On the mathematical connections between some formulas concerning Modular
Forms, Elliptic Curves, Ramanujan equations, ¢, {(2) and various topics and
parameters of String Theory and Particle Physics. 11

Michele Nardelli', Antonio Nardelli’

Abstract

In this paper we describe and analyze the mathematical connections between some
formulas concerning Modular forms, Ramanujan equations, ¢, {(2) and various
topics and parameters of String Theory and Particle Physics.
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“Nowadays, there are only three
really great English mathematicians:
Hardy, Littlewood
and Hardy-Littlewood”

Reported by Harold Bohr, 1947

https://www.flickr.com/photos/greshamcollege/26156541272

We want to highlight that the development of the various equations was carried
out according an our possible logical and original interpretation

For more information on the data entered for the development of the various
equations, see the ""Observations'" section.
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MOCK THETA FUNCTIONS, RANKS, AND MAASS FORMS
KEN ONO - 2000 Mathematics Subject Classification. 11F, 11P, 05A17.

We begin by recalling the notion of a weak Maass form of half-integral weight & C
%Z \ Z. If z = z 4+ iy with z.y € R, then the weight % hyperbolic Laplacian is given by

a2 5‘2 32 " a , d i

"4

If v is odd, then define ¢, by

(2.2) €=

1 ife=1 (mod4),
3 ifo =3 (mod4).

Lemma 3.3. Assume the notation and hypotheses above. For z € H, we have

T
03 s (e : (—ifr—%@(ﬂ:—i) e (20T )
G(E W)zuc?.sm-k“—:) ]“"“ (—ifeT) c-r-f{_-.- ; [c’ c )-' .
V3 0 VvV T+ 2)
Proof of the lemma. For brevity, we only prove the asserted formula for the first com-
poncnt of & {f_i z). The preof of the sccond ecomponent follows in the same way.
By analytic continuation and a change of variables (ncte. we may assume that =z — #¢
with ¢ > 0), we find that
a 27 ™ apg2 cosh (3 —2) 2rz) 4 cosh ((2 — 1) 27x)
g S =it g e < . = : dr.
c L 0 cosh(3mzx)

Using the Mittag-Leftler theory of partial fraction decompositions, one finds that

cosh ((22 — 2) 2zz) + cosh ((22 — 1) 27x)
cosh(3nx)

P
—1 (=1)"sin l\@) i (—1)msin (M)

VEL foper *— g+ g) NG —z—i(n+3)

From:



a=lor5; c=2o0r8 n=3;, x=1/2

fora=1, ¢=2, we obtain:

Li/((sqrt3)Pi)*((((-1)3*sin((Pi* 19)/2))/(((1/2-i(3+1/6))))-i/((sqrt3)Pi)*((((-
1" 3*sin((Pi*19)/2)))/(((-1/2-i(3+1/6))))

Input:

; il sin[%} -1y° sin[%}

V3ir 1-43+1) VIax -loif3+l]

iisthe imaginary unit
Exact result:
38V 3
185

Decimal approximation:
0.113245935275827556115840037491312642016760466237472134088...

0.113245935...

Property:

383
is a transcendental number
185




Alternative representations:

{[—l]l3 sin{"zﬂ}}{—z} . {{ 13 sm{”zlg}}! _
(3-iB+§)V3m (- -i3+5)(V3 )

icos(—9m) icos(—9m)

(3o )e) (G -ifa+ 3 v)

{[—l]l3 sin{”Tm”{—z} {{—l]l3 sin{"Tm}}l
(G-iE+E)V3n (3-iB+g)3n)

icos(l0m) icos(10.m)

i Dev3) E-ifoe s

{[—1]\3 sin{”zﬁ}}{—z} (-15 sm{”—lg
{é —1[3+ é”[ﬁ ) [—l —1{3+ ”[V"_;T'}

2
icoshi-9im ICDSh[ Qim
+

R MR I

Series representations:

{[—l]l3 sin{"zﬂ”{—z} { 1)° sm{”—m”

F-s(+ 3R (5-e(a+ )T

456 £ ¥ (-1F JHH{E

1
[—3+191}[3+191}NEZ:’=02*[2]
k

{[—1}3 sin{"Tm”{—z} {{ 1y sm{”f”:
{21 —1[3+ é”[ﬁ ) [—21 —:{3+—6”[ﬁn} -

2 o ,:_El:,knEk
2282 550 S

(-3+190(3+190 exp{;r:}[ lE%_IJJ} vVx Ziﬂ
for(x e R and x

#—lJ’c#B—xJk r"‘:i—l

2]4.:
k!




{[—l]l3 sin{"Tlg”{—z} { 5% sm{"—m B
B B Ea
456 i 373 (-1 J1+2k{19—"

(-3+199 3+ 19 hmexp(r A | HEE )y

-1 3-xf x'k{—%]k

forix e R and x
Integral representations:
{[—l]l3 sin{”Tlg”{—z} {{ 17° sm{"—m 2166 2
{é —1[3+é”[ﬁr} [—2l —1{3+ }}[‘u"’_}r'} [9—35112}ﬁ

{[—1]'3 Sin{”zﬂ”{_l} {{ 1} Sln{” 19
{3 Al ] 00w P§—43+}uf‘ﬂ
1083 £ v " ooty ‘,—{36111 J(165)+s

laﬂﬁ VI'_ - ?2212 oA ﬁ = oty 53.!'2
(=17 sin{"zﬂ}}{—z} (17 sm{”_m
_—13+-[3?r ——_,3+ [3;r
1B+ )E A (] T a)
114 v mﬂ{f}l 25 138 gy
(9-361#)n" AV j__ﬂw_‘_}_ r{i _5} ds for

Half-argument formula:
(V{20 (1 sin( =)
()3 n (233

! - 1#3“19”-‘-"‘2”’Jzﬁ\/% (1 - cos(19 )

(2-%)eVe

{1 {1+[ l}l—ﬂﬂ1';‘II:I||'|:2II'JJ+[ED:1';'JTJ.I":2JT:'J}H[ Im[lgﬂ'}}}

1
|Fe{19 )2 m)]
{__19;} ‘-."'_{ 1) iy 2 \/ (1-cos(19m
2

(1 - (1 + (-l IO V@HRLEINE ) 5 1m (19 ay))

k!

i |
CDS(
a

ds fory=10

19xt
2

]dt



Multiple-argument formulas:

[[— 1y sin[" 19”[ i) [[ 13 5111[1—19 22812 sin[%”—3+4511‘12[m?"”
(5 -#(3+¢))(V3 x) i (-3 -i(3+¢) (V3 a) - (-9 +3612)7V3
[[—1}3 sin[" 19”[ i [[ 1y 5111[1—19 456 ¢ cas[lgn}sm[liT

[é_,[3+a”[f3,¢_ [_é_ [3+ ”[mn Onv3 -361#nV3

[—1]\3 sin[JT 19”[ i) [
[--1[3+ 6”[»*3 ) [-g ~i[3+ 7 ”[va 7
228 % sm[lgT [ 3CDSE[1T +sin [191}
[—9+3l511 }nﬁ

1y 5111[71

(B/((16[-1/((sqrt3)P1)*((((-1)"3*sin((P1*19)/2))))/(((1/2-1(3+1/6))))-1/((sqrt3)P1)* ((((-
1)"3*sin((P1*19)/2))))/(((-1/2-1(3+1/6))))]))))

Input:
3

=1} 5|11|:L1""| i (=1} sml:a—l"'ll

16 |- —= it
van —u|:3+ .l vam l—u|;3+l:|

iizthe imaginary unit

Exact result:
1853 r

608

Decimal approximation:
1.655688564301432412060054988472691499042198631071498387238...
1.6556885643... result very near to the 14th root of the following Ramanujan’s class

invariant Q = (Gss/G1o1/5)° = 1164.2696 i.c. 1.65578...

Property:
185vV3
608

is a transcendental number




Alternative representations:

3 3
(i ) R e
3 B 3
o(mies o) L )
3 _ 3
o[ e AR )

Series representations:

1
5 (-3+1903+19)xV2 I& 2*[;]
o e d E 1B 1% sin{ 221 - 2 19
16 [{{ 1 sm{ e :I:I#—n_ {ni 1) sm{ ~ :I.J ] 2432 § Zk (- l} J1+2k{
{é‘—f{?+é-:|:|{'u'?n] {—é—fl{3+é]]{u‘?n]

3
{4—1:3sin{”—212]]<-n_ (¢-1)? sin{ 22 )):
() E

M =11 @3- x""i—%]k

k!

(-3+190(3+19nx EXP{”‘H [ig_ﬂ“ VX 4

- 1215 EZ“‘ -81" =" Sle.lT'Ek

{2k}t
for(x e R and x < 0)
3
16 13 sin{%ﬂ'@—ﬂ e Ein{u-éiﬂ:’ N
{é‘—f{?+é-]:|{'.-' 3 n) _-12~-;'{3+16~]]|;_f3 n) 1
-1 @3-xf xR (-2
g 3 3 3 arg(3-x) o 27k
_{ 3+1'§."1]\{3+1'55'1]\;rv:xp{rrk,.-‘[[—2JT J}\."TE*:G T
24327 3" (-1f J1+2k{1z—”}
forixeRandx <0



Integral representations:

3 (-3+190(3+19HVv3

16 [{1—1:3 sin{”—zlp-]]q-n {-13 sin{”—‘}}]]; ] 11552 /2 _I;ICDS{I'DE—”}JE

(3leg vz n)  (3-fee2)va n)

3
16 [{1—1]3 sinfn‘é‘q]]i—ﬂ ~ (13 sinlla—é-g]];' ] =
(L-ifai)Vza) (=i L)(Va )
(9-361#)xAV3

—{361 72 /{16 5)+s

2 A .
2888 ; J—Jﬂﬁ;Tm

3
(13 sinf 112 (=13 sinf 12
(Tl (Ve a)  [-L-(l)(vEq)

-3+1903+19nar AV

s |'..|'||
{19 1-25s ql-2s Iis)

6082 Vg [Actr e ds

A sty .:,_—5]

16

Half-argument formula:
3
16 [h 1) smLILLE]]HJ {1—1;3 5inia-é‘qu ] =
[z )3 ) [-3-i(z+g)(V3 ]

1 s 1
3 /|16 (— l}lmw”-‘”z”-hﬁ J— (1 - cos(19 7))
/ {_ 1 19;} \/_ 2
2

{1 {1 = 1}““19”"‘2”””5“19"’-"‘2””}a[—1m[19;r}}}+

1
[Re(1omy2m)] ;4 B
{_ B 191} -1y \/ (1-cos(19m)

{1 _{1 e l}l-ﬁﬂ 192 my]+ Fel 19”.‘."'i21TI'J}ﬁ.[_Im[lg }T}}}]]

Multiple-argument formulas:
3 (9-361 zz}n V3
(t-13 SiH{H‘é‘E]]ﬁ—ﬂ [-0? sin{lé'q'-]:lr' ] 9439 2 cus{%}sin{ﬁ}

{]2-_\;'{3+é-:|:|{u'?n:| _{—é'—i{3+é:|]{'u'?n:| !

16




3 (-3+199H(3+19fxv3

; [1-:—1.13 sin| Jjéﬂﬂq_n ) fi-1? sim:‘“—éﬂj; ] = 12164 5111[1'9?"}[—3 +4sinz[%””
|:]2"—I|:3+é:|l||;u'3n:| |:—é—u'|:3+é:|:|l:‘v'3 :r]

3 (9-361¢)r V3
[l:-:—lm3 sinH-ElE]]f.—n f-13 sinl:a'é'g:l:li ] 1216 # U1zicos(r) singr)
(Ci(al)(Van)  [-La(eL)(va ) 2

we have also:

((2*(log base 3(5)V((16[-i/((sqrt3)Pi)*((((-1)*3*sin((Pi* 19)/2))/((1/2-i(3+1/6))))-
1V/((sqrt3)Pi)*((((-1)"3*sin((P1*19)/2))))/(((-1/2-1(3+1/6))))]))))

where 2*(log base 3(5) = 2*1.4649, where 1.4649 is a Hausdorff dimension

Input:
2 log(5)
161 i -:—1_13 sinl: J—E]‘E] i -:—1_13 Einl:a_:!lﬂ]
VER é‘—:’fhé] VER. —é—h:3+é:|

loggixiis the base=b logarithm
iizthe imaginary unit
Exact result:

185 r log(5)
30443 log(3)

logix is the natural logarithm

Decimal approximation:
1.617026603592618133766840717920890229818732014251198612088...

1.61702660359.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...
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Alternative representations:

2 log,(5) _ 2 log,(5)
[ :h 1y sm{m]] :{i 1 sm{m]] ] [ ieos[-9m) icog(-9m) ]
(A=pd) ()] \FEeed v " e fedve)
2 log,(5) _ 2 logy(5)
5[_ i{-1? 5i1'l{u_;£]] i i{e-1? 5in{'u—é£]:| ] - [_ icos(10 1) __ icos(10m) ]
(Yan)(z-ifa+g)  (Yan)(-3~(a+5) (-3-i[3+gll= V3] (Z-(aeg)lfav3)

21023{5} Cif
[_ :‘1_;—1:35in|,'”-_]7_£]] ~ f{‘-l’EEi"{%E]] ] R
(Vaa)(3-i(3+g) (V3 )(-3-i(3+3)
2 log(5)

§eosi—-2m i cos{-9m)
o 16 i S|

Series representations:

Il—l

185fr[10g[4} 155 l%f

—

2 logs(5)
mle :I]

i(¢-1% sin| = i1y sin{"zﬂll:l B -2

lﬁ[‘a‘*?nné +[5+3) {v?nn-whgn] Ay [105[2} e,

h

|

2 logs(5) B
B [_ (P antl) (e anlif2) ]
(¥ n]{%q{gﬂg]] RE n”-é—f{hé]]

—*
185n[2n[a‘25""J —ilog(x) +i T | Hﬁs—xm"x]
g =

k

Tlll. -\,‘. i)
k&
304 V3 (2| *22) ~ilogoo +: 3 m+m]
21023{5}
[ ) ot )
(Vaa)(g-(a+g) (Va3 a)(-3-i(z+5))
(1
m-arg) — [-argisg ) - - o
185N[2fr[j§l'— -llﬂg[znlﬂzfﬂ%
n—mgtl_]—mgwm o (el
304V3 |20 | — 5 |Hles i Yy,

11



Integral representations:

.51
2 log,(5) 1B | ot
[ i (-1 sin| 712} 4-.:e.-1;35an¢%9]]] 304 V3 [~ dt
':"IE”]':JEL".':B'*é]] |:u'?:r:||:—é—u'|:3+é:|]

- 475 [i_s)® [{14s)
185 Jllw+:r (=51~ I'{14s) ds

2 103’3[5} _ —i oa+y [,:1_5:,
[orsle) Abelal) sava fop=iaiea
.:v?nln:l:-u:m | {xﬂ?n]l:-":;-u'n:hé]]
Half-argument formula:
2 logs(5) 185 m(-log(2) + log(10p
JII" 1) smlla-l""ll Jl: 1 EIﬂl:a‘l"'n R 304 ‘u"? [—10g[2}+lng[6ﬂ

|:\.n'3 -r:||:l—4|:3+l:|:| |:\.n'3 T]I:—i—dl:3+l]]

and again:

1+ 1/[-/((sqre3)Pi)*((((-1)3*sin((Pi* 19)/2)/(((1/2-i(3+1/6))))-i/((sqrt3)Pi)* ((((-
1)"3*%sin((Pi* 19)/2)/(((-1/2-i(3+1/6))))]"Pi

Input:
1+

. fmx19 . fme18
i -:—1]3 5|1'||: 5 ]_ i -:—1,13 5|1'||: o '|T

Vin 15_;|:3+é] ER _Jé_n:hé]
iizthe imaginary unit

Exact result:
14372 387 (185

Decimal approximation:
938.2934420718423164453689407839688855234460969372834952306...

038.29344207.... result practically equal to the proton mass 938.272046

Alternate form:
32, 38" [3"-‘2 387 + (185 1))

12



Alternative representations:

1 1
=1+

* [11 -1) Emll"lg:l:lli—ﬂ (=157 sin| "19]] ]" [ i cos(—@r) icos{-9m) ]N
{_

(3-(ael)(Van)  (-3-(a+L)(Va ) (e D)) T Bl vR)

+ =1+
[11 1) mnﬂ"lg]]wm {1 sm{"lg]] ]" [ i eos(10 1) i cos(10 7) ]N

=Eh)(5 7 (2p)ven R a)  (EeR)E)

¥ rloy . 3 n19 =14
[11 D sin| =) (=03 sin] )i ]" [ i cosh(-9i 1) i cosh(-2i m)
{_

fed)(Ve )~ Fpe)ive s (e D) VE) T B eed)nvR)

Series representations:
1

+
(13 sin| D e (-0 sin| T2 )i
{é—u’{EJﬁ“]Hv’ 3 n] ‘—14#3+l'|'|{1.-'?n:|
18741 610000 B¢ K7 f(142k) (20, gikn Y ERge ©7/(142k)
( 1172889 ] ~1+2k

4 [11 1) smllnlg]:l-:—f;l -: l;l sin Jﬁ:l:l:
(Ve ~ [(Ta(2)ve n]]”

-1-2k 5142k 142 kY
1+3125f£{4<—13"‘1195 (5142K—4 . 2301 42K)) /142 k)

-1-2k (142K 142 kY
BE_Jk:,J{AF-:—lellQS (s1+2K_q 230l 42K]) /112 k)

18
[:O 4(-1)F 1195-1-2k {51+2k i 2391+2k}]3f=,:,—14:—1f‘ 119512k j5l42k 4 2391+2"‘:|]J.-'{1+2k]

“1-2k <142k 142 k)
ngﬂ-{ﬂ-n"llgs (s1+2K—a 230142k} /(142 k)

1+2k
=0

13



+ =
[1_1—1;:3 ﬂn{’%]]q—n _ {-:—1;:3 sin{”zﬂ]]i
{l—d'{3+l':|:|{1a'?:r:| —é‘—f{3+é‘]]{ﬂ?n]

=14 (1f{ 14z k2144 ko 1/ (344 k)) 38 -ER =14 (1142 k2 /(144 k41 /(344 k)

L]
3-L2 Iflg

[3 12 Eflot-Uar (1f{1e2kpzf{1ea kp1f(3eak))  ooBi (-14f (1f{1ezkpzf(1ea k1 /(342 k)

185 Tiso V4K (1 {142k )2/ (144 kp1f{3+4 k)

- lJ’( 1 2 1
Bl vl
e 4/ \1+2k 1+4k 3+4k

]Efﬂq—l;':tr" ({142 k2144 k41344 K))

Integral representations:
1

+[1_4—1335m'.[”1;']]“” i, ]N
(L-i(z1)(Va ) _—ﬁ—fﬁ%)”“ )

34225 ]Ja” 1{1e)de ¢ o ngﬂ 1/{14¢%) de
+
( U;. 1+ tz

1083

T ) () Y
i |

(L-i(aL)(vEa)  (-L-(z1)(van)

34 225 4 [} siniy d “ea SIT1(H) E’asinﬂ':l,-'r dt
(o) L
i

1083 t
) 1
[1_4-13351'11{’%]]:43 q 1) sm{nlg]] ]N
(-BdlVan) ()

R [ Ll
Q

1083 m

14



Half-argument formula:

1
1+ =

[I:-: 12 sml: l|l|'! —i} I:-:—IJI3 sinl:%]]l' ]T

I:l—\ll:3+l:|:||:".l'3 :r] —é—d'l:3+é:|:||:u'?:r:|

1 i 1
1 +[ (—plReemiznl ; o \/ 5 (1= cos19.m)
1 194
Frgele

[1 [1 P 1} | =Pl 1'='J:r]l.-'-:2JTJIJ+[EJ:v:1';':rJI.-'-:.'Z:r;uj}E‘,[_Im[l,;I ?T]‘]'}"'

1 ' 1

_ Y qmetomien; [y \J - (1-cos(19m
{ lm} 7 I \K_ 7 m})
2

-
[1 » [1 i 1}[—5'.:1 129m)(2 m) |+ Re{19m)i2 "]J}&[—Iln[l'? n}}}]

Multiple-argument formulas:

1
1+ =1+228_”[

[4#—133 sinﬂ’%]]-:—u': (-13 sinl:"zﬂ]]i ]T

(3DVan)  (-5-(g)E )

IS sin[mT" } [—3 +4 sinz[%” ”]‘”

[—9 + 35112}}Tﬁ

1+ =1+4567"
[{; 1) 5|1'|I: TIHJ (-1 smllnlg'l'la ]T

TPy TR R marT oy

Oxv3 -361<7v3

Q =]
P CDS[l = }sm[lj” ] o

2

£

L4 =1+2287"
[11—133 sinl:nﬂﬂ]]-:—u'] fi-1? sin{”Eﬂ]]i ]T

di—d’l{3+é]]|:u'?:r] - 4—%—4’{3+é]]|{h’?ﬂ]

i* U1z (cos(r)) sinir) ]

Onv3 -361#x3

((13/3)+1/8)*[[/((sqrt3)Pi)*((((-1)"3*sin((Pi* 19)/2)))/((1/2-i(3+1/6))))-
i/((sqrt3)Pi)*((((-1)3*sin((Pi*19)/2)))/(((-1/2-i(3+1/6))))]+1/golden ratio*1/10°2

Input:
(13 1][_ i C1sin(z7)

A 5111[ 1
a8 T L i(3+1) V3x -1o4(3+} T 107

me1a
i )

3 B

15



iizthe imaginary unit
# iz the golden ratio
Exact result:

1 2033
+
100¢ 74043 x

Decimal approximation:
0.511068467992230136165166035492425243501926837106787559765...

0.511068467.... result practically equal to the electron mass 0.51099895

Property:
1 2033

- —— s a transcendental number
100¢ 7403

Alternate forms:

1 [\E—l] 2033

G g il
200 74043 n

101656 +37v3 n
3700V 3 1o

1 2033
+
50(1+V5) 740v3 x

Alternative representations:

[13 1J[[[—1}3 sin[%‘”[—z} [[—l]'3 sin[%”z ] 1
3 B|\(L i3+ ) (V3 n) (l-i(+l)(VEm)) 10%6

1 +[E EJ[ icos{-9m) . i cos(—9m) ]
¢ 10 (-2 -i(3+¢))=V3) (;-i(3+C))=V3)

it
3 8

13 1 [[— 1)° Sin[%”[—r} [[—].]'3 Sin[%”z 1
[3*thg_43+5HJEN}'35_43+§MJEHJ*1m¢
1 [gg 1}[‘ icos(10 1) icos(10m)
2

§
3 8

-3+ 3)eVE) (3-i+ )3

16



[E }][[[—l}gsin["?m”[—f}_ {1} sm{”;g”: ] 1
*UlE )0 e WEn) W
1 +(E }][ i coshi-9 im) . icosh(-9im ]
o0 "3 T ee T e

3 8

Series representations:

[E E][[[—l}gsin["?m”[—f}_ {1} sm{"zlg”: ]+ 1
(6005 ()

[[2033&%:22[ 1)t J1+2k( J+9n\.’_224[ ]_

k=0

o «© 1
3511%\/'522*[2 ]],f [1DD¢{—3+191}[3+191}NE P [2 m
k k
ke=0)

k=01

+
3 8B

[E EJ[[[_I}E sin["Tlp”[—z‘} . {[ 1)* sm{”zlg}}: ] 1

e I R CERIE
(-81)F x2K
(2 k)!

[[1&1559 i Z

k=0
_ [—l}k [3—3.-:}‘Ic 2% e
Qnexp(fr;ﬂ {arg[B x}”\q i J [ 2};:

2
= k=0

@ (1F @3 -xf x* (-1
35112frexp[frmrrg[a_x}”ﬁz{ i [ z}k]ff

2 e k1

argi3 -x
[IDD¢[—3 +190i3+ lgz}nexp(fr:ﬂ {gz—}”\l'x
kL

for (x e R and x

o k!
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13 1 [[—l}gsin{”Tm”[—f} { 1) sm{”zlg}}: 1
G- g e e

19
[[2&33&%:22[ 1y J1+2k[ ;J+

k=0
o {—l}k (3 —Jr:}‘Ic x* {——1 }k

Qnexp(;r;ﬂ{argﬁ_x]'”\llgz o ZLL

2
o k=0

w (~1F (3w x (-]
35112frexp[frﬁrrg[3_x}”ﬁZ{ F(d =X X [ z}k]f

2 e k1

2

O I
i J:U - { z}k ]] for (x e R and x

arg(3 -x
[IDD¢[—3 +190i3+ lgz}nexp(fr:ﬂ {g—}”\l,;

k=0

Integral representations:

13 1 [ 172 sm{"—w”[ i} { & B sm{"zﬁ}} 1
5 el ajom e gl o
965 675 ¢ i° jncos{l‘-"“}dr+9xf_—35112ﬁ

900¢ V3 -36100¢° V3

13 1 [[‘1}3 Sin{”Tlg'”[—z'} {[ 1} sm{";g” 1 .

(E *é][{é ~i(3+1))(V3 n) _{‘5 (33 n}]+ 1075~ 1008
" oty 2D33¢='{351”2.‘.“165’+51G 2033{_.:36“215“55”5!"?

J [192[-§—%}n5352¢ﬂﬁ+192[}%%;3*'23@

ds for
A vaty

13 1y [ (V7 sin(E) o (=17 sin(*E)): 1
e o e vea)
L_'_j‘.'ﬂ\:aﬂ- 107 - 47342 lgl_zslfr_l_zs r[.i]"u'";
(3= )Ar ) V3
107 4—3+25 191—25 -1-2s r[.i}\'f_
ds tor(
3(;- )Tz -9)ve

A vaty

18



Half-argument formula:

Lyl rals). ),
[

+
3 B

1 i(3+d)(Van) (-1-i3+1))(V3nm)) 1076
L E 1 _15|Be{19 iz m)) \/ = ~
100 ¢ i 24 [[_i _ %}}rﬁ (-1) IE 2 i(1-cosil9m)y

[1 [1+[ l}l_mlg""""z"”J'lmlg”"':z"”}&[ Im[lgfr}}}+

(_)\R1OmNZ ) \/_\/ (1 -cos(19.my)

TG

[1 L [1 s l}l—Eﬂ: 19m )2 m)]+| Re{19m )2 JT:'J}H[_IHI[ lg }T}}}]

Multiple-argument formulas:

[13 1}[ (17 sin(*E))n (=17 sin(*E))s ] 1
3 8 [—1 —1{3+—;”[ﬁ}r} [—%—1{3+E”[ﬁ}1’} 10% ¢
2033004 cos( =7 ) sin(=7 ) +9x V3 ~3617 x V3

900¢xvV3 -36100¢~ 73

13 1 [ 17 sm["—m”[ —i) {[ 1y sm{" 19 1
5 +s][[ i(3+1) (VT ) (-E-if3+l }}[ﬁn] 10?6
304 950 ¢ i sm[lg"} 406600 ¢ i sin {19”}+9n~."_-3:3112;rﬁ

900 ¢mv3 -361006° 73

13 1 [ 172 sm[”—lou[ i) { i b sm{”zlg”z 1
53) LB+ (V3 n (L-i(+1)vI ) 10%
101650 ¢ i Urz(costrh sin(r) + 9r V3 3612 7 V3

900 ér V3 -3610082 73
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From the ratio of the two expressions, that are about equal to the Proton and Electron
masses, we obtain:

[1+ 37(-n/2) 38"(-m) (185 m)"xt]/[1/(100 *golden ratio) + 2033/(740 sqrt(3) m)]
Input:

1+372 .38 (185 m"
1 + ED?E
100 & THONI

# iz the golden ratio

Decimal approximation:
1835.944693981995689716265099832553867301809164293450374138....

1835.9446939....

Alternate forms:

1+372 .38 (185"

e R Y e A,
200 ¢ i 7

403 1

1+3™2 .38 (185
1 4 2033
50{1+v5 | 74043 n

925 x 297 x 32 . 197 ¢ (372 387 + (185 7)") ¢
10165(1+v5)+74v3 r

Series representations:

1+3™2 . 387" (185" 1+3™2 x38™" x 185" &~

1 2033 I | 2033
1006  740V3 n oos 1
) F TAO gV 2y = ok |g
7407 2 Zkﬂjz [ﬂ
1+3™2 %38 (185 ) 1+3™2 x38™ x 185" "
1 , 2033 g 2033
1004 74043 & 100 & (-1¥(-1)
vz e 2/ 20k
T3 Zk:ﬂ k!
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1437238 (1850 14372 38" x 185" "

1 420338 1, 2033v'm
100¢ 74093 x 1006 * 3707 Y% Res | 27 r-L—s|ris)
T s P R 7 =)

From which:

(([1 + 3°(-1/2) 387(-m) (185 m)*x]/[1/(100 *golden ratio) + 2033/(740 sqrt(3) m)]))-
107

where 107 is an Eisenstein prime number

Input:

1+3™2.387" (185x)

1, _ 2033 - 107
004 74043 o
# iz the golden ratio
Exact result:
1+3™2 387" (1850
-107

1, _ 2033
008 740v 3 ¢

Decimal approximation:
1728.944693981995689716265099832553867301809164293450374138...

1728.9446939... = 1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. The number 1728 is one less than the Hardy—Ramanujan number 1729
(taxicab number)

Alternate forms:

1+372 387" (185
= (V5 -1)+ = _
200 ¢ i T4ON 3

-107
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925 x 237  3H2M2 . 1977 4 (372 387 + (185 2" ) &

107
10165(1+v5)+74v3 «
/2 [ 1857
i 1 =)
- N 1 2033 T 1 2023
50(1+4¥5 | 74031 s0(14V5)  Ta0v3n
Series representations:
14372 .38 (185" 14372 538" x185" &
1., 2033 i e e 2033
1006 740V3 n 100 & _ (-Lf(-1)
7a0 7y 2 Z:J:u —'-k—l'-t
14372387 (185 1+372 387 x185" "
-107 = -107 + —
Lo ANAD, L 2033ya
1004 740% 3 1 1006 3707 E::tnﬂﬁs:_lt: 278 r{-]i—s]rqs:
14372387 (185a) 1+372 38" 185" &
i . 2033 S e 2033
1004 740V 3 n 100 ¢ q—l:kl:—%]qu—zc.mkzﬂ“"
740z Z?:n k!
for (not (zpeR and -
and:

(((([1 + 37(-w/2) 38"(-t) (185 m) x]/[1/(100 *golden ratio) + 2033/(740 sqrt(3) m)]))-

107)* /15

Input:

| 1+372.38" (185 nf"

1 1, _2033 - 107

W0o0a 7403 o

22

# iz the golden ratio



Exact result:

| 1+3™2 38" (185

15 _1 2033 - 107

“i 008 740V3 g

Decimal approximation:
1.643811723283844468274612644672365292355722806974066641274. ..

2
1.643811723.... = {(2) == = 1.644934 ..

Alternate forms:

| 1+3™2 38" (185

1o — ~107
\ = (v5 -1)+ =2
200 d TAINVI o
| 14372, 38" 185 )
_107

15 1 4+ 2033
1'|" 50(14¥5| 740V3

1

|
15 ; y 7 3 — par
\ql o25 . 23T . 3l/2-mi2 107 1 (3™/2 . 387 185 )" |#-107(10165 (1445 |+744/3 )

10165 |14¥'5 [+74 '3 1

All 15th roots of (1 + 3 (-n/2) 38" (-mr) (185 m) m)/(1/(100 §) + 2033/(740 sqrt(3)
7)) - 107:

o | 1+3™2.387 (185"
€ 1§ 1, _ 2033
"1 W00d 74043 &

- 107 =1.6438 (real principal root)

| 1eg2 387" (185"
Gimis | -7 T 107 ~1.5017+0.6686 ;

1 2033
1\ W00é 74043 &

@imis | 1437 <387 (185 )
G4

15

1 2033 -107 =1.0999+1.2216
\1 —_ ==

004 74043 1

23



_ 1+3™2 387 (185x)
D = M 107 ~0.5080+1.5634
\ 1006 * 740V3 n

o 1+3™2 . 387 (185m)"
itk i W i © 107 ~-0.1718+1.6348
1 1 2033

Woa 740y 3 g

Series representations:

J 1+3™2 % 38" (185 a) 1+3™2 %38 x 185" 4"
1\4 L ;08 = | =100 5 " 2033
= T
1008 74043 n li 100 g ?4':'”“'?2:102*[5]
k
J 1+3"2 38" (185q) 1+32 %38 x 185" "
1 1., #0533 el |1k = 2033
1"4 W0g 740V 3 7 15 100 & _ _L]-kg_l_]
\ ELAED Y P
1+3™2 « 38~ (185 n) 1+3™2 %38 x 185" 4"
1 -107 = | -107 + —
1\{ 1, 3033 1 2033 ¥n
e AN A 1 1006  370n Z?inﬁﬁh_lt:z_s r(-3-s)rts)

Integral representation:

ooty D{s)T{—a-s) ds
§ R = for (0 leia) and |arg(z
(2xnTi-a)

(([1 + 3°(-1/2) 387(-m) (185 m) x]/[1/(100 *golden ratio) + 2033/(740 sqrt(3)
m)]))+34-1/2

where 34 is a Fibonacci number
Input:

1+3™2 387" (185 x
1 + ED?E
100 & THNI

L34 =
2

24



Exact result:

1+372.38" (185" 67
g
1, 2033 2

100 & TN I

Decimal approximation:
1869.444693981995689716265099832553867301809164293450374138...

# iz the golden ratio

1869.44469398... result practically equal to the rest mass of D meson 1869.62

Alternate forms:

67 1437238 (185x)
e
2 L5 -1+ 22
200 3 740¥ 3
925 % 23 5 332 107 o (372 5 38" + (1852)" )¢ 67
Pl
10165(1+V5)+74V3 x 2
—m/2 {1B5m\T
67 1 3 [ 38 }
2 * 1 2033 N 1 2033
s0{1+v5 |  7a0v3x  s0(1+/5] 7403
Series representations:
1+3™2 .38 (185 1) 1 67 1432 x 387 x 185" «"
1., 3083 T T, T T 2033
1004 7404 3 100 & —1—]"‘{-1—]
TanE T e L
1+3™2 . 387 (185 1) 1 67 14372 %387 x 185" &
1 420338 N 2”2 7 . 2033 vV
e AN A 1008 3707 Zj;jﬁzs:_%t:z—s r|-3-s)ris)
1+3™2 .38 (1851 1 67 14+3™2 x38™ x 185" «"
_1 2033 T T, T 9 T 2033
1008 7403 100 & o (15 (=L) (3= k¥
om0 Y | Elkk! —
and -

fornot (zpeR
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Now, we have that:

Afrer a long calculation, one can show that this Maass-Poincaré series has the Fourier
expansion

. 0 no

! a

Ty \\. \\ . k) S — n— -1
—)) g 2+ ) pn)dTE+ ) B(n)gdt T,
n=1

8 % F o ff
(3.41) P, u:.?)zv—n z.rk‘ e

o | =

n=-—0o00

where for positive integers n we have

(3.42) pf(n)=n(24n—1)

b=

N kil E(1+(=1)%) AT
() A (o 2R (wzﬂ:n—l)
k=1

Z E 12k

and for non-positive integers n we have

1 1 1 w|2dn—1|-y
Vy(n) =72|24n — 1|72 . T (5 5 )

s Lt - {14 (—1)%
= 1}“; 1 A (n.— ;”(12—1]))
J

T/ |24n — 1|
2 ; | (T)

k=1

From

L= {_1}LI"§'JA% (n. - Li_”j\])
Bn) =m(2dn —1)77 ) s Sy

my/24n — 1 |
12k

tal—

For n =4, we obtain:

Pi*(24*4-1)7(-0.25) sum 1/k*((-1)"((k+1)/2)) (d-((k(1+(-1)"k)/4))
(((Pi/(12K)*(sqrt(24*4-1)))))), k = 1..infinity

Input interpretation:

;ri é e [4— [k [}1 1+ [—l}k}}][i m”

o 12k

(24 x4 - 1723

Result:
-3.16132 - 0.950047 ;
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Input interpretation:
-3.16132 +i+(-0.950047)

iizthe imaginary unit

Result:

-3.16132.. -
0.950047.._ &

Polar coordinates:

r = 3.30099 radius), 8=-163.273° (angl
3.30099
From
. 1 1 w|24n—1].¢°
(n)=m22dn— 1|72 -1"| =, - )
() = rf2an— 174 1 (5, T
) e k(1(=1)%) )
w (DT A, (H—.— / ,
Xz & \ & ,,) o |24n — 1|
-y k 2 12k '

Forn=4,y=1/4, we obtain:

Pir(1/2) (24%4-1)(-0.25) * gamma (1/2 , 1/6*Pi*(24*4-1)*1/4) * sum 1/k*((-
DARH1)/2)) (A-((k(1+(-1)°K)/4)) (((Pi/(12K)*(sqrt(24*4-1)))))), k = 1..infinity

Input interpretation:

Vrr(d, tr@dca-1 i}ié[_l}-:km;z [4_[,{& [l_r[_l}k}n[éﬁ'—zq_ 4_1”
k=1

(24 4 - 1%

I'ia, xiis the incomplete gamma function

Result:
-1.93787 x 113"5 _5.82374x1077 i
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Input interpretation:
~1.93787 - 107°-5.82374 . 107" ;

iizthe imaginary unit

Result:
~1.93787... x 1076 _
5.82374... x 1077 i

Polar coordinates:
r=2.02349x107% (1
2.02349*10"-6

#=-163.273"

' 2

From the ratio of the two results, we obtain:
3.30099 / 2.02349%x10"-6

Input interpretation:
3.30099

2.02349 - 10°°

Result:
1.63133497076832601100079565503165323278098730411319057... = 10°

1.6313349707...%10°

From which:
(((3.30099 / 2.02349x10"-6)"1/30))

Input interpretation:

| 3.30099
3|:I| —IS
\ 2.02349 - 10"

Result:
1.610960053721008574512565471714658498438570650432823712070...

1.610960053.... result that is a good approximation to the value of the golden ratio
1.618033988749...
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From

ELLIPTIC CURVES AND LOWER BOUNDS FOR CLASS NUMBERS
MICHAEL GRIFFIN AND KEN ONO - arXiv:2001.07332v3 [math.NT] 29 Apr 2020

We have that:

We derive lower bounds in terms of Q, := 73 /T (% + 1), the volume of the R"-unit ball, the
regulator Rg(FE), the diameter d(E) (see (3.3)), and the torsion subgroup Eio(Q). We define

(1.4) o(E) = 1P @]

.-—RQ(E) y%e

Remark. A classical theorem of Hooley (see Ch. IV of [13]) gives asymplotic formulas for the
number of square-free values of irreducible cubic polynamials f(t) = Z[t]. Namely. it is generally
the cuse (ie. burring lrivial obstructions arising from congruence condilions) lhal a posilive
propartion of the values of | af integer argumenis are square-free. Using this foct we can quantify
the [requency with which Theorem 1.2 improves on (1.1) for larye —DE(l) (ie. | — +ou) when
r(E) > 3. A famous example of Elkies [5] has r(E) > 28, and so we obtain the effective lower
bound
h(~D) . (log D)~

which holds for >_ X3 many exphcit fundamental discriminants — X < —D < 0.
Example. For E: y* = 2 — 16241, we have® |E . (Q)| =1, r(E) =3, and Rz(Q) ~0.930....

Therefore, for large fundamental discriminants of the form —Dg(t) = —4(t* — 16t — 1), we have
1 -
h( Dg(t)) > 50 (log(Dg(t))=.
We give infinite families of F/QQ nsing the discrimmant A, , = —16(27h* — 4a®) curves
(1.8) E.p : y'=2"—d'zc +b°
For integers ¢, we let D, 3(t) := 4(#3 — a*t — b*). For positive integers a, b, we let
s ® Qs

(1.9 A — e,
) 19 (P2, 243 h(PE)%

where Pl € {(0,b), (—a,b)} C E,;(Q) and Pk € {(0,83), (—a.b®), (=b%, ab)} C Enps(Q) are
chosen to have the largest canonical height.

3
and ¢ ;.=
¥

Theorem 1.3. If a and b are positive integers, then the following are true:

(1) If a >4 1 (resp. b >, 1), then r(E,,(Q)) = 2. Morzover, if € > 0. then for sufficiently
large fundamental discriminants —D,3(t) < 0 in absolute value we have

I(=Dap(t)) > (24 =€) - log(Dap(L)).

(2) If a >4 1 (resp. b4 1), then v(E,32(Q)) > 3. Moreover, if € > 0, then for sufficiently
large fundamental discriminants —D, 4:(t) < 0 in absolute value we have

h(—=Daps(t)) > () — €) - log(Das (£))3.
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we obtain:
1+1/2*1/(((-4(4"3-16*4-1))))

Input:
1 1

Wy FA
21 4(4°-16-4-1j

Exact result:

2
8

Decimal form:
1.125

1.125

and:
1+1/2*1/(((1/20*(In(4(4"3+16*4+1))N(3/2))))

Input:
1

1
1+ - : =
2 = log??(4 (4% + 16 <4 + 1))

log(x) is the natural logarithm
Exact result:

10
T
log*4(516)

30



Decimal approximation:
1.640598466792149425627232451710086376470664375377164940673...

2
1.640598466.... = {(2) == = 1.644934 .

Property:
10

1+ ——— is a transcendental number
log*%(516)

Alternate forms:
10 + log?#(516)

log??(516)

10
(2 log(2) + log(129y*2

1+

10 +(2 log(2) + log(3) + log(43)°*'?

(2 logi2) + log(3) + log(43)*?

Alternative representations:

d |
f =1+
i 10g3_-'2[4 [43 +16 4+ 1”2 i 10g?'2[4[|55 +43}}
! 1
~E e : = 31113/2
~; log*?(4(4° +16 -4 +1))2 2 (logia) loga(4 (65 + 4% )
1 . 1
- e g
i logE_-'2[4 [43 +16 4+ 1”2 i [_L'll[]_ _4[55 +43]}]3_-‘2

Series representations:

1 10
1+11 3'2[[3 G 'H = L% l-rk3'2
= log*=(4(4° +16 4 +1}2 = =Y
20 N log(515) — :’=1 —5};5—
1
7 302 3 =
Elug 447 +16 4+1))2

10

s an ek k1312
[zmlu.gqsm-nj +log(e) — Lkm 3 1:*‘151: xf x
T -

1+
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1
+ i
- log®(4(4 +16 -4+ 1))2

10
1+ " PR
arg|516-zq) Y oo (=1 (516-z ) = ]"
[lng[z.;.Hl = J[lng[zn ] - lng[z.;.}] T R
Integral representations:
1 10
T E 3/2 3 L 5161 5,132
= log¥“(4(4° +16 4 +1})2 [Jl : Jt} '
1 20 V2 »°2
1+ ; . =14+ . .
= log®?(4(4% +16 4+1))2 [_I [iooty SIS =P TMl4s) e
2 " i sy Iil-s)

and also:

[1+1/2%1/(((1/20%(In(4(4"3+16*4+1) 3/2))H(1+1/2% 1/(((-4(4"3-16%4-
II)ONIL2

Input:

| 1 1 1 1
V2 LiogPa@16.4+1)) 2l ie 1
50 log™ e (4 (4" + +1)) | |

logix is the natural logarithm

Exact result:

| 17 10

S =
\ 8 log??(516)

Decimal approximation:
1.663008859505008597904347894923863133618463837199130168288...

1.6630088595.... result very near to the 14th root of the following Ramanujan’s class
invariant Q = (Gsos/G101 /5)3 =1164.2696 i.e. 1.65578...
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Property:
|' 17 10
e -
‘ql 8 log¥?(516)

15 a transcendental number

Alternate forms:

[
\( ; (80 + 17 log*?(516))

2 log¥*(516)

f
\( 51 (80 + 17 (2 logi2) + log(129)*/2)

2 (2 log(2) + log(129)°'*

| 17 10
i :
\ 8 (2logi2) +log(3) + log43)°?

All 2nd roots of 17/8 + 10/(log”(3/2)(516)):

f
o |17 10

e | + ——— =1.66301 (real, principal roct)
\ 8 log¥?(516)

i | i 10

— + ————— =-1.6630 (realroot)
\ 8  log??(516)

Alternative representations:

| 1 !
1+ 3l 13
\," ﬁ log¥?(4(4% +16 - 4+ 1)) 2 [ ! (4(4° -16 <4 - 1112]

1 1
2 -
J T2 (-4 (-65 +4%)) % log??(4 (65 +4%))

| 1 !
1+ +|1+- =
\,,' i log¥?(4(4% +16 - 4+ 1)) 2 [ ! (4(4° -16 <4 - 1112]

1 1
/2 + + -
\  2(-4(-65+4%) o (logia) loga(4(65 + 4°))
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1 1
/1+ . +{1+- =
\ ﬁ log®?(4 (4% +16 -4+ 1))2 (4(4°-16 4-1))2

1 1
‘24‘ 3 = 2 : 332
\  2(-4(-65+47)) = (-Lix(1-4(65+47))

Series representations:

1 1
/1+ , +[1+— -
Y log¥(4(4° +16 - 4+1))2 (4(4° -16 - 4-1))2

17 10
— +
8 _1 e
2 = 1 5187
Q‘J [103’[515} Ll k ]

17 10

— 4 for x < 0

VP (2n| R0 s logen - T Fenglt

/ 1 1
1+ +(1+- =
\ ﬁlmgg-"z[ﬂf[ﬂfhlﬁ 4+1))2 [ : (4(4° - 16 4—1}}2]

/ 1 1
1+ +{1+- =
\ ilagg"'2[4[43+ll5 4+1))2 [ } (4(4% -16 4-1}}2]

17 10

e !
[103’[50]' A [alﬁ#ilﬂﬁ— ]J [103[;}] + lng[zu}] i Zk‘il M]Efz

k

Integral representations:

‘ 1 1
1+ +|1+- -
\ ﬁlcgg-"2[4[43+16 4+1))2 [ ’ (4(4° - 16 4-1}12]

— =

‘ 17 10
e
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! 1
/ ¥ 1 - + [1 + - = o
Voo log¥?4(47+16 4+1))2 (4(4°-16 4-1))2
17 0 ﬁn3;'2 T I
7 " Ol 3 [
8 oty 51579 r-:—s;l2 I{145) 32
[—1 J_m,,]; T s d’s]

Now, we have:

s ?T%’F (% + 1)._ the volume of the R"-unit ball,

(1.9) 47 = 2

1y

= and ¢,

" 12 A(PE)

where P2k € {(0,b), (—a,b)} C E,4(Q) and P$
chosen to have the largest canonical height.

T(Eﬂ.,b(@j)

Pi/ gamma (2)

> B

Input:
T

r@

Exact result:

Ha

Decimal approximation:

3.141592653589793238462643383279502884197169399375105820974...
3.14159265358...

Property:

mis a transcendental number

35

€ {(0,8%), (—a, ), (-

BTN T EE

b, ab)} C E,;:(Q) are

Iixiis the gamma function



Pi*(3/2) / gamma (3/2+1)

Exact result:
4n
3

Decimal approximation:

4.188790204786390084616857844372670512262892532500141094633...

4.1887902047...

Property:

? I1s a transcendental number

Alternative representations:

}T3'|2 }T3'|2

e
r[— +1 =

2 2

ﬂ_3_l.2 ,:"r3"2

3 o Ak I| ITII

r[§ o = logGi5) 2 HoeG(7/2)

2

}1'3"2 ;r3 2

r(2 +1] - (2
2 2

Series representations:

2 16 i (-1f
2+1) 3 G1+2k

A2 = 16(-1F 11957172k 5142k 4. 939142k)
r[i”’l._& 3(1+2k)

36
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a2 42[ 1]k[ 1 2 1 }
— - + i+
r[§+1} 340 4/ \1+2k 1+4k 3+4k

Integral representations:

3/2 .

ud :EJI‘J 1-t% at
r[§+1} 3 .o

312 1

[3 }:\E+32]4'ﬂ—[—l+ﬂtd’t
r=+1 o

2

8 1 1
F[§+1} - B\L 1|I1—t2

Now, from:
2. b
R, i
Y19 w(PEY

we obtain:
(Pi/ gamma (2)) / (12*2)
InPut:

@)

122

Exact result:

i

24

Decimal approximation:

0.130899693899574718269276807636645953508215391640629409207...

0.13089969389...
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Iix)is the gamma function



Property:

T I1s a transcendental number

Alternative representations:
T Fin

(12:D1(2) 24

i i

(12« HT(2) 24 6°

T T

(12x2)I(2) 24 x1)

Series representations:
T g
(12 2)r(2) 5 ~1+2k

T o (—1)F 110512k [51+2k _4 2391+2k}

(12 =« 2)[(2) e Bil+2k)

i

1 & ][ 1 2 1 ]
(12 2)1(2) 4ﬂ[ 1+2k. 1+4k 3+4k

Integral representations:

é——f Vi-£ at
(12 2)12)

m 1 ['1 1 -
(12202 12 .o 'Ill—tz

m w1
e I dt
12-2)2y 12 Jo 1442
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and from

3 {13
G‘E}E = 3 i 3
2“-1\/_ h 111ax :'
we obtain:

((PiIN(3/2) / gamma (3/2+1))) / (24*sqrt3*(3)(1.5)))

Input:

{2
2312

r|:§+1]

2443 =313

Iixiis the gamma function

Result:
0.019392547244381430743596564094317919038254132094908060623...

0.0193925472...

Alternative representations:
312 312
Fi Fi

(24V3 3152 +1) 2124 3543)
g 2 2

.i'T3'I 2 .i'T3'I 2

(24V3 31-5}r[§ + 1}  loEGI5/2)4056(7/2) (24 %315 +/T)

}T3'|2 .?'FB'IZ

(24V3 3'%)r [-+1} (1)z (24 35 V3)
2

Series representations:

a2 0.00801875 2
(243 3'%)1(2 +1) (Z-s0f MPeg)

I H et
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a2 0.00801875 /2

[24@31.5}r§+1 B e #11k¢3—x;|kx“"‘|:-%'|
{2 } exp[‘”l 5 J [}rlk_n Kt s

forixeR and x < |

a2 0.00801875 »*/2
(24v3 3'%)r(2+1 sz 1‘T"': -7} (320 MPiz0)
61 rfyy, B e rof o

Tor [z £ OF zj

Integral representations:

a2 0.00801875 /2
(24V3 3131 [—+1} V3 [<e t¥2 at

a2 _ 0.00801875 a2
(243 3'%)1(2 + 1) REY Jylog®?( 7 ) at

2 _5x 52 .
; 0.00801875 Exp[ 122" |2
nl2 (-1+x) logix)
(24V3 39r(2+1) V3

We obtain also:

(((((P1/ gamma (2)) / (12*2))))) * [(((P1™(3/2) / gamma (3/2+1))) /
((24*sqrt3*(3)*(1.5)))))]
Input:

" 2312
Ehi ]
iz} F{E +1]

12x2 2443 x313

Iixiis the gamma function

Result:
0.002538478498222571661222862911490779612992206637664812403. .

0.002538478498...
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Alternative representations:

12 a2

(2 +1)(24V3 399)r@ya2.2) 2411 £1(24.3'43)

P T2

[r[g 5 1}[24 V3 31.5}}“2}[12 2) B 94 0 - 10EG5/2Hl0gG(7/2) (24 315 ﬁ}

% rrl?

(02 +1)(24 V3 3V°)r@a12 - 2) 241, uF (24 315 V3

Series representations:
3/2
i

(r(2+1)(24¥3 3%)ra2.2)
0.000334115 72

_ L [ 1
explin | 2280 | gy (3 v Y, Lk

a2

M3 +1)(24 V3 3*%)r@ 12 - 2) )

0.000334115 552 [i]—l.-'E largi3-=p iz m)) zal;'z-l,-'z |argi3-=n W2 7
ZD

1—1:lk{—1—:|k¢3—z|:|:lkz,:,'k

M) Y

e g

(r(2+1)(24¥3 3"%)r@a2.2)
0.000334115 »°/2

a5 B P

I (5,1 (S, ki) yy Ll

tor{zp ¢ £ orzg =0

Integral representations:

l":k:":zgi'

R and x

———+Jr2 a2

2 g

0.000334115 Exp[ l%m ax

T

5/2

(M(2 +1)(24 V3 3'%))r@ (12 - 2) ) V3
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2

(M(2 +1){24 V3 3"%))r@ (12 - 2) )

oy ‘1 2-x2 —.1:5-'I2+h:\-gl:.1:E :|+]Dg|:.1:5-'lzl| 52
0.000334115 exp e JID - dx [

logixi-xlogx)

V3

2 g ~ 0.000334115 »°'2
[r[§ +1)(24 V3 313 r@yaz -2 - [J;lag[f}dt}[gllagg-’z[rl}in} V3

s the Euler-Mascheroni constant

From which:

sqrt((((1024*(((((((((P1/ gamma (2)) / (12*2))))) * [(((P1*(3/2) / gamma (3/2+1))) /
((24*sqrt3*(3)*(1.5)))) D))

where 1024 = 64*16

Input:
: 232
e r{3+1)
1024 | —2 g
\ 12x2 2443 x31°

Iixiis the gamma function

Result:
1.612266101541526078305847340126360650019169998304658280305 ..

1.6122661015.... result that is a good approximation to the value of the golden ratio
1.618033988749...

All 2nd roots of 2.5994:

1.61227 ¢° =1.6123 real, principal root)

1.61227 &' ™ —1.6123 (real root)
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Alternative representations:

1024 7 7' 1024 7 7'
\ @2 2p(r(2 +1)(24 V3 3'9)) 24 11 35[24 L ER
1024 5 77/2 ; LT
\ (@12 2y [r{g + 1}[24@31-5}} _‘-q 24 (0 o WEBI2HOITI) (94 . 315 [T
1024 7 7' 1024 7 7'
\ @2 2p(r(2 +1)(24 V3 3'9)) 24(1); (3 (24 3°V3)
2

Series representations:

1024 7 7°/2

@12 2n(r(2 +1)(24 V3 3'%))

| -

. 0.342133 n°/2 i[i] 0.342133 »*/*

I [t olsctienial ok gt e CERE
r(2) FE} V3 k ri2) r[g} V3

k=0

1024 7772

@12 29 (r(2 +1)(24 V3 3'7))

[_1}k{_1} _q 4 Q342133752 @
0.342133 252 & 2k N ]

T rar(E)va 2 ke
k(_1| |0.3421332°/2 &
1024 x %2 —\l{z_i =4 {_2}k[r¢znr{§]ﬂ? Zu]kzu
@212 2n(r(2 +1)(24 V3 3'%)) —he 2 k!
for (not (zpeR and -«

Integral representations:

5 9x 2 .53

0.342133 exp|- [ dx |2

(=1l4+x)logix)

1024 x n*/2

(F(2y(12 2}}{r{§ + 1}[g4ﬁ31.5}} - 5
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1024 7 272

\ @z 2)(r(2 +1)(24V3 31%)

2
o E_ 5.-'2 1 g'l: 21 1 5.!'2] .
0.342133 exp[‘ﬂ s [ i 5 s -dx]ns,-z
2 logixi-xlogix)
V3
1024 7 272 0.342133 7

\ T@az- 2y [r{g + l}[24v"§31-5}}

and:

" (o) (G log (e 5

¥ 15 the Euler-Mascheroni constant

((((Pi / gamma (2)) / (12*2))))) *1/ [((((PI*(3/2) / gamma (3/2+1))) /

((24*sqrt3*(3)*(1.5))))]

Input:
Mz 1
12«2 2
r 24
2443 .315
Result:
6.75
6.75

Alternative representations:

i iy
r32 @z -2 24 1gx¥2
2 = ol.5 E 1.5 =
ras+1){zavzals)  J1f24 322 V3

T I
M2 mmnz o2y 24 M 55/2

3 3 415
rn:2+1]|:24v'33 |

¢ I0ZGIE 2HogG(7/2) [34 315 y3 |
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Iixiis the gamma function



i i

32 r@y12 - 2) 241y «3/2
r2+41)(24v3315) (1324 3153
2

Series representations:
-1 @-xf x*{-%]k

k!

= 5.19615 exp(in | *£22 ) (%) Vx B,

2 m@z -3 Vi 1(2)
r|}§—+1]124 vaals)

forixe Randx <0

i

Mm@z o2
r{241)(24+3 315

| | 1 &
12 |argi3-zp iz ml 24112 |arg3-2 V2] o ﬂ-llkli.—z ]kﬁ—z.:.f‘z,;,
0

5.19615 r[g}[i] 5 3

Vi Ti2)

1
27k [5]13-5.:,]"‘2 k2 )zq)
; )

5.19615V2 I 30,0

B k!
22 3z - 2) Vr;zm (220 ¥izg)
r{g—'+1]|{24 V3 31-3) k=0 k!
for(zg e Zorzg >0

Integral representations:
5.19615 EXp“;l— 1+"'?'2_r2 d’x] V3
_ 2logix+2¥ x logix)

=32 ryz - 2) v
r{2—+1]{24 ya ata)

e

—x2 g gl:_.vr2 J+Ho 3.{1_5,-'2 |

logixi-xlogix)

V3

2
5.19615 E_xp[—I +J";lx dx

2

T

a2 212 - 2) Vi
r{§+1]{24 e

" 5.19615 V3 [llog®?(-)at

A2z oz Vi [Mog(?)dt
r{2+1) (24473 315} b [r}

y iz the Euler-Mascheroni constant
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[((((PIN(3/2) / gamma (3/2+1))) / (24*sqrt3*3)YN(1.5))))] *1/ ((Pi / gamma (2)) /

(12%2)))))

Result:

0.148148148148148148148148148148148148148148148148148148148. ..

Repeating decimal:

0.148 (pericd 3)

0.148...

Rational approximation:

27

Alternative representations:

ﬂ_3_l.2

,:"|'3"2

nr|241)(24¥3 31 5)

3 1.5 43
Sim|2431° ¥3)

m2y12 < 2) 24 < 1!
}73"2 }73"2
rr{3a1)(24V3 31 5] o logGIS/2HOMGTI2) 1 (24 315 V7|
r(2)(12 - 2) 24 0
}TB'IE }T3'|2

nr|241)(24 V3 31 5)

{212 = 2)

(g n24 315 V3
2

2441n
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Iix)is the gamma function



Series representations:

nol2 0.19245 v I(2)
rr{341)(z4v3 315) " -1k @-xf 2 (-2
L2 153—1'
r{2)(12 - 2) EXP[!’Tl J [ zkdil k!
forixeRandx <0
_y2 I-zyi2m| —pz-1y —z )
- 0.19245 V'?F[E}[i] [argi3-=p JTJzul,z 12 |argi3-zg W12 m)]
nr ]
nr|:§+1]|:z4w—3 33 a o 1—1:"‘1_—15]k<3-z.;.3"‘z,:,""‘
r2)(12 - 2) r[E}Zkzﬂ k!
, (2-29 1 M=)
232 0.19245 v'r Yien S :
_ or(zp ¢ £ orzg =0
nr(341)(24¥3 3l5) < (3-20) M¥io) 2 20 | r0izg)

ST (o e[ B

Integral representations:
. D.19245exp[Ll T .;rx]x.f?

F 2logixi42 Valo Tix)
nr{_§+1]{z4w—3 -S| v 3
{212 - 2)

w2 ™2 g gl:_'vr2 |+ gI: X212 I|
-dXx

312

i

¥ "1
0.19245 EXP[E + Jj {-1+x)logix)

nr{§—+1]|:24u—3 3] V3

M{23{12 = 2)

32 0.19245 vr Qlag[;l}dr

i

rr{341)(24 V3 315) ﬁ£110g3-"2{l}dt
r2)12 - 2) ;

yis the Fuler-Mascheroni constant

From which:

LEA(((L(((PI7(3/2) / gamma (3/2+1))) / ((24*sqrt3*(3)N(1.5)))] *1/ ((((Pi / gamma
(2) 7 (12*2))))))

where 11 i1s a Lucas number
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232
r 241)
11 5 e
243 »3 m——
122
Result:

1.629629629629629629629629629629629629629629629629629629629...

Repeating decimal:
1.620 (period 3

1.629...

Alternative representations:

1 1 }TEI.'E 1 1 HEI.'E
2 7 a1.5Y), 2 1.5 5
{r{2+1]{24‘ﬂ'33 |= 2!:r{24 < LR E
T2)(12 « 2) 24 1!
1172 1172
(M[2341)(24V7 31 5)|n e IoeGSI2H0GT2) 1 (24 315 V3
r2)12 - 2) 24 0
1 1 }TEI.'.'Z 1 1 II_E..'Z
(M2+1)(24¥3 32 5))n (gn(24 315 V3)
ri2)(12 < 2) -
24(1n

Series representations:

11242 2.11695 v I'(2)
(f2+)(z4v3 315))n -1 @-xf x % (-1)
2 i arg(3-x) ] L] 27k
M2)(12 = 2) EXP[”Tl 2 J} r[z} G Zk:ﬂ k!
forixeRandx <0

Iixiis the gamma function

=12 |aug(3-—zg 2 m) —12-1/2 -z W25
- s EIIEQSGF[E}[—I] ! i) e 2 [angi3-zg W2 m)
a s =
(f{3)f2e V3 51 5))x T Ol M Yok
{2412 - 2) [E}dej k!
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Ar k)
2.11695 v g, 2/ o)

11}1_3.!'2 T r
S [u)i £ ar [}
(f{2+1)(24¥3 31 5)) o il New (22
212 « 2y E Ea.’t:ﬂ2 f{ Zk:ﬂ k!

Integral representations:
2.11695 EXp[Ll 4v/x 22 Jx] Vi

1154 o 2logixiz vV x logix)
(Er)ev 2 V3

r2)f1z - 2)

X 2_ 5.!'2_] g'l: 3y 1 _5I.'2'|
. 2.11695 exp| Y + 1" R

11 fl'g"2 2 {=14x)logix)
{r{z—+1]{24u'—3 208 Vi B V3

r2)(12 - 2)

11 732 2.11695 vx Lllog[gl}dt
(Ea)(zavsals)n ﬁj‘;llugg-"z[;l}.:{t

r2)(12 - 2)

y i the Culer Mascheroni constant

[(((P1™(3/2) / gamma (3/2+1))) / ((24*sqrt3*(3)~(1.5)))))] + (((((P1/ gamma (2)) /
(12%2)))))

Input:

+3/2
E] L
rf §+1] riz)

24v3 315 12,2

Iixiis the gamma function

Result:
0.1502922...

0.1502922...
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Alternative representations:

a2 T T P

+ = +
[24ﬁ31-5}r{§+1} (12 =22y 2411 35[24 al3 ﬁ].

a2 T T 2

+ +
(24V3 3152 +1) (2-DT@ 240 PEERRH (04 315 V7))

a2 T T 2

s = +
[24ﬁ 31-5}r{§ + 1} (12 -2 Ti2) 24 (1y, (1)3 [24 gl ﬁ]‘
J g _

Series representations:
3 12

m
(2443 32T {_ + 1} (12 x2)(2)
- 0.00801875 /2
24F[2} (=1 (3= (L)
Exp{lﬂ_[algﬁ IJ { de-_, = ‘ 2k
e T

+ =
(24¥3 3'%)r(2 +1) (12xATA

0.00801875 32 [ 1 ]—1.-'2 [argi3-=p )2 m) zl;l,-'z—l,-'z [argi3-=g i2 m
ZD

+
24 T(2)

1K (-5 ) 3= ¥ =5
2) 2 —

e T

= =
(24V'3 31-5}r{§ +1) (12xDTQ

® 2z Mz
0.00801875x |y x 3 ”L‘ o) 519615
k=0 2

kq=0kq=0
k k)
o . & (2 —z) Mgy | & {§ —ZD} M™izg)
B H hEETEE R
=0 =0 k=0
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R and x



Integral representations:
0.00710644 5{55'—1 dt +0.0360844 § < at
Lk ral

nl2 m
- =
(243 31-5}r[§ +1) A2-2TQ) iv3
a2 o

[24ﬁ 31.5}r[§ ¥ 1} ’ (12 x2T(2)
0.00801875x (Vi [llog()dt +5.19615v3 ['log*?( )at)

o o 17

a2 m

+ =
[24@ 31-5'}r[§ + 1} (12 - 2y[(2)
§ 2
0.00801875x(Vr [“e™ tdt +5.19615V3 [“e™ 3% dt)

(e tdt)([e™ 32 at)V3

11 * ((([((((PN(3/2) / gamma (3/2+1))) / ((24*sqrt3*(3)(1.5)))))] + (((((Pi/ gamma
(2) 7 (12%2)))))))

where 11 is a Lucas number and dimensions number of M-Theory

Input:

fa
232

m

k]
5+l riz)

2443 37 T 12x2

11

Iixiis the gamma function

Result:
1.653214652583517738141607080040602598011164761000012168136...

1.653214652583517.... result very near to the 14th root of the following
Ramanujan’s class invariant Q = (6505/6101/5)3 =1164.2696 i.e. 1.65578...

Alternative representations:

nl? m

11 - + =11
[24ﬁ 31'5}F[§ " 1} (12 =« 2y[(2)

Pz

T P

2411 21(24.3'5 3)
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11

3/2 T
+ =
{24@ 31-5}r[§ +1} (12 = 2)[(2)

m nol2
11 + , ;
24‘,0 f—]DgGI:S,IzH]DgGﬂT.-z:I [24 31.5 ﬁ}

}T32 kLB
11 + =11
[24ﬁ 31'5}F{§ + 1} (12 =« 2)(2)

Series representations:

3/2
& + T s
(24V3 31-5}r[§ + 1} (12 - 2)1(2)
117 0.0882063 /2

|

ki iy

+
24(1y; (13 (24 373
2

32

+
24T1(2) aga |\ (3) v S
EXP[“T[ 2n J} {2} kad:l

32 T
11 + =
(24v3 31-5}r[§ +1) (12 2T

11, 0.0882063r% [i]

1—1;"»:3-:3’&-"{-;—]

K
k!

=12 |argi3-zp W2 m)] 2_1,'2_1,'2 |arg(3-=q W2 m)]

[u]

+
2412y ,:_1“_1_]

{3—2.;.!"‘2,-_-,""‘

MZ) ko —

2 m
11 + =
{24@ 31-5}r[§ +1} (12 - 2)[(2)
= (2-z0) ¥z
0.0882063 x|y x 3 T2~ ), 519615
e k!
1
o [} )2
2 55— *’
ky =0 kg =0 s /
o A k k) i {5 g }k iz
\({E Zz_k 3 Z[E—Zu} iz g 4
k k! k!
-0 -0 k=0
for Z or 0

52

for (x e R and x



Integral representations:
0.0781708 § -5 dt +0.396928 § 5 at
G Nl

s .?TE 2 T
- =
(24V3 31-5}r[§ +1) 2212 iv3

J"I'3 - n

11 — -+ ==
(243 319) rE ¥ 1} (12 - 2)T(2)

0.0882063  (Vr Lllng[;l Jdt +5.19615V'3 _gllngB-"E[;l | at)

(6'log( ) at) (5'og® (7 )at) V3

3/2 T
ll J— -+ =
(24V3 31-5]r[§ ¥ 1} (12 = 2y(2)
3 2
0.0882063x (Vr [“e™ tdt+5.19615V3 [“e™ t¥7 dt)
(fPet tdt)([Tet 32 at)V3

From:

Superstringhe oltre un loop - Tesi di Laurea in Fisica — Candidato Giovanni
RICCO — Relatore Prof. Augusto SAGNOTTI - Anno Accademico 2004-2005 —
arXiv:hep-th/0507184v1 19 Jul 2005

The Shapiro-Virasoro amplitude is:

[(—1—-at/4)'(—1 — du/4)T(—1 — a's/4)
-~ (-2 —a't/4 — o'u/4)(—2 — a't/4 — o's/4)(—2 — a'u/d — o’'s/4)

e (3.85)

For:
a's,.a’t,d'u=-4.048.... , (3.82)

For: o’t=4; a’s=0; c’u=28
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From

(-1 —at/4)(—1 — a'u/4)T(—1 — a's/4)
-2 —a't/4— a'u/A(-2 — a't/4 — a's/4)T (-2 — 'u/d — a’'s/4)

C ~

we obtain:

(((gamma (-1-1) gamma (-1-2) gamma (-1))))) / (((gamma (-2-1-2) gamma (-2-1))
gamma (-2-2)))))

Input:
—rM-1-Lr-1-2)ri-1yn

-(M-2-1-2)r(-2-1)r-2-2y

Input:
r(-2)r-3)r-1)

fi-5r-3pri-4

Multiplying by — 1 , thus changing the sign, we obtain:
(((gamma (2) gamma (3) gamma (1)))) / (((gamma (5) gamma (3)) gamma (4)))

Input:
N2y r(3rel)

(i3 Ci3n Cidy

Iix)is the gamma function

Exact result:
1

144

Decimal approximation:
R R R R R RSN EREEEEEREERKRKEEEEERTERKR

0.00694444...

Alternative representations:
N2 ar@rdy 2

(T(5) (3 4y 3456
12
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C2yr3)rily 011121
CG)TENTE 21231241

M(2)(C(3) I(1p (O &5
(M5 r3nrid) #0852 ,logi2ilog(12) log(12)+log(288)

Series representations:

aa w  (1-zg M1 (2-gg¥2 T )iz rie2)izg)
M@ Tl k=0 Zka=0 T

TS T3Yredy {4 r““q {5-2p) M¥izg)
[, B ) s el

FE2yri3yrily B
TS rEnrdy

K; kg o L 1
[kz 3 @-201 G-z ) Z [[—1}31“2 p1-iatk g Sin[in[—j1+k1+2

1=|:|k2=|:| 1=|:|J'2=|:|

1 i
Zn]'] sin[i ?r[—_fz +kz +EZ|:|}] r"'l:l[l — Za)

r'2a —z.:}]’f (1! 2! (=j1 +ki) -]z +kz}!}]f

k (=1y g sm{ [—i'+k+22r,:,}}r‘”{1 Zg)
2 |

k
(1= Z =i +ky

k (=1y xi*k sm{—l;r[—j+k+22.:,}}r‘j’[1—z.:,}]

E[E zﬂ}kz 2j!{—j+k}!

Integral representations:

r[2}[r[3}r[1}}
j J log( Ju;ﬂ'zu;ﬁ'l
(S L3N Cidy

: 2 i
r[2}[r[3} r{l}]‘ j—:ll_—6+.1+2.t"+2.1 w2 S
—_— =8

e logix)
(IS (3N I'(4)

2y (3 r(ly [ 1x+x° —x? - x° - logix) - log(x”) + log(x*) + log{x”)
———————— = eXp 57+J dx
o

(F(5) C3N 4 B i-1+x) log(x)

y is the Euler-Mascheroni constant
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From

C(2)(3)r(ly
TS r3nrd)

[1 x+x° -x* —x* - logix) - log{x*) + log(x*) + log(x’) :
ax

exp|6
p[ 7"k -1+ x) log(x)

we obtain also:

-(8*(sqrt(3/5)))/(((integral 0" (x + x*2 - x4 - x5 - log(x) - log(x*2) + log(x"4) +
log(x"5))/((-1 +x) log(x)) dx)))

where 8 is a Fibonacci number

Input:

fi

3

84—

]

- XS L gixi-lo gl:_'v:E J+o g-:x4 JHio g-:J:S ) i
aXx
Jj (=1+xilogix)

log(x) is the natural logarithm

Computation result:

fo .
sJﬁ 345
5 5

1 xix? ot x5 o gixi-lo gl:xE I+l g-:x4 JHio g;-:J:S ) I QR ¥ - lo i 1440y
X
Jj {-l+xilogix) :

yis the Euler-Mascheroni constant

Decimal approximation:
0.577212268519696854810822850701945598731646592054165732301...

0.5772122685... result equal to the Euler-Mascheroni Constant

From the initial expression, we obtain also:

12*1/((((((gamma (2) gamma (3) gamma (1)))) / (((gamma (5) gamma (3)) gamma
G+l

Input:
1
120 —— +
M2y My
(TSI TN 4]
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Iixiis the gamma function

Result:
1729

1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. The number 1728 is one less than the Hardy—Ramanujan number 1729

(taxicab number)

Alternative representations:

12 12
— +1l=1+
M2y M3y M1y 2
(SITEN M) 3456
dtaadl 12
12 12
— +1=1+ —
[(2) 3 L 0% 1t 2!
(53 T30 T4 231 4!
12 12
— +1=1+
L2y {3 1) (042 Jogi2)
AT 102(2) —log(2H+loz(12) —log(l 2}+loz288)

Integral representations:

12 1l —G+x42 .1'2 +2 .1'3 +.1'4 dx
—————— +1=1+12¢ log )
M2 O3 1)
(OO
12
(A & 1 15
M2y {3y {1y
(MSHTEN 4

1x +x° - x* - x° ~log(x) - log(x?} + log{x?) + log(x”) h ]
X

1+12exp|-6 J
’ p[ ) o logix) - x logix)

|~

12 bk 1Dg[r

]dtz dt, + _El_gllagg‘[%] lag“[é]dtz dt,

T S
(203 01 1 SEE
(T(5)T(3)) [{4) (b 14t} | lng[r}.-,{t

[o~]

yis the Euler-Mascheroni constant
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and:

1/((((((gamma (2) gamma (3) gamma (1)))) / (((gamma (5) gamma (3)) gamma
(D)))-5

where 5 is a Fibonacci number

Input:
1

CE2y O3 1)
(O TEN T4

Iixiis the gamma function

Result:
139

139 result practically equal to the rest mass of Pion meson 139.57 MeV

Alternative representations:

1
s 5=-5+
Ci2) {3 I i
(S MEN I el

RERNINEY &=

1 1
_— _-5 = _5 3 T ———
L2 (3 o1
(IS T30 ) 203t 4

1 1
T ——— E=-5+
Ci2) i3 0n {92 plos(2)
(ULEHIED RS Aogi2) —log(2)+log(12) —logll 2)+log(288)

Integral representations:

1 '1[—1+x}[5+5x+312+x3]
——5:—5+Expj —.dx
CE3 TN 0 ]_Qg[x}
(M(S)T(3) T4
1
MCEINL)
(M(S)TEN 4
1x 4% —x* —x° —logix) - log(x?) + log(x*) + log(x")
-5 +exp —ET+J : ' - dx
i logix) - x logix)
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1 _LlLllﬂg[é}d’tz dty + j;lj;llc:f[%] lng“[é]d’tz dt,
e (' 14t) f'log(; ) at

yis the Euler-Mascheroni constant

1/((((((gamma (2) gamma (3) gamma (1)))) / (((gamma (5) gamma (3)) gamma
(D)))))-21+2

where 21 and 2 are Fibonacci numbers

Input:
1
M2y {33 1)
(MSICEN T4

-21+2

Iixiis the gamma function

Result:
125

125 result very near to the Higgs boson mass 125.18 GeV

Alternative representations:

1
M2NCE 0L L e

({330 M)

1 1
———— 21 42=-19+ ———
M3 N Qb= 10 = 31

TS24 234

1 1
e g gy
M2yrarn (02 Gloxi2)

(MR TEN T4 Jog(2) —logl2)+logl12) ~log(1 2)+log(288)
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Integral representations:

1 *1[—1+x}[l5+5x+3x2+x3}
——21+2:—19+Expj - dx
[(2) (T(3) [ o logix)
(TSI T30 T(4)
1
——— _214+2=
XFETIEITNRY)
(TSI T2 T{4)
% " 1x+x° —x* —x° —log(x) - log(x?} + log(x*) + log{x®) F
- exp| - x
e T+J:| log(x) - x log(x)
‘141 1 ‘117, 53( 1 af1
i . 15 LLlng[a]dtzdt1+Jjjjlng [qllng [rE]dtzdtl
e T el
F2) ({3 1 ‘1 "1 1
(TSI T(3NT(4) (b 1dt) 1Dg[r }'“

y is the Euler-Mascheroni constant
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Observations

From:

https://www.scientificamerican.com/article/mathematics-
ramanujan/?fbclid=IwAR2caRXrn_RpOSvJIOxWsVLBcJ6KVgd Af hrmDYBNyUSm
pSjRs1BDeremA

Ramanujan's statement concerned the deceptively simple concept of partitions—the
different ways in which a whole number can be subdivided into smaller numbers.
Ramanujan's original statement, in fact, stemmed from the observation of patterns,
such as the fact that p(9) = 30, p(9 + 5) = 135, p(9 + 10) = 490, p(9 + 15) = 1,575
and so on are all divisible by 5. Note that here the n's come at intervals of five units.

Ramanujan posited that this pattern should go on forever, and that similar patterns
exist when 5 is replaced by 7 or 11—there are infinite sequences of p(n) that are all
divisible by 7 or 11, or, as mathematicians say, in which the "moduli" are 7 or 11.

Then, in nearly oracular tone Ramanujan went on: "There appear to be
corresponding properties,” he wrote in his 1919 paper, "in which the moduli are
powers of 5, 7 or 11...and no simple properties for any moduli involving primes other
than these three." (Primes are whole numbers that are only divisible by themselves or
by 1.) Thus, for instance, there should be formulas for an infinity of n's separated by
573 = 125 units, saying that the corresponding p(n)'s should all be divisible by 125.

In the past methods developed to understand partitions have later been applied to
physics problems such as the theory of the strong nuclear force or the entropy of

black holes.
From Wikipedia

In particle physics, Yukawa's interaction or Yukawa coupling, named after Hideki
Yukawa, is an interaction between a scalar field ¢ and a Dirac field y. The Yukawa
interaction can be used to describe the nuclear force between nucleons (which
are fermions), mediated by pions (which are pseudoscalar mesons). The Yukawa
interaction is also used in the Standard Model to describe the coupling between
the Higgs field and massless quark and lepton fields (i.e., the fundamental fermion
particles). Through spontaneous symmetry breaking, these fermions acquire a mass
proportional to the vacuum expectation value of the Higgs field.
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Can be this the motivation that from the development of the Ramanujan’s equations
we obtain results very near to the dilaton mass calculated as a type of Higgs boson:
125 GeV for T = 0 and to the Higgs boson mass 125.18 GeV and practically equal to
the rest mass of Pion meson 139.57 MeV

Note that:
g2 =1\/(1+ \/E)
Hence
6493 — V2 _ 244276 VR _ ...
64g52t = 4006 ™VE 4 ...,
so that

64(g33 + gt) = ™V — 2 + 4372 "VE - o = BA{(1 + V)2 + (1 —v2) "2}

Hence .
e™2% = 2508951.9982. . . .
Thence:
6495 = 4096e V2 4 ...
And
64(g22 1+ go2t) = €™V _ 924 1 4372V ... = 64{(1 + V2)2 4+ (1 — v2)2}

That are connected with 64, 128, 256, 512, 1024 and 4096 = 64°

(Modular equations and approximations to « - S. Ramanujan - Quarterly Journal of
Mathematics, XLV, 1914, 350 —372)

All the results of the most important connections are signed in blue throughout the
drafting of the paper. We highlight as in the development of the various equations we
use always the constants m, ¢, 1/¢, the Fibonacci and Lucas numbers, linked to the
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golden ratio, that play a fundamental role in the development, and therefore, in the
final results of the analyzed expressions.

In mathematics, the Fibonacci numbers, commonly denoted F,, form a sequence,
called the Fibonacci sequence, such that each number is the sum of the two preceding
ones, starting from 0 and 1. Fibonacci numbers are strongly related to the golden
ratio: Binet's formula expresses the nth Fibonacci number in terms of n and the
golden ratio, and implies that the ratio of two consecutive Fibonacci numbers tends
to the golden ratio as n increases.

Fibonacci numbers are also closely related to Lucas numbers ,in that the Fibonacci

and Lucas numbers form a complementary pair of Lucas sequences

The beginning of the sequence is thus:

0,1, 1, 23,58 13,21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765,
10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817, 39088169,
63245986, 102334155...

The Lucas numbers or Lucas series are an integer sequence named after the
mathematician Francois Edouard Anatole Lucas (1842-91), who studied both that
sequence and the closely related Fibonacci numbers. Lucas numbers and Fibonacci
numbers form complementary instances of Lucas sequences.

The Lucas sequence has the same recursive relationship as the Fibonacci sequence,
where each term is the sum of the two previous terms, but with different starting
values. This produces a sequence where the ratios of successive terms approach
the golden ratio, and in fact the terms themselves are roundings of integer powers of
the golden ratio.”" The sequence also has a variety of relationships with the
Fibonacci numbers, like the fact that adding any two Fibonacci numbers two terms
apart in the Fibonacci sequence results in the Lucas number in between.

The sequence of Lucas numbers is:

2, 1,3, 4,7 11,18 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778,
9349, 15127, 24476, 39603, 64079, 103682, 167761, 271443, 439204, 710647,
1149851, 1860498, 3010349, 4870847, 7881196, 12752043, 20633239, 33385282,
54018521, 87403803.... ...

All Fibonacci-like integer sequences appear in shifted form as a row of the Wythoff
array, the Fibonacci sequence itself is the first row and the Lucas sequence is the
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second row. Also like all Fibonacci-like integer sequences, the ratio between two
consecutive Lucas numbers converges to the golden ratio.

A Lucas prime is a Lucas number that is prime. The first few Lucas primes are:

2, 3,7, 11, 29, 47, 199, 521, 2207, 3571, 9349, 3010349, 54018521, 370248451,
6643838879, ... (sequence A005479 in the OEIS).

In geometry, a golden spiralis a logarithmic spiral whose growth factor is ¢,
the golden ratio."" That is, a golden spiral gets wider (or further from its origin) by a
factor of ¢ for every quarter turn it makes. Approximate logarithmic spirals can

3]

occur in nature, for example the arms of spiral galaxies™™ - golden spirals are one

special case of these logarithmic spirals

We observe that 1728 and 1729 are results very near to the mass of candidate glueball
fo(1710) scalar meson. Furthermore, 1728 occurs in the algebraic formula for the j-
invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier as a
pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729 (taxicab number).

Furthermore, we obtain as results of our computations, always values very near to the
Higgs boson mass 125.18 GeV and practically equals to the rest mass of Pion meson
139.57 MeV. In conclusion we obtain also many results that are very good
approximations to the value of the golden ratio 1.618033988749... and to {(2) =

2
’% = 1.644934 ...

We note how the following three values: 137.508 (golden angle), 139.57 (mass of
the Pion - meson Pi) and 125.18 (mass of the Higgs boson), are connected to each
other. In fact, just add 2 to 137.508 to obtain a result very close to the mass of
the Pion and subtract 12 to 137.508 to obtain a result that is also very close to
the mass of the Higgs boson. We can therefore hypothesize that it is the golden
angle (and the related golden ratio inherent in it) to be a fundamental ingredient
both in the structures of the microcosm and in those of the macrocosm.

64



References

MOCK THETA FUNCTIONS, RANKS, AND MAASS FORMS
KEN ONO - 2000 Mathematics Subject Classification. 11F, 11P, 05A17.

ELLIPTIC CURVES AND LOWER BOUNDS FOR CLASS NUMBERS
MICHAEL GRIFFIN AND KEN ONO - arXiv:2001.07332v3 [math.NT] 29 Apr 2020

Superstringhe oltre un loop - Tesi di Laurea in Fisica — Candidato Giovanni
RICCO — Relatore Prof. Augusto SAGNOTTI - Anno Accademico 2004-2005 —
arXiv:hep-th/0507184v1 19 Jul 2005

65



