result:
1.67106170311

1.67106170311

Computation result:
8 [ s
ol ,;( 2 ( 0.53854713854 x xdx = 1.67106
/3

(21/1073-3/10"3)+((((((2* integrate [0.53854713854]x x,[3, S)))))*1/7

Input interpretation:

21 3y [ s

_[_ _—}sz [ 0.53854713854 x x dx
108 108 J3

Result:

1.64506170311
2
1.64506170311 = {(2) = ’% = 1.644934 ...

Computation result:

21 3 g 5
-[— i —J+ 7| 2 ( 0.53854713854 x xdx = 1.64506
108 109 Ja

L(34/1073+8/1073+3/1073)+(((((2* integrate [0.53854713854]x x,[3, S 1/7

Input interpretation:

3 8 34y [ s
_[_ T —]+\II 2 [ 0.53854713854 X X dx
12 107 107 J3

Result:
1.61806170311

1.61806170311 result that is a very good approximation to the value of the golden
ratio 1.618033988749...
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Computation result:

34 8 3 I s
-[— PEC —] +72 [ 0.53854713854 x xdx = 1.61806
107 109 109 Ja

D-BRANES (Dirichlet boundary conditions)

From:

STRING THEORY VOLUME II - Superstring Theory and Beyond
JOSEPH POLCHINSKI

Institute for Theoretical Physics - University of California at Santa Barbara
© Cambridge University Press 2001, 2005

We have that:
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The scattering amplitudes of closed strings from the D-brane are invariant
only under these 16 supersymmetries.

To see the significance of this, consider first the conservation of momen-
tum. There 1s a nonzero amplitude for a closed string to reflect backwards
from the D-brane, which clearly does not conserve momentum in the
direction orthogonal to the D-brane. This occurs because the Dirichlet
boundary conditions explicitly break translational invariance. However.

from the spacetime pomnt of view the breaking is spontaneous: we are
expanding around a D-brane in some definite location, but there are
degenerate states with the D-brane translated by any amount.! For a
spontaneously broken symmetry the consequences are more subtle than
[or an unbroken symmetry: the apparent violation ol the conservation law
is related to the amplitude to emit a long-wavelength Goldstone bason.
For the D-brane, as for any extended object, the Goldstone bosons are
the collective coordinates for its motion. In fact. the nonconservation of
momentum is mcasurcd by the integral of the corresponding current over
the world-sheet boundary,

1
2ol

which up to normalization 1s just the (0 picture) vertex operator for the
collective coordinate, with zero momentum in the Neumann directions.

We conclude by analogy that the D-brane also spontaneously breaks 16
of the 32 spacetime supersymmetries, the ones that are explicitly broken
by the open string boundary conditions. The integrals

[ ds "!'“; = —/ ﬁiﬁ{ﬁg‘;’"")z " (13.2.4)
- l‘.-;"p‘j l'._J"r’i'

which measure the breaking of supersymmetry. are just the vertex op-
erators for the fermionic open string state (13.2.1). Thus this state 1s
a goldstino, the Goldstone state associated with spontaneously broken
SIIPE['S}'ITIJ.HBU'Y.

/ ds {-_\erg " A
l"?_'w

We observe the following possible mathematical connection, between the following
integrals concerning the Dirichlet series and the integrals of the eq. (13.2.4):
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t+h t+h
I = / Z(w)|du, I = '[ Z(u) du
Jt 1

/ ds ?‘""; = — / ds [ﬁ‘?{“’h g
- [-: M - fn_'il'r]{

From the sum of /; and /,, we obtain:

t+h t+h
f |Z(u)|du +j |Z(u)|du = 35.1851
t

t

Thence:
t+h t+h
f |Z(u)|du = 35.1851 —f |Z(u)|du
t t
But:
t+h
j |Z(uw)|du = 17.592539859
t
Thence:

t+h
f |Z(w)|du = 35.1851 — 17.592539859 = 17.592560141
t

This 1s a possible solution to the eq. (13.2.4). Dividing by 48, i.e. 32 + 16, that are the
spacetime supersymmetries, we obtain:
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sqrt((((((AS/((((((-17.592539859+[(((((2* integrate [0.53854713854]x x,[3,
SDIO)DIIMIN))

Input interpretation:

|' 48

\ -17.592539859 + 2 - [30.53854713854 x x dx

Result:
1.6517957595

1.6517957595 result very near to the 14th root of the following Ramanujan’s class
invariant Q = (6505/6101/5)3 =1164.2696 i.e. 1.65578...

Computation result:
|' 48

\ -17.592539859 + 2 053854713854 x x dx

= 1.6518

and:

2sqrt((((((((6*sqrt((((((((48/((((((-17.592539859+{((((((2* integrate
[0.53854713854]x x,[3, SHNNDININ)

Input interpretation:

|' 48

2|6 -
\ wq' ~17.592539859 +2 [70.53854713854 x x dx

Result:
6.2962765368

Computation result:

|' 48

2|6 ;
\ wq' ~17.592539859 +2 - [0.53854713854 x x dx

= 6.29628

6.2962765368 = 2mtr, where r :
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Input interpretation:

: |' 48
\ ‘ql—l?.592539859+2 J50.53854713854 x xdx 27

Result:
1.00208353390

1.00208353390

Possible closed form:

[ 1

.\|' 13 (-162+5¢+607-13 log(8) = 1.00208353389882

We have that:
1/1.00208353390

Input interpretation:
1

1.00208353390
Result:

0.997920798187461365689645327082047964983530800635182455820...
0.99792079818...

Note that, this result is an excellent approximation to the result of the following
wonderful Ramanujan formula, that link 7, e and ¢:

] _ [5+/5  1+/5 21/
e—2n 2 2

0.998136044508509332150024459047074735311382004763043082185... —

0.998136044598509332150024459047074735311382994763043982185... ~
40



~ 0.997920798187461365680645327082047964983530800635182455820....

In conclusion, we obtain:

[ ds ‘f; = —/ .:i’.*;1’,6#5-’)"}7'"’*11m ;
JOM J oM =

t+h

t+h
:>j |Z(u)|du = 35.1851 —j 1Z (w)|du
t t

t+h
f |Z(w)|du = 35.1851 — 17.592539859 = 17.592560141
t

From the result, dividing by 48 and computing the square root, we obtain:

t+h t+h
j48/j |Z(w)|du = 48/ (35.1851 —j |Z(u)|du> = 1.6517957595
t

t

result very near to the 14th root of the following Ramanujan’s class invariant

Q = (6505/6101/5)3 =1164.2696 i.e. 1.65578...

We also obtain:

21/1073+sqrt((((((((A8/((((((-17.592539859+[((((((2* integrate [0.53854713854]x
X[3, SDONDIININ))

Input interpretation:

21 | 48

i :
10° ‘ul ~17.592539859 + 2 - [70.53854713854 x xdx

Result:
1.6727957505

1.6727957595
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Computation result:

21 | 48

R
10° \q' ~17.592539859 + 2 - [70.53854713854 x x dx

= 1.6728

and:

[(((-34-8-5-2))/10"3)+sqrt((((((A8/((((((-17.592539859+[((((((2* integrate
[0.53854713854]x x,[3, 5D))MNDIINNN)))

Input interpretation:
|

-34-8-5-2 | 48
+ -
10° 1.," -17.592539859 + 2 __f350.53854?13854xxdx
Result:

1.6027957595

1.6027957595

Computation result:

34-8-5-2 | 48

+ :
103 \ -17.592539850 +2 - [0.53854713854 x x dx

= 1.6028

From:

A. A. Karatsuba, Euler and Number Theory, Sovrem.
Probl. Mat., 2008, Issue 11, 19-37
DOI: https://doi.org/10.4213/spm21

N:21, p1:3 p2:5 p3:13

a = 1—0.00003 (Xoxaiizenn, 1930 r.) a = 1 — 0.004 (XeltaOponm,
1933 r.) a =1—0.25 (Yysaxos, 1936 .) @ =1 — 3 (Muaram, 1937 r.)

a=1-— % (MonTromepu, 1969 1) o = 1 — % (Xakcmu, 1972 r.).
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p1+pa+p3=N. (15

o(N) > 1,

N2
() (.

Y
3y 7V

1
I(N) = /D TS((}-) i

We obtain:

((((2172*2))) / ((((2(In21)"3))))

Input:
21°% %2
2 log?(21)

logixy is the natural logarithm

Exact result:
441

log?(21)

Decimal approximation:
15.62719574714896294408343576998644036034904541127061744027...

15.6271957...

Property:
441

15 a transcendental number

log?i21)

Alternate form:
441

(logi3) + log(7)°
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Alternative representations:
21" %2 2im?
2log®21)  2logd21y

212 % 2 2 %212
21og®21) 2 (log(a) log, 21y

212« 2 2 212
2log?(21) 2 (-Li;(-20)°

loggixiis the base=b logarithm

Liy(x)is the polylogarithm function

Series representations:

21% % 2 441
2log’21) o Lfy
oz - 37, el
21= %2 441 :
= or X [
3 i ]
2log21) [Erfrlmgfj_ﬂj+lcg[x}— L:::l 1-1.1*‘121-::.#1
21° %2 441
2 10g3[21} : [ mg-:Zl— i 1 =00 ‘:—1#':21—.30#20_"; ]3
logizo) + [ o J [lng[ 5] - lcg[z.;.}] - Lk:l e TS

argiz)is the complex argument

|x] iz the floor function

Integral representations:
21% x 2 441

2log?(21) h Uizlrl"”}g
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212 .2 3528

3

ElngB[El} - [J‘T.w-ry 2078 re._-smE [(l+s) 4
=1 a4y [.:1_51
Iixiis the gamma function
and:

1/(3P1) ((((2172*2))) / ((((2(In21)"3))))

Input:
1 212 .2

3r 2log?21)

logixy is the natural logarithm

Exact result:
147

rlog?(21)

Decimal approximation:
1.658096966548934673456691819261555085659500816762242191423 ..

1.65809696.... result very near to the 14th root of the following Ramanujan’s class

invariant Q = (Gsos/G1o1/5)° = 1164.2696 i.c. 1.65578...

Alternate form:
147

r(log(3) + log(7y°

Alternative representations:

212 x2 2% 212

(2log?21)3m  (3m(2logi21))
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212 x 2 2 x 212
(2log®21)) 3  (3m (2 (og@) log,(21)7)

21% x2 2 %212
(2log?21)3m  (3m(2 (-Li1(-200°)

loggixiis the base=b logarithm

Lipixiis the polylogarithm function

Series representations:
212 x 2 147

(2log21))(3m w [FEFY
4 ol L 3nd
m({logi20y Zk=1 ——D—k
212 %2 147 r
= or X [

2log®21))(3 m argi21-x) w1 21-af xR
[ ) }T[EI}T[ = J+1Dg[x]'_z.&=1 e ]

212 » 2 147
2log?21))(3m g 1R (2150 258 P
(2log"21)) (3 m) ;r[lu::g[z'.;.]\+[El—z‘:'—lgi:lT ’J[lng[i]ﬂng[zu}]—zzl S, :':' 0 ]

argizis the complex argument
|x] iz the floor function

Integral representations:

21%:%2 147
2log?21)(3m o ([211 4¢F
2log"@L)@m  x(f217 at]

212 %2 1176 i n* e ox

= — (uli ] [
(2log?21)) (3 m) [J'{wﬂ 2078 T-sP T{14s)
= a2 +y [M1-5)
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Iixiis the gamma function

13/10"3+1/(3P1) ((((2172*2))) / ((((2(In21)"3))))

Input:
13 1 212« 2

— + —_—
10° 3x 2log?2])
logixy is the natural logarithm

Exact result:
13 147

g
1000 xlog?21)

Decimal approximation:
1.671096966548934673456691819261555085659500816762242191423...

1.67109696...

Alternate forms:
147000 + 13 x log®(21)

1000 7 log?(21)

147000 + 13 r (log(3) + log(7)*
1000 r (log(3) + log(7)*

13 147
i
1000 7 (log(3) + log(7)F°

Alternative representations:
13 21%% 2 13 2 212

10°  (2log’2l))3m  10°  (3m{2logii21))

13 212 .2 13 2 212
T ¢ = ——+
10° (2log®21)3m  10°  (3m(2 (ogl@)log,(21)F)
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13 212+ 2 13 2212

i = +
10°  (2log321))3m  10%°  (3m(2(-Liy(-20)°)

logpixiis the base-b logarithm

Liy(x)is the polylogarithm function

Series representations:

13 212+ 2 13 147
T & = +
10*  (2log*21))(3m 1000 Ly

[ ' x|log(20) - : l:_.'lﬂf]

=1 k

13 212 % 2
T _
10°  (2log?21))(3m

13 147

1000 PP T R
arg(21-x) w (=1 {21-x) X
.?T[E!?Tl = J+10g[x}— Zk:l S ]
13 212 % 2
Tk _
10°  (2log?(21)) i3 m
13 147
+
1000 are{d]= oo (~1F 21z =% )2
15(21-zn) 1 3 I A
;r[ln::g[z.;.;n[—q:'—zJT J[lag[za]ﬂng[z.;.}] 245::1 = ]
argizis the complex argument
|x] iz the floor function
Integral representations:
13 212 % 2 13 147
T ¢ = +
10° (2log’@L)3m 1000 (211 gy
[

13 212 % 2 13 1176ix°

- for —1 0
[J-m+r wﬂhr

gt [{1-s)

2 _
10°  (2log?21))i3m 1000
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Iixiis the gamma function

(13/1073+1/1073)+ 1/(3Pi) (((21°2*2))) / (((2(In21)3))))

Input: .
_[13 l} 1 21%x2

—
10°  10°

+ B —
3r 2leg’21)

logixy is the natural logarithm

Exact result:
147 7

rlog?(21) 500

Decimal approximation:
1.644096966548934673456691819261555085659590816762242191423...

1.64409696 = {(2) == = 1.644934 ...

Alternate forms:
7(rlog?(21) - 10500}

500 7 log?(21)

7(10500 - x (log(3) + log(7))°}
500 x (log(3) + log(7)°

147 7
r(log(3)+log(7) 500

Alternative representations:
[13 1J 21252 14 25212

b1k e AT ¢
10° 10°/ (2log®21))3m  10° (3m(2logd(21))
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13 1 212« 2 14 2x 212
—[— + —J+ =-——+
10° 10°) (2log®21)3m  10° (3m(2logla)log,(21)°)

[13 1] 212 %2 14 2 %212

——d |+ =-——+
100 10°) (2lg®21))(3m  10° (3m(2(-Liy(-20p°)

loggixiis the base=b logarithm

Lipixiis the polylogarithm function

Series representations:

(13 1 J 212« 2 7 147
==+ |+ ===k
10° 10°/ (2log’2lji3m 500 o [-ZFY
g o 207
7 |logi20) Zk=1 7
13 1 212 %2
_[— F —]+ -
10°  10°) (2log®@1))(3m
7 147 ;
R 1 orx <y
500 arg21-x) B A R
.?T[E!}Tl e J+10g[x}—zk=1 T
13 1 21% % 2
_(— F —J+ _
100 10°) (2log®21)}(3m
7 147
R -
500 z 1 21z F 20 R
;rr[ln::g[z.;.]\+[mgjlT "J [lng[zin] + log[z.;.}] —Zle H%]

argizlis the complex argument

|x] iz the floor function

Integral representations:
[13 1 ] 21% x 2 7 147

e o B
10°  10°

+ _ . S
[2 lcg3[21}] (3m 500 - [JI'21 1 Lf[’}g
J s
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—
10°  10°

i —
(21og?(21)) (3 m) 500 [J"J'-.A.l+:r 2075 {-s)® [{14s) i

=i da+y r{1-s)

(13 1J 212« 2 7 1176 in°
e 3

Iixiis the gamma function

~(34/1073+5/10°3+1/1073)+ 1/(3Pi) ((((21°2*2))) / ((2(In21)*3))))

Input: .
_[34 5 1J 1 21%x2

e P i
10° 10 10°

4+ —

3r 2log?21)

logixy is the natural logarithm

Exact result:
147 1

rlog?21) © 25

Decimal approximation:
1.618096966548934673456691819261555085659590816762242191423...

1.61809696.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...

Alternate forms:
rlog?(21)- 3675

25 rlog®(21)

3675 — r (log(3) + log(7)®
25 r (log(3) + log(7))°

147 1

r(logi3) + log(7))° 25

Alternative representations:
[34 5 1 ] o b 40 2 x 212
=== * =k |+ =———+
10° 10° 10°/ (2leg’2l))}i3m 107 (3m(2logii21))
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[34 5 1J 212 «2 40 2212

==k ki & = ok
10°  10° 10°) (2lg®2DL)i3m  10°  (3m(2 dogia)log,(21)°)

[ 34 5 1 J 212 x2 40 2 %212
==k ]+ = ek :
108 10° 10°) (2lg®2l)(3m  10° (3m(2(-Lii(-20)%)

loggixiis the base=b logarithm

Lipixiis the polylogarithm function

Series representations:
(34 5 1J 21% x 2 1 147

=k | =——+
108 10° 10°/ (2log®2L)(3m 25

w -
T lﬂg[ED}—Z:‘:l —EE—

[34 5 1 J 212 «2
==+ oF T+ =
100 10° 10°) (2leg?21))(3m
1 147 .
"5 " : T R
arg(21-x) _ W (=1 21-x x
II'[EIII'[ 75 J+ logi(x) Zk:l T ]

(34 5 1 J 212 «2
| = F=F | F =

10° 10° 10°) (2log®21)}(3m

1 147

r (ogtsor+| 2212 0g( 1) + oge) - Y3, 20l

argizlis the complex argument

|x] iz the floor function

Integral representations:
[34 5 1 J 21% 2 1 147

it okl R T
10° 10* 10°

+ = —
2log’@)Bm 25 (211 4¢f
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—|—= + FiT
108 10° 10°

[34 5 1] 21 %2

As:

N2

)™~ Simye

a(N),

+ =
(21og®(21))(3 m) ity 2075 N=s)? T(14s)

Iix)is the gamma function

= 15.62719574714896294408343576998644036034904541127061744027...

1
I(N) = /D T3 (a) e 2™V (o,

we have also that:

i F(2 }

Using special transformations, which later served to create the “circular method”,
Hardy and Ramanujan found the asymptotic behaviour of the integral (13)
corresponding to f (x) and, thus, found the asymptotic formula for p(n):

c’“‘" 1

F‘—‘T\/i =4/ n ﬂ i 2= A

With O = (7* / 6)* and n = 1, we obtain:




A(((PI*(2/3) (1/2)%(1-1728)N(1/2))))) / ((4sqrt(3) * (1-1/24))) *
(1+(Pi*2/(6)4(1/(1-124)7(1/2)))

Input:

r—

o y 2/3 4 1-1/24 - 1
1+

e 1 4 SIS
4@3[1-;; [[_1
24

Exact result:
2 1ﬂI.'E (vZ3 x)fs
= N )

}TS
14—
23 ]

108 v 138

Decimal approximation:

15.73090417958445132076956603204271105554163017425188629945...

15.7309041795... a result very near to the previous 15.6271957...

We note that 15,627195 + 15,730904 = 31,358099 and 31,358099 + 2 = 15,6790495
that is an excellent approximation to the black hole entropy value 15.6730.
Furthermore, 15.7309041798... is very near to the black hole entropy value 15.8174.
The mean between the two entropies is 15.7452

Alternate forms:

P|:u'23 m)fs (108 v 138 +II'S}

12432 \"E

(vZ3 n)/s
(Y237

(14904 +V 138 %)
571323

(vEE )6 |2V3 x®
' +

23 1242 4 46
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Series representations:

2

(51 ) v v
& Ty 203 4 1-1/24
1y —— |V V11

= o
A (v23 x)fs 8
V12 _f““ [1+1nsvﬁ]
V3(1-L B B 1
& 3[1 24} 2352;’:02*[2]
k
51 .. e o
& Ty 2/3 4 1-1/24
14 —— " : .
[ 1-L 3] fl:.ﬂE "].-"IE [1 + L]
Voo B 108V 138
4v3 (1- 1) e (FEF-Y)
24 L 2/ 21k
23V2 Zk:ﬂ k!
51 ) v
14 6 & v 203 4/ 1-1/24 |
o 53 o) w o
Vi B8 14904 + V138 1)V
e B e a1 _
NI - 285552@&55:_%”2 M- —s)res)

'
[ lis the binomial coefficient
\m

n!is the factorial function

(@) is the Pochhammer symbaol (rising factorial)

Iixiis the gamma function

Res f is a complex residue
=gy

Now, we have also that:

L288+3+eA((((Pi*(2/3)N(1/2)*(1-1724)N(1/2))))) / ((4sqrt(3) * (1-1/24))) *
(1+(Pi*2/(6)) 14(1/(1-124)7(1/2)))

Input:
n \E'E y 1-1/24 RN 1
-2B8+3+ 5 1+ [E]
4v3 [1 = E}
24
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Exact result:
J1_I_ZE!

B i e
A g e, _ 285
23 6530347008 V138

Decimal approximation:

1729.358638618564572637680114413329091669316638384459714974. ..

1729.3586386...

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. The number 1728 is one less than the Hardy—Ramanujan number 1729

(taxicab number)

Alternate forms:

Pl: '\I'E .IT]II.'IIEI }TZS

2 (V23 n)/
-285+ - V3 ¢ A n)fs,
75098990592 v 46

984547766661 120 + 300395962368 v e’ 22 W€ 4\ ap V22 7)/6 28
3454553567232

V3 VP 78 (6530347008 V138 +x%) - 21403212318 720 V138
75098990592 138

Series representations:

G
oS ) e v 2/3 4 1-1/24

1+ L
g 6 P{u'zz r)/8 [1 3 228 ]
Vo224 E ———
988+ 3+ - — _ _2854 6530 34.|:uiw 138
“ll TR ] s
4vs(i-z) 232 Z‘k‘”ﬂz-k[z]
k
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1|IIII 1—51; 6 "'“23 JTJ'IIIIE‘ [1 + A530 341228 v 138 ]
_288+3+ — =-285+ T
4v3 (1- L oo ol 1k
[ 24’ 23\.’?2‘:;0': E'kli =k

2}
5]

T LTV 23 Y1124

=
f1-1
Y 24
-288+3 + — " =
4V3 (1- 1)
. 24
«fﬁn].-'ls[ 28 } o
- —— | v/
6530347008 v 138

12 Pll[

—285 +

By e Res,_ 1,2 r(-3 - s)r

and:

((((((-288+3+e ((((PI*(2/3)N1/2)*(1-1/24)°(1/2))))) / ((4sqrt(3) * (1-1/24))) *
(1HPi*2/(6))M4A(1/(1-120 /2N /15

Input:
f'lT '\'IIE '\'Il 1—1}'24 }Tz 14 1
| —28B8 +3 + — 5 l+[E]
15 443 [l = E} 1- e
*‘i‘ 24

Exact result:

|
2 (v23 x)f 28
i g VP ]-“5[1+ ]-235

\ 23 6530347008 V138

Decimal approximation:
1.643837957823887142232218981647618542436598049609781269445...

u

2
1.6438379578.... ~ {(2) =’% = 1.644934 ...
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Alternate forms:

243 et
+

23

i fﬂu 23 nlf6

\

- 285

75098990592 y 46

15 3 oV 22 )% (6530347008 VI38 +2%) - 21403212318720 v 138

923/30  39/10 19‘,ﬁ

1{/ 984547766 661120 + 300395962368 V3 o’ 2 N6 4 \[ap oVZ )6 28

24,!'5 3 13/15 232,!' 15

All 15th roots of 2/23 sqrt(3) e*((sqrt(23) m)/6) (1 + n"28/(6530347008
sqrt(138))) - 285:

Polar form
|
2 7 1)/ n
15( — ﬁ f|:u'23 ]-"16 [1 + ]— 285 ¢ ~1.6438 (real, principal root)
\ 23 6530347008 V138
|
2 53 )/ s )
15’ Y PRI [1 3 ]_ 285 ¢ ™1 +1.5017+0.6686 i
\ 23 6530347008 V138
|
9 sy 228 e
15’ = ‘E{,dm n],.f6[1+ ]_235 &3 11,0999 41,2216
y 23 6530347008 138
|
9 - 28 sy
15’ N Y JvaEalfe [1 ¥ ]_ 285 ™% 2 0.5080+1.5634
y 23 6530347008 v 138
|
2 ey ! J"I"'28 (Bimy
15’ = RVEERIL [1 . ]_ 285 1™V . _0,1718+1.6348
y 23 6530347008 v 138
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Series representations:

o214
1+ ['5 ] V3 1-1j24

J 1-i1;
15 —288 +3 + =
4v3 {1 - zi‘t}
REERIIE 28
_985 4 b [1 * A530347008 +/ 138 ]
1
15 231@2;‘;‘2*[2]
ke
2214
14+ [6 ] my 203 4 1-1/24
J 1-‘,-21;
15 —28B+3 + =
43 {1 " 2i4}
CERIE 28
_985 4+ b [1 * A530347008 + 138 ]
1 1
15 -3
23 EZ;‘;} {—{{; 2
2214
T ['5 ] fn-q'Z,-'E + 1-1/24
| 1-L
V24
15 —288+3 + -
4v3 {1 " 2i4}
12 f{"ﬁ”]-“ff‘{l sV
285 6530347008 v 138
15— &

233 04 Res, 1,2 r(-3 - 5)T(s)
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]
[ his the binomial coefficient
m |

n! is the factorial function

(@) is the Pochhammer symbaol (rising factorial)

Iixiis the gamma function

Res f is a complex residue
=



Integral representation:
i eady [is)il{-a—s)
J—J’wﬂr =5 d

(2 x i)y [{—a)

M

1+z)" =

Beiz)is the real partof z

argizlis the complex argument

|z is the absolute value of =

iizthe imaginary unit

(((21+5+2)/1073)H((((((-288+3+e ((((Pi*(2/3) (1/2)*(1-1/24)~(1/2))))) / ((4sqrt(3) *
(1-1724))) * (1+(Pi*2/(6) 4(1/(1-124~(1/2))))))) /15

Input:
21+5+2 V23 Y1124 214 .
o+ (288434 T ——— 1+[—]
15| 4‘«“3[1—;} o
‘1‘ 24

Exact result:

|
7 2 73 xf i
g2 of g "1-'6[1+ ]—285
250 * Y 23 6530347 008 V138

Decimal approximation:
1.671837957823887142232218981647618542436598049609781269445...

1.6718379578...

Alternate forms:

7 vEa)s[2Y8 5l

— +15| e - 285
75098000592 4/ 46

250 “i 23

—

f e
1{( V3 ol 2 7% (6530347008 V138 +725) - 21403212318 720 V138

— +
250 923/30  9/10 1%@
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483 + 125 v 2 3%/1% . 231315
17250

1{/_98454? 766661120 + 300395962368 ‘J!E f{*ﬂ' 23 )6 + |'45 f{u’ 23 ”].-""5 28

|

Series representations:

22 4
[6] ””ZF'EW

ly ——|¢
f1-1L
21+5+2 V12
o hak -2BB+3 + 1 _
e \ av3 (1-2)
24
5f{"‘lﬁ ”1-""'5[1 . 528 ]
i + | -285 + 6530247008 + 138
250 o 1
k
224
1+ & SEN Ji-y24
f1-L
21+54+2 V12
e -288+3+ 1 _
& \ a3 (1-1)
24
s — )
— 4+ | =285+ , [ 6530247008 + 138
250 g EYIRY
23V Y {{#
224
1+ ﬁ f-'T Y 2/3 m
P
l-1
21+5+2 J oy
N —-2BB+3+ _
o \ av3(1-1)
24
{u‘ﬁ .IT:Illn'.IEl 228 -
— iy 785 + e [1+ 6530 347008 wﬁ] w
250 15

283 70 Res,_1,,2° f-1-s)re
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fry. : ; oo
is the binomial coefficient
\m

n! is the factorial function

(@) is the Pochhammer symbol (rising factorial)

Iixiis the gamma function

Res f is a complex residue
£=1g

and, in conclusion:

(((-21-4)/ 103 ) H((((((-288+3+e ((((PI*(2/3)N(1/2)*(1-1/24)(1/2))))) / ((4sqrt(3) *
(1-1/24))) * (1+(Pir2/(6) M 4(1/(1-124) 1/2))))))) 1/15

Input:
= JE V23 V1-12a 2114 .
— 4 |-28843:———— 1+[E]
10 15 4v3 (1- 1) \/—1_ R
.‘i 24

Exact result:

|
2 (vZ3 «)f " 1
i g VP ”1-“6[1+ ]—285 -2

\ 23 6530347008 V138

Decimal approximation:
1.618837957823887142232218981647618542436598049609781269445...

1.6188379578.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...

Alternate forms:

- o 8
AP 8 _285 - —
| 23 40

75098990592 + 46

f E——
1{/ V3 V2 7)/® (6530347008 VI38 +x2%) - 21403212318720 v 138 1

923/30  99/10 19‘;ﬁ 40
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L 20 ] 9 g2/15  5513/15
2760

1{/—98454? 766661120 + 300395962368 v/3 ' 2> "W 4 \4 oV V6 ;28
- 59]

Series representations:

.IT'E 14
1+@ f’rﬁm

f1-L
-21-4 Vs
g t1s -2B8+3+ =
107\ a3 (1-1)
24
(vZ3 n)fe 28
_i + |-a2854+ i {1 " 8530 347008 vﬁ]
40 1
s zaﬁzk‘iﬂz*[z]
k
2 14
1o ['5 ] & V23 4 1-1/24
f1-L
-21-4 V1 oa
5 t1s -2B8+3 + -
10° aVI(-1)
24
(vZ3 n)fs 28
_i + |-2g84 e {1 " 8530 347008 wﬁ]
40 45 Ly L)
237 3, Fal bk
2 14
o ['5 ] S V23 1-124
f1-1
-21-4 V24
kL -2B8+3 + —
1y 4v3 (1- L)
24
1z E Y (1+ 2 —Vr
: 785 6530 347008 v 138
T T e

2330, Res,_ 1, 27 (- - 5)Ts)
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(MY, . ) o
is the binomial coefficient
\m

n! iz the factorial function
(@) is the Pochhammer symbol (rising factorial)
Iixiis the gamma function

Res f is a complex residue
E=E)

Inserting the value of the entropy 15.7309041795 in the Hawking radiation
calculator, we obtain the mass, the radius and the temperature:

Mass = 3.695563¢-8
Radius = 5.487362¢-35
Temperature = 3.320748e+30

From the Ramanujan-Nardelli mock formula, we obtain:

sqrt[[[[1/((((((4*1.962364415e+19)/(5%0.0864055"2)))*1/(3.695563¢-8)* sqrt[[-
((((3.320748e+30 * 4*Pi*(5.487362¢-35)"3-(5.487362¢-35)"2))))) / ((6.67*10"-

I

Input interpretation:

4.1.962364415 - 10'° 1
5. 0.0864055° 3.605563 10°°

/
1 /

\

|
I| 3.320748  10°° .~ 47 (5.487362  107°°)° - (5.487362  107*°)
\ 6.67 10711

Result:

1.618249292694184034104092724032297083348105028254480058182...
1.618249292....
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Observations

We observe that there is a strong connection between the equations concerning the
Dirichlet boundary conditions of the D-branes and the equations inherent to the
Dirichlet series of the A. A. Karatsuba’s paper. Furthermore, we obtain: a) class
invariant solutions, b) a circumference of radius 1.00208353390, whose reciprocal
provides a value very close to that of the wonderful Ramanujan formula, that link &, e
and ¢, c) the values without exponent of the proton mass and of the elementary
charge. We note that both the elementary charge and the class invariant type solution
and the proton mass belong to the golden ratio range. It is possible to hypothesize, at
least from the mathematical point of view, that the D-branes are circles of almost
unitary radius, as they are subject to vibrations that slightly alter their shape, and are
of the fermionic type
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