Dirichlet Eta Function - Negative Integer Formula - Isaac Mor
Email: isaac.mor@hotmail.com

Many people are using the term “Assigned Value” or “Analytic Continuation” for divergent series
But this explantion is so lacking and can be replaced with a much easier and simpler term of explantion

For me (as | see it) when | am looking at the zeta function | dont see (or use) the term “Assigned Value” or “Analytic Continuation”
Instead I see “spirals” all around the grid

The simplest way is first to look at the part of s >1 on the Complex plane ' (x +1y) =a+ib and the behavior of convergent points
The spiral swirls around inwards to an unique point which the series Converges - Same goes for the other way around!

When | look at the the part of s <1 on the Complex plane {(x +iy) =a+ib and the behavior of divergent points

The spiral swirls around outwards but if you look closely you will notice that the spiral has a “center point” or an “origin”
and that “origin” is the “Assigned Value” everyone is talking about

when I first started to read about the zeta function I didn’t know what are those “Assigned Values” or “Analytic Continuation” and how and why people are
trying to give a value for divergent series? And why that specific value and not something else? | wanted an explantion that is more then “because the formula
says s0” and without going deeper into all the “Analytic Continuation” stuff.

Those “origin points” did the trick!

If you are assigning a value for a series that decreases to a specific value (case #1)
Then you can assigning a value for a series that increases from a specific value (case #2)

Other then those two cases there is one more

This is when the spiral at some point start to spin around a specific value with a “fixed radius”
those cases appears at the zeta function £ (x+iy)=a+ib when x =1 and the radius will be 1/y

meaning that this is a divergent series with a “fixed radius”

I am not going to get into all the zeta function stuff!
This was a small intro for the eta function spirals

Its true that the zeta function spirals have 3 cases but they are all spirals with one arm
Now at the eta function the spirals have two arms (that is because of the +/- swapping) with the same 3 cases

Btw the “fixed radius” appears at the eta function r7(x+1iy) =a-+ib when x=0

nk)=1"-2"+3"-4"+...£k"
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Dirichlet Eta Function Negative Integer of order 0

nk)=1"-2°+3"-4°45°-6°+7°-8°+9°-10° +...£k°

Positive part of the eta function

Negative part of the eta function

f(x)=1"-2°+3" -4 45" -6°+7°-8°+9° — ..+ x°

g(x)=21°-2°+3°-4°4+5°-6°+7°-8°+9°-10° +...—

XO

f(1)=1°

9(2)=1°-2°

f(3)=10-2°+3"

g(4)=1"—2°+3° —4°

f(5)=1"—2°+3°—4°+5°

9(6)=1°—2° +3° —4° +5° —§°

f(7)=1°-2°+3"—4°+5°—6°+7°

9(@)=1"—-2°+3°—4°+5° —6° +7° —§°

f(9)=1"-2°+3"—4°+5°—6° +7°—8°+9*

g(10)=1"-2°+3"-4°+5"-6° +7°-8°+9° —10°

f11)=1"-2°+3"-4°+5"-6"+7°-8°+9°-10° +11°

Y

0(12)=1"-2°+3"-4°+5°-6°+7°-8°+9° -10° +11° —12°

OO OoO|lO0o|lO|O

f(x)=1

g(x)=0

Dirichlet Eta Function Negative Integer of order 1

nk)=1-22+3" -4 +5 —6'+ 71 -8 +9' —10" +... £ k*

Positive part of the eta function

Negative part of the eta function

f(x)=1"-2°+3°-4°+5°-6°+7°-8°+9° —..+x°

g(x)=1"-2°+3°—4°4+5° -6 +7°-8°+9°—-10° +...— x°

f()="1" 1| 9(=1-2 -1
fe)=1-2"+3" 2| g(@)=1"-2"+3 -4 -2
f(5)=1-2"+3"-4"+5 3| g6)=1-2"+3"-4"+5-¢ -3
f(7)=1'-2'+3"-4"+5'"-6'+7" 4| 9@ =1-2"+3-4+5-6'+7"-8 -4
f(9=1-2'+3"-4+5-6'+7" -8 +9 5(g10)=1"-2"+3"-4"+5-6"+7" -8 +9"' 10 -5
fA)=1-2"+3"-4"+5-6'"+7"-8'+9'-10'+11' |6 | g(12)=1"-2"+3" -4 +5' -6'+ 7' -8'+9' -10' +11"' 12" | -6

1 1
f(x)==x+=
(x) > >

1l
9(x) =2 x




Dirichlet Eta Function Negative Integer of order 2

nk)=1"-2°+3"-4>+5"—6°+7° -8 +9°-10° +...£k®

Positive part of the eta function

Negative part of the eta function

f(X)=1P -2+ -4 +5° -6 +7* -8 +9° —..+X°

g(X) =1 —2°+3¥ 4> +52 - 6* +7° -8 +9° 10" +...— X*

f(1)=1° g(2)=1"-2? -3
f(3)=1"-2*+3 g(4) =1 -2>+3F -4 -10
f(5)=1"-2°+3"-4°+5° 15| g(6) =1"—-2° +3° —4* +5° —6° -21
f(7)=1"-2°+3 -4 +5°-6°+7° 28| g(8)=1"-2°+3" - 4*+5° -6°+7* -8 -36
f(Q)=0-2°+3-4*+5 -6°+7° -8 +9° 45 | g(10)=1*-2* +3* - 4> +5° -6+ 7> - 8> +9° -10° -55
fA)=1"-2°+3" -4 +5"-6°+7° -8 +9°-10° +11* | 66 | g(12) =1 -2° +3* —4° +5° - 6° +7° -8 + 9> -10° +11* -12° | -78
1 1 1 1
f(x)==x*+=x" X) = —=x2 — = x*
(x) =2 %"+ 9(x) =% =
Dirichlet Eta Function Negative Integer of order 3
nk)=1-2°+3-4+5-6+7°-8+9°-10° +...£k*
Positive part of the eta function Negative part of the eta function
g(x) =1 -2+3¥ -4 4+5 -6 +7°-8+9°—..+X° gxX)=1-2°+3¥ -4 45 -6 +7°-8+9°-10°+..—-xX°
f)=" 1 | g(2=1-23 7
f(3)=1-2°+3 20 | g(4)=1-2°+3 -4 -44
f5)=1-2°+3-4*+5 81 | g(6)=1"-2°+3"-4°+5°-¢° -135
f(7N="-22+3-4+5-6+7° 208 | g(8)=1"-2°+3*-4'+5°-6°+7°-8° -304
fQ=-22+3-4+5-6"+7°-8+9° 425 | g(10)=1*-2°+3-4'+5°-6°+7°-8°+9°-10° -575
fA)=-2+3-4+5-6°+7°-8+9°-10°+11* | 756 | 9(12) = -2+ -4 +5 -6+ 7° -8 +9°-10° +11° -12° | -972

f(x):1x3+§x2—l
2 4 4

1., 3.,
X)=—-=X"—=X
9(x)=-2x"—4




Dirichlet Eta Function Negative Integer of order 4

nk)=1"-2*+3"-4"+5"-6*+7" -8 +9* -10" +...£k*

Positive part of the eta function

Negative part of the eta function

f(x)=1"-2"+3"-4"+5'-6"+7" -8" +9* — ..+ x*

g(x)=1"-2"+3" -4 +5' 6" +7"-8*+9" -10" +...— x*

f(1)=1" 1 |g@=1"-2 -15
f3)=1"-2*+3" 66 | g(4)=1"-2"+3"-4" -190
f(5)=1"-2*+3"-4*+5* 435 | g(6)=1"-2*+3"-4*+5'-¢* -861
f(7)=1"-2"+3"-4"+5'-6"+7* 1540 | g(8)=1'-2*+3'—4*+5' —6* + 7 -8* -2556
f9=1-2"+3"-4"+5"-6*+7"-8*'+9* 4005 | g(10)=1"—-2*+3'—4*+5' —6* +7* -8 +9* ~10" -5995
fa)=1"-2"+3"-4"+5"-6"+7"-8"+9* -10" +11* | 8646 | g(12)=1"-2*+3*—4* +5' —6* +7* —8* +9* —10* +11* —12* | -12090
1 1 1 1
fx)==x"+x*-=x' X)=—=x'=x*+=x
(x)=3 5 900 =-3 5
Dirichlet Eta Function Negative Integer of order 5
nk)=1-2°+3 -4 +5 -6 +7° -8 +9°-10° +..xk°
Positive part of the eta function Negative part of the eta function
g(x)=1"-2°+3F -4 +5 -6 +7° -8+ —..+X g(x)=1-2"+3¥ -4 +5° -6 +7° -8 +9°-10°+..— X
fQ) =0 1 g(2)=1-2° -31
f3)=1"-2°+3 212 | g(4) =0 -2°+3 -4 -812
f(5)=1"-2"+3-4"+5 2313 | g(6)=1-2"+3"-4"+5" -6 -5463
f(7)=1-2+3 -4 +5-6"+7° 11344 | 9(8)=1-2°+3 -4 +5"-6"+7° -8 -21424
f9)=-2+3-4+5-6"+7"-8+9° 37625 | g(10)=1"-2°+3*-4°+5 -6 +7° -8 +9°-10° -62375
fA)=-2+3"-4+5-6"+7"-8+9"-10°+11° | 98676 | g(12) =1 -2°+3 -4 +5° 6" +7° -8 +9° -10° +11° -12° | -150156
f(x):lxy’+§x“—§x2+l g(x):—lxy’—ﬁx‘ng2
2 4 4 2 2 4 4




Dirichlet Eta Function Negative Integer of order 6

nk)=1°-2°+3°—-4°4+5°-6°+7°-8°+9°-10% +... £ k°

Positive part of the eta function Negative part of the eta function
f(X)=1°-2°+3°—4°4+5°—6°+7°-8°+9° — ..+ x° g(x)=1°-2°+3°—4°+5° - 6° +7°-8°+9°-10° +...— x°

f1)=1° 1 g(2)=1°-2° -63

f(3)=1"-2°+3° 666 | g(4)=1"-2°+3°-4° -3430

f(5)=1"-2°+3"-4°+5° 12195 | g(6)=1°—2° +3° —4° +5° 6" 34461

f(7)=1°-2°+3°—-4°4+5°_6°+7° 83188 | g(8)=1°-2°+3°—-4°+5° —6° +7°-8° -178956

f(9)=1°-2°+3°-4°45°—6°+7°-8°+9° 352485 | g(10)=1°-2°+3°-4°+5° —6° +7°-8° +9°—-10° -647515

f(11)=1°-2°+3°-4°+5°—6°+7°—8°+9° —10° +11° | 1124046 | g(12)=1°—2° +3° —4° +5° —6° +7° —8° +9° —10° +11° —12° | -1861938

f(x):lx6+§x5—§x3+§x1 g(x):—lxe—éxf’+§x3—§xl
2 2 2 2 2 2 2 2
Dirichlet Eta Function Negative Integer of order 7
nk)=1-2"+3"-4"+5 -6"+7" -8 +9" -10" +...+k’
Positive part of the eta function Negative part of the eta function
g(x)=1"-2"+3" —-4"+5 6" +7" -8 +9" —..+X’ g(x)=1"-2"+3" 4" +5 —-6"+7" -8 +9" 10" +...— X’
f@Q=1 1 g(2)=1"-2' -127
f@)=1-2"+3 2060 | g(4)=1-2"+3 -4 14324
f(5)=1-2"+3 -4"+5 63801 | g(6)=1"-2"+3"-4" +5" -6’ -216135
f(7)=1-2"+3"-4"+5"-6"+7" 607408 | g(8)=1"—-2"+3" —4" +5" —6" +7" -8’ -1489744
fQ=1-2"+3"-4"+5"-6"+7"-8"+9' 3293225 | g(10)=1"-2"+3" —4" +5 -6 +7"-8' +9' —10’ -6706775
fA)=1-2"+3"-4"+5 -6"+7" -8 +9"-10" +11" | 12780396 | g(12)=1"-2" +3" —4" +5" -6’ +7' —8" +9" —10" +11" —12 | -23051412
f(x)=1x7 (e Bye e 17 g(x)=—1x7 Ty By 2y
2 4 8 4 8 2 4 8 4




Dirichlet Eta Function Negative Integer of order 8

nk)=12—22+3° —4° +5° —6° +7°—8°+9° —10° +... £ k°

Positive part of the eta function

Negative part of the eta function

f(x)=-22+3* 415868 +7° -8 +9°—..+X°

g(x)=12-2°+3* -4 +5° - 6° +7° -8 +9° —10% +...— X°
f1)=1° 1 g(2)=1-2° -255
f3)=1"-2°+3° 6306 g(4)=1°-2°+3°-4° -59230
f(5)=1-2°+3-4°+5° 331395 | g(6)=1"-2°+3°-4°+5°_6° -1348221
f(7)=1°-22+3"-4"4+5"-6°+7° 4416580 | g(8)=12-2°+3*-4*+5° - 6°+7°-8° -12360636
fQ=1""-2°+3-4"15°-6°+7°-8+9° 30686085 | g(10)=1°-2°+3*-4°+5°—6° +7° - 8° +9° —10° -69313915
fA)=21°-2°+3"-4°+5°-6°+7°-8°+9° -10° +11° | 145044966 | g(12)=1"-2°+3° - 4° +5° —6° + 7° —8° + 9° —10° +11° —12° | -284936730
f(x)= %XS +2x" —7x° +14x° —Exl g(x) = —%XS —2x" +7x° =14%3 +£xl
Dirichlet Eta Function Negative Integer of order 9
nk)="-2°+3-4+5-6"+7"-8+9"-10° +... £ k°
Positive part of the eta function Negative part of the eta function
g(x) =21 -2°+3" -4 +5 -6 +7° -8 +9°—..+X° g(x)=1°-2°+3" -4 +5° -6 +7° -8 +9°-10° +...— X°
fa)=1 1 9(2)=1-2° -511
f(3)=1°-2°+3 19172 g(4)=1"-2°+3 -4 -242972
f5)=1°-2°+3"-4+5%5 1710153 | g(6)=1"-2°+3’ -4’ +5° -6’ -8367543
f(7)=-22+3-4+5-6"+7° 31986064 | g(8)=1"-2°+3"-4°+5"-6°+7° -8’ -102231664
f9=1"-22+3-4+5-6°+7"-8"+9° 285188825 | g(10)=1"-2°+3" -4’ +5° —6° +7° -8° +9° —10° -714811175
f1)=21°-2°+3"-4"+5-6"+7"-8"+9°-10° +11° | 1643136516 | g(12)=1°-2°+3°-4° +5° -6° +7° -8’ +9° -10° +11° —12° | -3516643836

f(x):lx"+gx8—2—1x6+§x4—@x2 st

+
27 47 27 T 27 4" T2

g(x):—lx9 9y 2y —%x“ +

153 ,
—X
2 4 2
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Dirichlet Eta Function Negative Integer of orders 0 to 9

Order | f(x) Positive part of the eta function g(x) Negative part of the eta function Ifn(ti)rsizc;l(c))(r)l
1
0 1 0 +—
2

1 1ol -=x 3
2 2 4
1. 1., 1, 1,
=xXP+=x —-=X X

2 2 2 2 2 0

3 13l _Lpe 3y 1L
2 4 4 2 4

4 | Iyl —%x“—x%—x1 0

5 lysi2x 2y, 1 L Sy 3y 3
2 4 4 2 2 4 4

6 L3y Oy 30 Ly 32 3y 0
2 2 2 2 2 2 2 2

7 1 7+Z 6_§X4 é Z_E —1X7—ZX6+§X4—2X2 _E
2 8 4 8 2 4 8 4 16

8 %x"+2x7—7x5+14x3—£xl —%xg—2x7+7x5—14x3+%x1 0

9 Lo 9y 2lye 03,4 18, 3L 1yo 96,21y 03,4 18,0 3
2 4 2 2 4 2 2 4 2 2 4 4

All the intersection points of x where f(x) = g(x) will be on one line

because the two functions are a mirror image of the same function parallel to the yAxis
This Fixed value of y (the line of the intersection points) will be the “assigned value” of the eta function




let's just rearrange the coefficients

Order | f(x) Positive part of the eta function g(x) Negative part of the eta function

0 1 0 +l

2

1 1ol N 2

2 2 2 4

2 1x2+£2x1 - lx2+1-2xl 0

2 4 2 4
3 leiliae 1 —(£x3+1-3x2 1
2 4 2 4

4 | Iyl tay (Ll Lo 0
8 2 4 8

5 Lo ilse_Lage il R T T\ +=
8 2 4 8

6 Leeidiex Lo+ tex B I I 0
2 4 2 4 8

7 Lyl Liase Lioge LY (L g Liase il _i7

4 4 8 2 4 8 16

8 I VT T R LA (e Ligw —Lisexe 4 Losexe L gyt 0

4 4 16 2 4 16
9 Lyovlioe _Ligaxs s liagext— Ll gex2 4 3L | LyovLioe—Ligaye i Laoext ~ 17 3652 31
8 4 16 2 2 4 8 4 16 4




let's just rearrange the coefficients even more ...

Order | f(x) Positive part of the eta function g(x) Negative part of the eta function
1., 1 (1 0 1) 1
0 | =x°+= - =x' == +=
2 2 2 2 2
1 %Xl+%-1x°+% —(%xlj +%
2 %x2+1-2x1+o —(%x2+%-2xlj 0
3 Lol Lge —(lx3+1-3x2j 1
2 4 8 8 2 4
4 %x4+%-4x3—%~4x1+0 —(%x4+%-4x3—%-4x1j 0
5 %x5+%-5x4—%-10x2+1-1x°+1 —(%X5+%-5X4—%-1OXZJ +%
6 %x6+%-6x5—%-20x3+%-6x1+0 —~ %x6+%-6x5—%-20x3+ -6xlj 0
7 Lyl Liase Liope e U1 N N -21x2j _17
2 4 8 4 16 16 2 4 8 16
8 el —Losee+ osexe L gxt 40 B O T VO T VeIV S BELA e 0
2 4 8 4 16 2 4 16
9 LyovligeLigays i tiaoext — 13624 30 3L | Lo Llige —Ligaye 1 Laoext ~ 17 3652 31
2 4 4 16 4 4 2 4 8 4 16 4




and even more ...
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Final form and | am not going to write g(x) so | can have more room to write f(x)

n | f(x)Positive part of the eta function 9(x) Negatlye part of
the eta function
1 (0}, 1 1
il Bt o _f = e
0 5 (O X +2 (x)+2 +
1 %[% x%%-@jx(ﬂi —f(x)+% +=
2 %(% x2+%-(%)x1+0-(§]x°+0 - f(x)+0 0
(3t Qo QB I
4 l[ﬂ x4+1-[ﬂjx3+0-(ﬂ xz—l-(ﬂ)XHO(E x°+0 —f(x)+0 0
2 \0 4 \1 2 8 \3 4
5 %[% x*%%-@ x4+0-[g x3—%~(§jx2+0-(% x%%-@}xﬂt% —f(x)+% +%
6 %(% x6+%-(% x5+0-(g x“—%-(g)ﬁwo-(g x2+%-(gjx1+0-(gjx°+0 - f(x)+0 0
7 l(z X7+£' Z X6+0.(Z Xs_l.(ijﬂ'+0.(ij3+1.(ij2+o.(1]xl_£.(1j O_E —f(X)—E _E
2 \0 4 (1 2 8 \3 4 4 \5 6 16 \ 7 16 16 16
8 l[g NS gjx7+O-(§jx6—1-[§jx5+O-(§jx4+l-(§)x3+0-(§jx2—E-[§)Xl+0 (—jx°+0 —f(x)+0 0
2 \0 4 (1 2 8 (3 4 4 \5 6 16 \ 7 8
9 l[g X9+1. gjxg+0.[gjx7_1.(QJXG+O.[gjx5+£.(gjx4+o.(gjxs_£ (g)xz+0.(ngl+§.(gjxo+£ _f(X)+E +E
2 \0 4 \1 2 8 \3 4 4 \5 6 16 \ 7 8 4 \9 4 4 4

n

an—(n—

n-1

r. seems to be the assigned value of the eta function! Why? Because... first we will use x =1

f(1)= ro[gjln + rl(%)l”‘l + rz[gjl”‘z + r{%}l”“? + ot rn_l(

n—

n )11+rn(
1

n
n

jlo +r




1" =1 at any order :)
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Self check ;)
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f (x) is the Positive part of the eta function

f(x)= ro[gjxn + I}(%)X“_l + r{gjx”’z + r{%)x”‘3 +..+ rn_l(_n rllJXn-(n—l) n rﬂ(%jxn—n ir

g(x) is the Negative part of the eta function

N n N on- N on- N on- n n—(n- N onon
g(x) = —ro(ajx - rl(Ijx - r{ﬂx 2 r{gjx R rn_l[mjx (-1 _ rn(ﬁjx +r

or

n n n n-1 n n-2 n n-3 n n—(n-1)
=—1r| = |X"—1| — - = X" - = X" - -1 | —— X
9 r°(ojx rl(ljx @ (3] “(n—lj

f(x) =—9g(x) +2r,

fFO)+9(x) _ —g(x)+2r,+9(x) _2r, _
2 B 2 o2

- n n n n— n n— n n— n n—(n- n n-n
n(k) = (-2) 1{“’(6)‘( +rl[ﬂk 1+r2(§jk 2+r3(§}k 3+...+rn_1(—n_1)k ( 1)+rn(ﬁjk }+rn

center point 77(—x) =

nk)=1"-2"+3"-4"+...£k"
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