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This work is dedicated to the truth:
Jesus saith unto him,

I am the way, the truth, and the life:

no man cometh unto the Father, but by me. [15]

Abstract

This paper treats the fundamentals of the vector di�erential calcu-
lus part of universal geometric calculus. Geometric calculus simpli�es
and uni�es the structure and notation of mathematics for all of science
and engineering, and for technological applications. In order to make the
treatment self-contained, I �rst compile all important geometric algebra
relationships, which are necessary for vector di�erential calculus. Then
di�erentiation by vectors is introduced and a host of major vector dif-
ferential and vector derivative relationships is proven explicitly in a very
elementary step by step approach. The paper is thus intended to serve
as reference material, giving details, which are usually skipped in more
advanced discussions of the subject matter.

Keywords� Geometric Calculus, Geometric Algebra, Cli�ord Algebra, Vector
Derivative, Vector Di�erential Calculus

1 Introduction

�Now faith is being sure of what we hope for and certain of what we do not see. This
is what the ancients were commended for. By faith we understand that the universe
was formed at God's command, so that what is seen was not made out of what was
visible.� [5]

The German 19th century mathematician H. Grassmann had the clear vision, that
his �extension theory (now developed to geometric calculus) . . . forms the keystone
of the entire structure of mathematics.�[4] The algebraic �grammar� of this universal

*This work is subject to the Creative Peace License [11].
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form of calculus is geometric algebra (or Cli�ord algebra). That geometric calculus is
a truly unifying approach to all of calculus will be demonstrated here by developing
the vector di�erential calculus part of geometric calculus.

This paper is an improved version of [9]. The basic geometric algebra necessary for
this is compiled in section 2. Then section 3 develops vector di�erential calculus with
the help of few simple de�nitions. This approach is generically coordinate free, and
fully shows both the concrete and abstract geometric and algebraic beauty of Grass-
mann's �keystone� of mathematics. For a comprehensive introduction to Cli�ord's
geometric algebras we refer to [12]. Applications of geometric algebra are surveyed in
[13].

The underlying strategy of this paper is to demonstrate the proofs for all common
formulas of vector di�erential calculus in an elementary step by step fashion. Thus
enabling the interested reader to ultimately use this article as reference material, where
other texts (e.g. [6],[7]) tend both to skip �elementary steps�, and to presume, that the
reader would be smart enough to �ll in the gaps himself. I put the emphasis therefore
on thorough proofs and not on comments, interpretations or application. Following the
same approach as taken here, the step from vector to multivector di�erential calculus is
taken in [10]. We further recommend the two excellent college level textbooks [16, 17].

2 Basic Geometric Algebra

This section is a basic summary of important relationships in geometric algebra. For
brevity they are stated without proof. This summary mainly serves as a reference
section for the vector di�erential calculus to be developed in the following section.
Most of the relationships listed here are to be found in the synopsis of geometric
algebra and in chapters 1 and 2 of [6], as well as in chapter 1 of [7], together with
relevant proofs. Beyond that [6] and [7] follow a much more didactic approach for
newcomers to geometric algebra.
G(I) is the full geometric algebra over all vectors in the n-dimensional unit pseu-

doscalar I = ~e1 ∧ ~e2 ∧ . . . ∧ ~en. An ≡ G1(I) is the n-dimensional vector sub-space of

grade-1 elements in G(I) spanned by ~e1, ~e2, . . . , ~en. For vectors ~a,~b,~c ∈ An ≡ G1(I)
and scalars α, β, λ, τ ; G(I) has the fundamental properties of

� associativity
~a(~b~c) = ~a(~b~c), ~a+~b+ ~c = (~a+~b) + ~c, (1)

� commutativity
α~a = ~aα, ~a+~b = ~b+ ~a, (2)

� distributivity
~a(~b+ ~c) = ~a~b+ ~a~c, (~b+ ~c)~a = ~b~a+ ~c~a, (3)

� linearity
α(~a+~b) = α~a+ α~b = (~a+~b)α, (4)

� scalar square (vector length |~a|)

~a2 = ~a~a = ~a · ~a = |~a|2. (5)

The geometric product ~a~b is related to the (scalar) inner product ~a ·~b and to the

(bivector or 2-vector) outer product ~a ∧~b by

~a~b = ~a ·~b+ ~a ∧~b, (6)
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with

~a ·~b =
1

2
(~a~b+~b~a) = ~a~b− ~a ∧~b = ~b · ~a (13)

= 〈~a~b〉0, (7)

~a ∧~b =
1

2
(~a~b−~b~a) = −~b ∧ ~a = ~a~b− ~a ·~b (13)

= 〈~a~b〉2. (8)

The inner and the outer product are both linear and distributive

~a · (α~b+ β~c) = α~a ·~b+ β~a · ~c, (9)

~a ∧ (α~b+ β~c) = α~a ∧~b+ β~a ∧ ~c. (10)

A unit vector â in the direction of ~a is

â =
~a

|~a| with â2 = ââ = 1, ~a = â|~a|. (11)

The inverse of a vector is

~a−1 =
1

~a
=

~a

~a2
=

â

|~a| . (12)

A multivector A can be uniquely decomposed into its homogeneous grade k parts (〈 〉k
grade k selector):

A = 〈A〉0︸︷︷︸
scalar

+ 〈A〉1︸︷︷︸
vector

+ 〈A〉2︸︷︷︸
bivector

+...+ 〈A〉k︸ ︷︷ ︸
k-vector

+...+ 〈A〉n︸ ︷︷ ︸
pseudoscalar

(13)

If A is homogeneous of grade k one often simply writes

A = 〈A〉k = Ak. (14)

Grade selection is invariant under scalar multiplication

λ 〈A〉k = 〈λA〉k . (15)

The consistent de�nition of inner and outer products of vectors ~a and r-vectors Ar
is

~a ·Ar ≡ 〈~aAr〉r−1 =
1

2

(
~aAr − (−1)rAr~a

)
(16)

~a ∧Ar ≡ 〈~aAr〉r+1 =
1

2

(
~aAr + (−1)rAr~a

)
. (17)

By linearity the full geometric product of a vector and a multivector A is then

~aA = ~a ·A+ ~a ∧A. (18)

This extends to the distributive multiplication with arbitrary multivectors A and B

~a(A+B) = ~aA+ ~aB. (19)

The inner and outer products of homogeneous multivectors Ar and Bs are de�ned ([7],
p. 6, (1.21), (1.22)) as

Ar ·Bs ≡ 〈ArBs〉|r−s| for r, s > 0, (20)

Ar ·Bs ≡ 0 for r = 0 or s = 0, (21)
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Ar ∧Bs ≡ 〈ArBs〉r+s , (22)

Ar ∧ λ = λ ∧Ar = λAr for scalar λ. (23)

The inner (and outer) product is again linear and distributive

(λAr) ·Bs = Ar · (λBs) = λ(Ar ·Bs) = λAr ·Bs, (24)

Ar · (Bs + Ct) = Ar ·Bs +Ar · Ct, (25)

λ(Bs + Ct) = λBs + λCt. (26)

The reverse of a multivector is

Ã =

n∑
k=1

(−1)k(k−1)/2〈A〉k. (27)

[7] uses a dagger instead of the tilde.
Special examples are

λ̃ = λ, ~̃a = ~a, ~̃a ∧~b = ~b ∧ ~a = −~a ∧~b, (28)

The scalar magnitude |A| of a multivector A is

|A|2 ≡ Ã ∗A︸ ︷︷ ︸
scalar product

= 〈A〉20 +

n∑
r=1

〈Ã〉r · 〈A〉r, (29)

where the separate term 〈A〉20 is in particular due to the de�nition of the inner product
in [7], p. 6, (1.21). The magnitude allows to de�ne the inverse1 for simple k-blade
vectors

A−1 ≡ Ã

|A|2 , with A−1A = AA−1 = 1. (30)

Alternative ways to express ~a ∈ An ≡ G1(I) are

I ∧ ~a = 0 or I~a = I · ~a. (31)

The projection of ~a into An ≡ G1(I) is

PI(~a) = P (~a) ≡
n∑
k=1

~ak~ak · ~a =

n∑
k=1

~ak~a
k · ~a, (32)

where ~ak is the reciprocal frame de�ned by

~ak~aj = δkj = Kronecker delta =

{
1 if j = k,
0 if j 6= k,

. (33)

A general convention is that inner products ~a · ~b and outer products ~a ∧ ~b have
priority over geometric products ~a~b, e.g.

~a ·~b~c ∧ ~d~e = (~a ·~b)(~c ∧ ~d)~e. (34)

1Every multivector can be inverted, as long as its determinant is nonzero, see [14, 18].
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The projection of a multivector B on a subspace described by a simple m-vector (m-
blade) Am = ~a1 ∧ ~a2 ∧ . . . ∧ ~am is

PA(B) ≡ (B ·A) ·A−1︸ ︷︷ ︸
general

s≤m
= A−1 · (A ·B(s))︸ ︷︷ ︸

degree dependent

, (35)

PA(〈B〉0) ≡ 〈B〉0 , PA(〈B〉n) ≡ 〈B〉n ·AA
−1, (36)

the exceptions for scalars 〈B〉0 and pseudoscalars 〈B〉n being again due to the de�nition
of the inner product in [7], p. 6, (1.21). A projection of one factor of an inner product
has the e�ect to project the other factor as well

~a · P (~b) = P (~a) · P (~b) = P (~a) ·~b. (37)

For a multivector B ∈ G(Am), with A = Am we have

(~a ∧B) ·A = (~a ∧B)A = ~a · (BA), if ~a ∧A = 0. (38)

Reordering rules for products of homogeneous multivector are

Ar ·Bs = (−1)r(s−r)Bs ·Ar for r ≤ s, (39)

Ar ∧Bs = (−1)rsBs ∧Ar. (40)

Elementary combinations that occur often are

~a · (~b ∧ ~c) = (~a ·~b)~c− (~a · ~c)~b = ~a ·~b~c− ~a · ~c~b, (41)

(~a ∧~b) · (~c ∧ ~d) = ~a · (~b · (~c ∧ ~d) = (~a · ~d)(~b · ~c)− (~a · ~c)(~b · ~d), (42)

(~a ∧~b)2 = (~a ∧~b) · (~a ∧~b) = (~a ·~b)2 − ~a2~b2 = −(~b ∧ ~a) · (~a ∧~b)

= −|~a ∧~b|2, (43)

and the cyclic Jacobi identity

~a · (~b ∧ ~c) +~b · (~c ∧ ~a) + ~c · (~a ∧~b) = 0. (44)

The commutator product of multivectors A,B is

A×B ≡ 1

2
(AB −BA). (45)

One useful identity using it is

(~a ∧~b)×A = ~a~b ·A−A · ~a~b = ~a~b ∧A−A ∧ ~a~b. (46)

The commutator product is to be distinguished from the cross product, which is strictly
limited to the three-dimensional Euclidean case with unit pseudoscalar I3 :

~a×~b = (~b ∧ ~a)I3 = −(~a ∧~b)I3 = (~a ∧~b)I−1
3 . (47)

For more on basic geometric algebra I refer to [6], [7] and to section 3 of [8].
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3 Vector Di�erential Calculus

This section shows how to di�erentiate functions on linear subspaces of the universal
geometric algebra G by vectors. It has wide applications particularly to mechanics and
physics in general [6]. Separate concepts of gradient, divergence and curl merge into
a single concept of vector derivative, united by the geometric product.

The relationship of di�erential and derivative is clari�ed. The Taylor expansion
(Prop. 9) is applied to important examples, yielding e.g. the Legendre polynomials
(Prop. 16). The adjoint (Def. 57) and the integrability (Prop. 42, etc.) of multivector
functions are de�ned and discussed. Throughout this section a number of basic dif-
ferentials and derivations are performed explicitly illustrating ease and power of the
calculus.

Since my emphasis here is on explicit step by step proofs, I refer the reader, who
is interested in the philosophy, comments and interpretation to the literature in the
�nal Reference section.

As for the notation: Prop. 7 refers to proposition 7 of this section. Def. 13 refers to
de�nition 13 of this section. (6) refers to equation number (6) in the previous section
on basic geometric algebra, etc.

Standard de�nitions of continuity and scalar di�erentiability apply to multivector-
valued functions, because the scalar product determines a unique �distance� |A−B|
between two elements A,B ∈ G(I).

De�nition 1. Directional derivative. F = F (~x) multivector-valued function of a
vector variable ~x de�ned on an n-dimensional vector space An = G1(I), I unit pseu-
doscalar, ~a ∈ An :

~a · ~∂F =
dF (~x+ ~aτ)

dτ
= lim
τ→0

F (~x+ ~aτ)− F (~x)

τ
. (48)

Nomenclature: derivative of F in the direction ~a, ~a-derivative of F . ([6] uses

∇ ≡ ~∂, [7] uses ∂ ≡ ~∂.)

Proposition 2. Distributivity w.r.t. vector argument.

(~a+~b) · ~∂F = ~a · ~∂F +~b · ~∂F, ∀~a,~b ∈ An. (49)

Proof.

(~a+~b) · ~∂F = lim
τ→0

F (~x+ τ~a+ τ~b)− F (~x)

τ

= lim
τ→0

{
F (~x+ τ~a+ τ~b)− F (~x+ τ~b) + F (~x+ τ~b)− F (~x)

τ

}
= lim
τ→0

~a · ~∂F (~x+ τ~b) +~b · ~∂F = ~a · ~∂F +~b · ~∂F. (50)

Proposition 3. For scalar λ

(λ~a) · ~∂F = λ(~a · ~∂F ). (51)
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Proof.

(λ~a) · ~∂F Def.1
= lim

τ→0

F (~x+ λ~aτ)− F (~x)

τ
. (52)

Case 1: λ 6= 0 :

(λ~a) · ~∂F Def.1
= lim

τ→0
λ
F (~x+ ~a(λτ))− F (~x)

λτ

λ6=0, rp.
= λ lim

τ ′→0

F (~x+ ~aτ ′)− F (~x)

τ ′

Def.1
= λ(~a · ~∂F ), (53)

with rp. = reparametrization: τ → τ ′.
Case 2: λ = 0 :

(λ~a) · ~∂F Def.1
= lim

τ→0

F (~x)− F (~x)

τ
= 0 = 0 (~a · ~∂F ). (54)

Proposition 4. Distributivity w.r.t. multivector-valued function.

~a · ~∂(F +G) = ~a · ~∂F + ~a · ~∂G, (55)

with G = G(~x), F = F (~x), multivector-valued functions of a vector variable ~x. In the
notation of Def. 13:

F +G = F +G. (56)

Proof.

~a · ~∂(F +G)
Def.1
= lim

τ→0

F (~x+ ~a(τ)) +G(~x+ ~a(τ))− F (~x)−G(~x)

τ

= lim
τ→0

F (~x+ ~a(τ))− F (~x)

τ
+ lim
τ→0

G(~x+ ~a(τ))−G(~x)

τ
Def.1
= ~a · ~∂F + ~a · ~∂G. (57)

Proposition 5. Product rule.

~a · ~∂(FG) = (~a · ~∂F )G+ F (~a · ~∂G). (58)

In the notation of Def. 13:
FG = F G+ FG. (59)

Proof.

~a · ~∂(FG)
Def.1
= lim

τ→0

F (~x+ ~aτ)G(~x+ ~aτ)− F (~x)G(~x)

τ

= lim
τ→0

{
F (~x+ ~aτ)G(~x+ ~aτ)− F (~x)G(~x+ ~aτ) + F (~x)G(~x+ ~aτ)− F (~x)G(~x)

τ

}
= lim
τ→0

{
F (~x+ ~aτ)− F (~x)

τ
G(~x+ ~aτ) + F (~x)

G(~x+ ~aτ)−G(~x)

τ

}
Def.1
= (~a · ~∂F ) lim

τ→0
G(~x+ ~aτ) + F (~a · ~∂G)

= (~a · ~∂F )G+ F (~a · ~∂G). (60)
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Proposition 6. Grade invariance.

~a · ~∂〈F 〉k = 〈~a · ~∂F 〉k. (61)

~a · ~∂ is therefore said to be a scalar di�erential operator.

Proof.

~a · ~∂〈F 〉k
Def.1
= lim

τ→0

〈F (~x+ ~aτ)〉k − 〈F (~x)〉k
τ

= lim
τ→0

〈
F (~x+ ~aτ)− F (~x)

τ

〉
k

Def.1
= 〈~a · ~∂F 〉k. (62)

Proposition 7. Scalar chain rule.

~a · ~∂F = (~a · ~∂λ)
dF

dλ
(63)

with F = F (λ(~x)), λ = λ(~x) a scalar valued function.

Proof. Using the Taylor expansions:

F (λ+ τ∆λ) = F (λ) + τ∆λ
dF

dλ
+
τ2(∆λ)2

2

d2F

dλ2
+ . . . , (64)

λ(~x+ τ~a)
(75)
= λ(~x) + τ~a · ~∂λ(~x) +

τ2

2
(~a · ~∂)2λ(~x) + . . . , (65)

we have

~a · ~∂F (λ(~x))
Def.1
= lim

τ→0

F (λ(~x+ ~aτ))− F (λ(~x))

τ

(65)
= lim

τ→0

F (λ(~x) + τ~a · ~∂λ(~x))− F (λ(~x))

τ

(64)
= lim

τ→0

F (λ(~x)) + τ
{
~a · ~∂λ(~x)

}
dF
dλ
− F (λ(~x))

τ
= (~a · ~∂λ)

dF

dλ
. (66)

Proposition 8. Identity.
~a · ~∂ ~x = ~a. (67)

Proof.

F (~x) = ~x, ~a · ~∂~x Def.1
= lim

τ→0

~x+ τ~a− ~x
τ

= lim
τ→0

~a = ~a. (68)

Proposition 9. Constant function. For A independent of ~x :

~a · ~∂A = 0. (69)

Proof.

F (~x) = A, ~a · ~∂A Def.1
= lim

τ→0

A−A
τ

= 0. (70)
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Proposition 10. Vector length.

~a · ~∂|~x| = ~a · ~x
|~x| = ~a · x̂, (71)

with x̂ = ~x
|~x| unit vector in the direction of ~x, see (11).

Proof.

~a · ~∂~x2 Prop. 5
= (~a · ~∂~x)~x+ ~x(~a · ~∂~x)

Prop. 8
= ~a~x+ ~x~a = 2~a · ~x,

~a · ~∂|~x|2 Prop. 5
= (~a · ~∂|~x|)|~x|+ |~x|(~a · ~∂|~x|) = 2|~x|(~a · ~∂ |~x|),

~x2 = |~x|2 ⇒ ~a · ~∂~x2 = ~a · ~∂ |~x|2,

⇒ ~a · ~x = |~x|(~a · ~∂ |~x|) ⇒ ~a · ~∂ |~x| = ~a · ~x
|~x| = ~a · x̂. (72)

Proposition 11. Direction function.

~a · ~∂x̂ =
~a− ~a · x̂x̂
|~x| =

x̂x̂ ∧ ~a
|~x| . (73)

Proof.

~a · ~∂x̂ = ~a · ~∂ ~x|~x|
Prop. 5

=
~a · ~∂~x
|~x| + ~x~a · ~∂ 1

|~x|
Props. 7, 8

=
~a

|~x| + ~x(~a · ~∂|~x|)
d 1
|~x|

d|~x|
Prop. 10

=
~a

|~x| + ~x(~a · x̂)
−1

|~x|2 =
~a

|~x| − x̂(~a · x̂)
1

|~x| =
~a− ~a · x̂x̂
|~x| =

x̂x̂~a− x̂x̂ · ~a
|~x|

=
x̂(x̂ · ~a+ x̂ ∧ ~a)− x̂x̂ · ~a

|~x| =
x̂x̂ ∧ ~a
|~x| . (74)

Proposition 12. Taylor expansion.

F (~x+ ~a) = exp(~a · ~∂)F (~x) =

∞∑
k=0

(~a · ~∂)k

k!
F (~x). (75)

Proof. Note that this proof is done without referring to Props. 7 to 11!

G(τ) ≡ F (~x+ ~aτ)

⇒ dG(0)

dτ
=
dF (~x+ ~aτ)

dτ
|τ=0

Def.1
= ~a · ~∂F

⇒ d2G(0)

dτ2
=

d

dτ

dF (~x+ ~aτ)

dτ
|τ=0

Def.1
= ~a · ~∂ dF (~x+ ~aτ)

dτ
|τ=0

Def.1
= ~a · ~∂

(
~a · ~∂F (~x)

)
= (~a · ~∂)2F (~x). (76)
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General: dkG(0)

dτk
= (~a · ~∂)kF (~x) . The Taylor series for G is:

G(1) = G(0 + 1) = G(0) +
dG(0)

dτ
+

1

2

d2G(0)

dτ2
+ . . .

=

∞∑
k=0

1

k!

dkG(0)

dτk

⇒ G(1) = F (~x+ ~a) =

∞∑
k=0

1

k!
(~a · ~∂)kF (~x) = exp(~a · ~∂)F (~x). (77)

De�nition 13. Continuously di�erentiable, di�erential.
F is continuously di�erentiable at ~x, if for each �xed ~a, ~a · ~∂F (~y) exists and is a

continuous function of ~y for each ~y in a neighborhood of ~x.
If F is de�ned and continuously di�erentiable at ~x, then, for �xed ~x, ~a · ~∂F (~x) is

a linear function of ~a, the (�rst) di�erential of F .

F (~a, ~x) = F~a(~x) ≡ ~a · ~∂F (~x). (78)

([6], p. 107 uses F ′ ≡ F .)
Suppressing ~x, or for �xed ~x :

F = F (~a) = F~a ≡ ~a · ~∂F. (79)

Proposition 14. Linearity.

F (~a+~b) = F (~a) + F (~b), (80)

λ scalar : F (λ~a) = λF (~a). (81)

Proof. Propositions 2 and 3.

Proposition 15. Linear approximation.
For |~r| = |~x− ~x0| su�ciently small:

F (~x)− F (~x0) ≈ F (~x− ~x0) = F (~x)− F (~x0). (82)

Proof.

F (~x) = F (~x0 + ~r)
Prop. 12

= F (~x0) + ~r · ~∂F (~x0) +
1

2
(~r · ~∂)2F (~x0) + . . .

= F (~x0) + |~r|r̂ · ~∂F (~x0) +
|~r|2

2
(r̂ · ~∂)2F (~x0) + . . .

+
|~r|k

k!
(r̂ · ~∂)kF (~x0) + . . . (83)

with r̂ ≡ ~r
|~r| . For su�ciently small |~r| :

F (~x) = F (~x0) + ~r · ~∂F (~x0) = F (~x0) + (~x− ~x0) · ~∂F (~x0)

Def. 13
= F (~x0) + F (~x− ~x0, ~x0)

Def. 13
= F (~x0) + F (~x− ~x0)

Prop. 14
= F (~x0) + F (~x)− F (~x0) (84)

⇒ F (~x)− F (~x0) ≈ F (~x− ~x0) = F (~x)− F (~x0). (85)
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Proposition 16. Chain rule.

dF

dt
(~x(t)) =

( d
dt
~x(t)

)
· ~∂ F (~x)

∣∣∣∣
~x=~x(t)

. (86)

Proof. Using the Taylor expansion

~x(t+ τ) = ~x(t) + τ
d

dt
~x(t) +

τ2

2

d2

dt2
~x(t) + . . . , (87)

dF

dt
(~x(t)) = lim

τ→0

F (~x(t+ τ))− F (~x(t))

τ

Taylor
= lim

τ→0

F (~x(t) + τ d
dt
~x(t))− F (~x(t))

τ

Def. 1
=

( d
dt
~x(t)

)
· ~∂ F (~x)

∣∣∣∣
~x=~x(t)

. (88)

De�nition 17. Vector derivative. Di�erentiation of F by its argument ~x

~∂~xF (~x) = ~∂F, (89)

with the di�erential operator ~∂, assumed to

(i) have the algebraic properties of a vector in An ≡ G1(I), I unit pseudoscalar;
and

(ii) that ~a · ~∂~x with ~a ∈ An is ~a · ~∂~xF as in Def. 1.

Proposition 18. Algebraic properties of ~∂~x.

I ∧ ~∂~x
(31)
= 0. (90)

I~∂~x
(31)
= I · ~∂~x (91)

~∂~x
(32)
=

n∑
k=1

~ak~ak · ~∂~x, (92)

where the ~ak express the algebraic vector properties and the ~ak ·~∂~x the scalar di�erential
properties.

De�nition 19. Gradient. The vector �eld ~f = ~f(~x) = ~∂~xΦ(~x) = ~∂Φ for a scalar
function Φ = Φ(~x) is called the gradient of Φ.

Proposition 20. 3-dimensional cross product. For ~b independent of ~x ∈ A3 ≡ G1(I3):

~a · ~∂(~x×~b) = ~a×~b. (93)

Only here × means the 3-dimensional cross product (47), not the commutator product
in (45) or in Proposition 81.

Proof.

~a · ~∂(~x×~b) (47)
= −~a · ~∂

(
(~x ∧~b)I3

) Prop. 5
= [−~a · ~∂(~x ∧~b)]I3 − (~x ∧~b)~a · ~∂I3

I3= const.,Prop. 9
= [−~a · ~∂(~x ∧~b)]I3

(8)
= [−~a · ~∂

〈
~x~b
〉
2
]I3

Prop. 6
= −

〈
~a · ~∂~x~b

〉
2
I3

Prop. 5
= −

〈
(~a · ~∂~x)~b

〉
2
I3 −

〈
~x(~a · ~∂~b)

〉
2
I3

Props. 8, 9
= −

〈
~a~b
〉
2
I3

(8)
= −(~a ∧~b)I3

(47)
= ~a×~b. (94)
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Proposition 21.

~a · ~∂
(
~x · 〈A〉r

)
= ~a · 〈A〉r , (95)

A ∈ G(I) independent of ~x. By linearity

~a · ~∂ (~x ·A) = ~a ·A. (96)

Proof.

~a · ~∂
(
~x · 〈A〉r

) (16)
= ~a · ~∂

〈
~x 〈A〉r

〉
r−1

Prop. 6
=

〈
~a · ~∂(~x 〈A〉r)

〉
r−1

Prop. 5
=

〈
(~a · ~∂~x) 〈A〉r + ~x~a · ~∂ 〈A〉r

〉
r−1

Props. 8, 9
=

〈
~a 〈A〉r

〉
r−1

(16)
= ~a · 〈A〉r . (97)

Proposition 22.

~a · ~∂[~x · (~x ∧~b)] = ~a · (~x ∧~b) + ~x · (~a ∧~b). (98)

Proof.

~a · ~∂[~x · (~x ∧~b)] (41)
= ~a · ~∂[~x2~b− ~x ·~b~x]

Prop. 4,5
= (~a · ~∂~x2)~b+ ~x2~a · ~∂~b− [~a · ~∂(~x ·~b)]~x− ~x ·~b(~a · ~∂~x)

Proof 10, Prop. 9,21,8
= ~a · ~x~b− ~a ·~b~x+ ~x · ~a~b− ~x ·~b~a

(41)
= ~a · (~x ∧~b) + ~x · (~a ∧~b). (99)

Proposition 23. For ~x′ independent of ~x and r ≡ |~r| = |~x− ~x′| :

~a · ~∂r = ~a · ~r
r

= ~a · r̂, (100)

where r̂ = ~r
r
.

Proof. Compare [6], p. 681. r2 = (~x− ~x′)(~x− ~x′), then

~a · ~∂r2 Prop. 5
= [~a · ~∂(~x− ~x′)](~x− ~x′) + (~x− ~x′)[~a · ~∂(~x− ~x′)]

Prop. 4,9
= ~a(~x− ~x′) + (~x− ~x′)~a = 2~a · ~r, (101)

~a · ~∂r2 Prop. 5
= 2r(~a · ~∂r) ⇒ 2~a · ~r = 2r(~a · ~∂r)

⇒ ~a · ~∂r = ~a · ~r
r

(11)
= ~a · r̂. (102)

Proposition 24.

~a · ~∂r̂ =
r̂r̂ ∧ ~a
r

. (103)
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Proof. Compare [6], p. 681.

~a · ~∂r̂ = ~a · ~∂ ~r
r

Prop. 5
=

1

r
~a · ~∂~r + ~r~a · ~∂ 1

r

Prop. 7
=

1

r
~a · ~∂(~x− ~x′)− ~r 1

r2
~a · ~∂r

Prop. 8, 23
=

1

r
~a− r̂

r
~a · r̂ Prop. 8

=
r̂r̂~a− r̂(r̂ · ~a)

r

(8)
=

r̂r̂ ∧ ~a
r

. (104)

Proposition 25.

~a · ~∂(r̂ · ~a) =
|r̂ ∧ ~a|2

r
. (105)

Proof.

~a · ~∂(r̂ · ~a) = ~a · ~∂ ~r · ~a
r

Prop. 5
=

1

r
~a · ~∂(~r · ~a) + ~r · ~a(~a · ~∂)

1

r

Prop. 7, 23
=

1

r
~a · ~∂(~x · ~a− ~x′ · ~a)− ~r · ~a

r2
~a · r̂r̂ ∧ ~a1

r
~a · ~a− (r̂ · ~a)2

r

(11)
=

r̂2~a2 − (r̂ · ~a)2

r

(43)
=

(r̂ ∧ ~a) · (r̂ ∧ ~a)

r

(43)
=
|r̂ ∧ ~a|2

r
. (106)

Proposition 26.

~a · ~∂(r̂ ∧ ~a) =
r̂ · ~a~a ∧ r̂

r
. (107)

Proof.

~a · ~∂(r̂ ∧ ~a)
(8)
= ~a · ~∂(r̂~a− r̂ · ~a)

Prop. 4
= ~a · ~∂(r̂~a)− ~a · ~∂(r̂ · ~a)

Prop. 5, 25
= ~a · ~∂(r̂)~a+ r̂~a · ~∂~a− |r̂ ∧ ~a|

2

r
Prop. 9, 24, (43)

=
r̂r̂ ∧ ~a
r

~a− (~a ∧ r̂)(~a ∧ r̂)
r

(39), (40)
=

~a ∧ r̂r̂~a− (~a ∧ r̂)(r̂ ∧ ~a)

r

(3)
=
~a ∧ r̂

(
r̂~a− (r̂ ∧ ~a)

)
r

(7)
=
~a ∧ r̂r̂ · ~a

r
=
r̂ · ~a~a ∧ r̂

r
. (108)

Proposition 27.

~a · ~∂|r̂ ∧ ~a| = − r̂ · ~a|r̂ ∧ ~a|
r

. (109)

Proof.

~a · ~∂|r̂ ∧ ~a|2 Prop. 5
= 2|r̂ ∧ ~a|~a · ~∂|r̂ ∧ ~a|, (110)

~a · ~∂|r̂ ∧ ~a|2 (43)
= ~a · ~∂[(r̂ ∧ ~a) · (~a ∧ r̂)] (43)

= ~a · ~∂[r̂2~a2 − (r̂ · ~a)]

Prop. 5
= ~a · ~∂~a2 − 2(r̂ · ~a)~a · ~∂(r̂ · ~a)

Prop. 9, 25
= −2(r̂ · ~a)

|r̂ ∧ ~a|2

r
(111)

⇒ 2|r̂ ∧ ~a|~a · ~∂|r̂ ∧ ~a| = −2
(r̂ · ~a)|r̂ ∧ ~a|2

r
(112)

⇒ ~a · ~∂|r̂ ∧ ~a| = − (r̂ · ~a)|r̂ ∧ ~a|
r

. (113)
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Proposition 28.

~a · ~∂ 1

~r
= −1

~r
~a

1

~r
. (114)

Proof.

~a · ~∂ 1

~r

(12)
= ~a · ~∂ ~r

r2
Prop. 5

=
1

r2
~a · ~∂~r + ~r~a · ~∂ 1

r2
Prop. 7

=
1

r2
~a+ ~r(− 2

r3
)~a · ~∂r

Prop. 23
=

1

r2
~a− 2

~r

r3
~a · r̂ (12), (11)

=
1

~r

1

~r
~a− 2

1

~r
~a · 1

~r
(7)
=

1

~r

1

~r
~a− 1

~r
~a

1

~r
− 1

~r

1

~r
~a = −1

~r
~a

1

~r
. (115)

Proposition 29.

~a · ~∂ 1

r2
= −2

~a · r̂
r3

. (116)

Proof.

~a · ~∂ 1

r2
(7)
= − 2

r3
~a · ~∂r Prop. 23

= − 2

r3
~a · r̂. (117)

Proposition 30.

1

2
(~a · ~∂)2

1

r2
=

3(~a · r̂)2 − |r̂ ∧ ~a|2

r4
. (118)

Proof.

1

2
(~a · ~∂)2

1

r2
Prop. 29

=
1

2
~a · ~∂(−2

~a · r̂
r3

)
Prop. 5

= −(~a · ~∂ 1

r3
)~a · r̂ − 1

r3
~a · ~∂(~a · r̂)

Prop. 7,23,25
=

3~a · r̂
r4

~a · r̂ − 1

r3
~a
|r̂ · ~a|2

r
=

3(~a · r̂)2 − |r̂ · ~a|2

r4
. (119)

Proposition 31.

1

6
(~a · ~∂)3

1

r2
=
−4(~a · r̂)3 + 4|r̂ ∧ ~a|2~a · r̂

r5
. (120)

Proof.

1

6
(~a · ~∂)3

1

r2
=

1

3
(~a · ~∂)

1

2
(~a · ~∂)2

1

r2
Prop. 30

=
1

3
(~a · ~∂)

3(~a · r̂)2 − |r̂ · ~a|2

r4

Prop. 5,7
=

1

3

3 2(~a · r̂)~a · ~∂(~a · r̂)− 2|r̂ ∧ ~a|~a · ~∂|r̂ ∧ ~a|
r4

+
1

3
[3(~a · r̂)2 − |r̂ ∧ ~a|2](−4)

1

r5
~a · ~∂r

Prop. 23,25,27
=

2(~a · r̂) |r̂∧~a|
2

r
+ 2

3
|r̂ ∧ ~a|r̂ · ~a |r̂∧~a|

r

r4

− 4

3
[3(~a · r̂)2 − |r̂ ∧ ~a|2]

1

r5
~a · r̂

=
2(~a · r̂)|r̂ ∧ ~a|2 + 2

3
|r̂ ∧ ~a|2r̂ · ~a− 4(~a · r̂)3 + 4

3
|r̂ ∧ ~a|2r̂ · ~a

r5

=
−4(~a · r̂)3 + 4|r̂ ∧ ~a|2~a · r̂

r5
. (121)
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Proposition 32.

~a · ~∂ log r =
~a · ~r
r2

= ~a · ~r−1. (122)

Proof.

~a · ~∂ log r
Prop. 7

=
1

r
~a · ~∂r Prop. 23

=
~a · r̂
r

(11)
=

~a · ~r
r2

. (123)

Proposition 33. For integer k and ~r if k < 0 :

~a · ~∂~r2k = 2k~a · ~r ~r2(k−1). (124)

Proof.

~a · ~∂~r2k = ~a · ~∂r2k Prop. 7
= 2kr2k−1~a · ~∂r Prop. 23

= 2kr2k−1~a · r̂ = 2kr2k−2~a · ~r

= 2k~a · ~r ~r2(k−1). (125)

Proposition 34. For integer k and ~r 6= 0 if 2k + 1 < 0 :

~a · ~∂~r2k+1 = ~r2k(~a+ 2k~a · r̂r̂). (126)

Proof.

~a · ~∂~r2k+1 = ~a · ~∂(~r2k~r)
Prop. 5

= ~a · ~∂(~r2k)~r + ~r2k~a · ~∂~r
Prop. 8,33

= 2k~a · ~r~r2(k−)1 + ~r2k~a = ~r2k(~a+ 2k~a · r̂r̂). (127)

Proposition 35. Taylor expansion of 1
~x−~a .

1

~x− ~a =
1

~x
+

1

~x
~a

1

~x
+

1

~x
~a

1

~x
~a

1

~x
+ . . . . (128)
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Proof.

1

~x− ~a
Prop. 12

= e−~a·
~∂ 1

~x
=

∞∑
k=0

(−~a · ~∂)k

k!

1

~x
, (129)

(−~a · ~∂)k
1

~x
= (−~a · ~∂)k−1(−~a · ~∂)

1

~x

Prop. 28
= (−~a · ~∂)k−1 1

~x
~a

1

~x

= (−~a · ~∂)k−2(−~a · ~∂)[
1

~x
~a

1

~x
]

Prop. 5
= (−~a · ~∂)k−2[(−~a · ~∂ 1

~x
)~a

1

~x
+

1

~x
~a(−~a · ~∂ 1

~x
)]

Prop. 28
= 2(−~a · ~∂)k−2 1

~x
~a

1

~x
~a

1

~x
Props. 5,28

= . . . = 2 3(−~a · ~∂)k−3 1

~x
~a

1

~x
~a

1

~x
~a

1

~x
Props. 5,28

= . . . = k!(−~a · ~∂)k−k
1

~x
(~a

1

~x
)k = k!

1

~x
(~a

1

~x
)k (130)

⇒ 1

k!
(−~a · ~∂)k

1

~x
=

1

~x
(~a

1

~x
)k (131)

⇒ 1

~x− ~a =

∞∑
k=0

1

~x
(~a

1

~x
)k. (132)

Proposition 36. Legendre Polynomials.
The Legendre polynomials Pn (homogeneous and of grade n) are de�ned by:

1

|~x− ~a| ≡
∞∑
n=0

Pn(x̂~a)

|~x|n+1
=

∞∑
n=0

Pn(~x~a)

|~x|2n+1
. (133)

The explicit �rst four polynomials are:

P0(~x~a) = 1, (134)

P1(~x~a) = ~x · ~a, (135)

P2(~x~a) =
1

2
[3(~x · ~a)2 − ~a2~x2] = (~x · ~a)2 +

1

2
(~x ∧ ~a)2, (136)

P3(~x~a) =
1

2
[5(~x · ~a)3 − 3~a2~x2~x · ~a] = (~x · ~a)3 +

3

2
~x · ~a(~x ∧ ~a)2, (137)

Pn(~x~a) = |~x|nPn(x̂~a) = |~x|n|~a|nPn(x̂â). (138)

Proof.

F (~x− ~a) =
1

|~x− ~a|
Prop. 12

= e−~a·
~∂F (~x) =

∞∑
n=0

(−~a · ~∂)n

n!

1

|~x|

=
1

|~x| − ~a ·
~∂

1

|~x| +
1

2
(~a · ~∂)2

1

|~x| −
1

6
(~a · ~∂)3

1

|~x| + . . . (139)

⇒ P0(~x~a) = 1, (140)

−~a · ~∂ 1

|~x|
Prop. 7

=
1

|~x|2~a ·
~∂|~x| Prop. 10

=
1

|~x|2~a · x̂
Prop. 11

=
~a · ~x
|~x|3 , (141)

⇒ P1(~x~a) = ~a · ~x, (142)
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1

2
(~a · ~∂)2

1

|~x| = −1

2
(~a · ~∂)(−~a · ~∂)

1

|~x| = −1

2
(~a · ~∂)

~a · ~x
|~x|3

Prop. 5
= −1

2
[~a · ~∂ 1

|~x|3 ]~a · ~x− 1

2

1

|~x|3~a ·
~∂(~a · ~x)

Prop. 7,21
= −1

2
[
−3

|~x|4~a ·
~∂|~x|]~a · ~x− 1

2

1

|~x|3~a · ~a

Prop. 10
=

1

2

3

|~x|4~a · x̂(~a · ~x)− 1

2

1

|~x|3~a
2 (11),(5)

=
1

2

3(~a · ~x)2 − ~x2~a2

|~x|5

=
(~a · ~x)2 + 1

2
{(~a · ~x)2 − ~x2~a2}
|~x|5

(43)
=

(~a · ~x)2 + 1
2
{~a ∧ ~x}2

|~x|5 (143)

⇒ P2(~x~a) =
1

2
[3(~a · ~x)2 − ~x2~a2] = (~a · ~x)2 +

1

2
{~a ∧ ~x}2, (144)

−1

6
(~a · ~∂)3

1

|~x| = −1

3
~a · ~∂[

1

2
(~a · ~∂)2

1

|~x| ] = −1

3
~a · ~∂[

1

2

3(~a · ~x)2 − ~x2~a2

|~x|5 ]

Props. 4,5
= −1

6
(~a · ~∂ 1

|~x|5 )[3(~a · ~x)2 − ~x2~a2]− 1

6|~x|5 [3 2(~a · ~x)~a · ~∂(~a · ~x)− ~a2~a · ~∂~x2]

Props. 5,7,21,23
= − −5

6|~x|6 (~a · ~∂|~x|)[3(~a · ~x)2 − ~x2~a2]− 1

6|~x|5 [6(~a · ~x)~a · ~a− ~a22(~a · ~x)]

Prop. 10
=

5

6|~x|6
~a · ~x
|~x| [3(~a · ~x)2 − ~x2~a2]− 4~a2~a · ~x

6|~x|5

=
15(~a · ~x)3 − 5~x2~a2~a · ~x− 4~x2~a2~a · ~x

6|~x|7 =
1

2|~x|7 [5(~a · ~x)3 − 3~x2~a2~a · ~x]

=
1

|~x|7 [(~a · ~x)3 +
3

2
~a · ~x((~a · ~x)2 − ~x2~a2)]

(43)
=

1

|~x|7 [(~a · ~x)3 +
3

2
~a · ~x(~a ∧ ~x)2] (145)

⇒ P3(~x~a) =
1

2
[5(~a · ~x)3 − 3~a2~x2~x · ~a] = (~a · ~x)3 +

3

2
~x · ~a(~a ∧ ~x)2. (146)

Homogeneity of degree n of the Pn :

(−~a · ~∂)n

n!

1

|~x|
def.
=

Pn(~x~a)

|~x|2n+1
⇒ (−~a · ~∂)n

1

|~x| = n!
Pn(~x~a)

|~x|2n+1
(147)

and

(−~a · ~∂)n+1 1

|~x| = (n+ 1)!
Pn+1(~x~a)

|~x|2(n+1)+1

⇒ (n+ 1)!

n!

Pn+1(~x~a)

|~x|2(n+1)+1
= (−~a · ~∂)

Pn(~x~a)

|~x|2n+1

Prop. 5
= [−~a · ~∂ 1

|~x|2n+1
]Pn(~x~a)− 1

|~x|2n+1
~a · ~∂Pn(~x~a)

Prop. 7
=

2n+ 1

|~x|2n+2
Pn(~x~a)~a · ~∂|~x| − 1

|~x|2n+1
~a · ~∂Pn(~x~a)

Prop. 10
=

2n+ 1

|~x|2n+2
Pn(~x~a)

~a · ~x
|~x| −

1

|~x|2n+1
~a · ~∂Pn(~x~a)

=
2n+ 1

|~x|2n+3
Pn(~x~a)~a · ~x− 1

|~x|2n+1
~a · ~∂Pn(~x~a). (148)
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Pn(~x~a)~a · ~x is a homogeneous function of degree n + 1, if we assume Pn to be homo-
geneous of degree n :

Pn(~x~a)
assume

=

n∑
k=0

αk(~x · ~a)k|~x|n−k~an−k, (149)

αk = const., which is especially true for n = 0, 1, 2, 3. The right term

~a · ~∂Pn(~x~a) = ~a · ~∂
n∑
k=0

αk(~x · ~a)k|~x|n−k~an−k

Props. 4,5,9
=

n∑
k=0

{
αk[~a · ~∂(~x · ~a)k]|~x|n−k~an−k + αk(~x · ~a)k[~a · ~∂|~x|n−k]~an−k

}
Props. 5,7

=
n∑
k=0

{
αk[k(~x · ~a)k−1~a · ~∂(~x · ~a)]|~x|n−k~an−k + αk(~x · ~a)k[(n− k)|~x|n−k−1~a · ~∂|~x|]~an−k

}
Props. 10,21

=

n∑
k=0

{
αk[k(~x · ~a)k−1~a · ~a]|~x|n−k~an−k + αk(~x · ~a)k[(n− k)|~x|n−k−1~a · ~x

|~x| ]~an−k
}

=

n∑
k=0

{
αkk(~x · ~a)k−1 |~x|2

|~x|2 |~x|
n−k~a2~an−k + αk(n− k)(~x · ~a)k+1 |~x|n−k−1

|~x|
|~x|
|~x|~a

n−k
}

=
1

|~x|2
n∑
k=0

{
αkk(~x · ~a)k−1|~x|n−k+2~an−k+2 + αk(n− k)(~x · ~a)k+1|~x|n−k~an−k

}
(150)

yields |~x|2 ~a · ~∂Pn(~x~a), to be homogeneous of degree n+ 1. Hence

(n+ 1)!

n!

Pn+1(~x~a)

|~x|2(n+1)+1
=

(Polynomial homogeneous of degree n+ 1)

|~x|2(n+1)+1
. (151)

By induction every Pn will therefore be homogeneous of degree n. This and the explicit

expressions above for
Pn+1(~x~a)

|~x|2(n+1)+1 fully prove for all n :

Pn(~x~a) = |~x|nPn(x̂~a) = |~x|n|~a|nPn(x̂â). (152)

De�nition 37. Rede�nition of di�erential, over-dots.

F (~a) = ~a · ~∂F (7)
=

1

2
(~a~∂F + ~̇∂~aḞ ), (153)

where the over-dots indicate, that only F is to be di�erentiated and not ~a .

Proposition 38. For ~a /∈ An ≡ G1(I), P = PI :

~a · ~∂~x = ~a · P (~∂~x) = P (~a) · ~∂~x, P (~a) ∈ An. (154)

Proof.

~a · ~∂~x
Prop. 18

= ~a · P (~∂~x)
Prop. 18

=

n∑
k=1

~a · ~ak(~ak · ~∂~x) =

n∑
k=1

P (~a) · ~ak(~ak · ~∂~x)

= P (~a) · ~∂~x. (155)
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Proposition 39.

F (~a) = F (P (~a)) = P (~a) · ~∂F. F (~a) = 0, if P (~a) = 0. (156)

Proof.

F (~a)
Def. 13, Prop. 38

= F (P (~a))
Def. 13

= P (~a) · ~∂F, ⇒ F (~a) = 0, if P (~a) = 0. (157)

Proposition 40. Di�erential of composite functions. For F (~x) = G(f(~x)) and

f : ~x ∈ An = G1(I)→ f(~x) ∈ A′n = G1(I ′), (158)

we have

~a · ~∂F = f · ~∂G, F (~a) = G(f(~x), f(~x,~a)) (Def. 13). (159)

The di�erential of composite functions is the composite of di�erentials :

F (~x,~a) = G(f(~x), f(~x,~a)) (explicit). (160)

Proof. Using Taylor expansion (Prop. 12):

f(~x+ τ~a) = f(~x) + τ~a · ~∂f(~x) +
1

2
τ2(~a · ~∂)2f(~x) + . . . , (161)

~a · ~∂G(f(~x))
Def. 13

=
d

dτ
G(f(~x+ τ~a))

∣∣∣∣
τ=0

Taylor (Prop. 12), Def. 13
=

d

dτ
G(f(~x) + τf(~a))

∣∣∣∣
τ=0

Def. 1
= f(~a) · ~∂~x′G(~x′)

∣∣∣
~x′=f(~x)

= f(~a) · ~∂ G (evaluation at corresponding points.) (162)

De�nition 41. Second di�erential.

F~a~b = ~b · ~̇∂ ~a · ~∂Ḟ (~x). (163)

Suppressing ~x : F~a~b = ~b · ~̇∂ ~a · ~∂Ḟ .

Proposition 42. Integrability condition.

F~a~b = F~b~a. (164)

The second di�erential is a symmetric bilinear function of its di�erential arguments
~a,~b .

19



Proof.

F~a~b(~x) ≡ ~b · ~̇∂ ~a · ~∂Ḟ (~x)
Def. 1

= ~b · ~̇∂ dḞ (~x+ τ~a)

dτ

∣∣∣∣
τ=0

=
d2Ḟ (~x+ τ~a+ σ~b)

dσdτ

∣∣∣∣∣
τ=0,σ=0

= lim
σ→0

lim
τ→0

F (~x+τ~a+σ~b)−F (~x+σ~b)
τ

− F (~x+τ~a)−F (~x)
τ

σ
, (165)

which is symmetric under (~a, τ)↔ (~b, σ). Hence

F~a~b(~x) = ~b · ~̇∂ ~a · ~∂Ḟ (~x) = ~a · ~̇∂~b · ~∂Ḟ (~x) = F~b~a(~x). (166)

The bilinearity follows from the linearity in each argument (Props. 2,3,14).

Proposition 43. Di�erential of identity function.

~a · ~∂~x~x = P (~a) = ~∂~x(~x · ~a). (167)

Proof. We �rst prove the �rst identity:

~a · ~∂~x~x
Prop. 38

= PI(~a) · ~∂~x~x
Prop. 8

= PI(~a). (168)

Regarding the second identity, especially for base vectors ~ak ∈ An = G1(I):

~ak · ~∂~x~x = PI(~ak) = ~ak, (169)

~∂~x(~x · ~a)
Prop. 18

=
∑
k

~ak~ak · ~∂~x(~x · ~a)
Prop. 21

=
∑
k

~ak~ak · ~a = PI(~a). (170)

Proposition 44. Operator identity.

~∂~x = PI(~∂~x) = ~∂~a(~a · ~∂~x). (171)

Proof. Proposition 18 and 43.

Proposition 45. Derivative from di�erential.

~∂~xF (~x) = ~∂~a(~a · ~∂~x)F (~x) = ~∂~aF (~x,~a) (172)

Proof. Proposition 44 and De�nition 13.

De�nition 46.
~∂F = ~∂~xF (~x)

Prop. 45
= ~∂~aF (~x,~a) = ~∂ F , (173)

where ~∂ is the derivative with respect to the di�erential argument ~a of F (~x,~a).

Proposition 47.
~∂F = ~∂ · F + ~∂ ∧ F. (174)

Proof. Vector property (Prop. 18) of ~∂ = ~∂~x and (18).

Proposition 48. Gradient. For scalar F = Φ(~x) :

~∂ · Φ = 0, ~∂Φ = ~∂ ∧ Φ = Φ̇ ~̇∂. (175)
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Proof. (21), Prop. 47 and (23).

Remark 49. In Prop. 48 the special de�nition of Hestenes and Sobczyk[7] in (20)
and (21) for the inner product becomes important. It should be possible to make it
more intuitive by replacing the inner product with the contraction [3].

De�nition 50. Divergence and curl.

� Divergence of F : ~∂ · F ,
� Curl of F : ~∂ ∧ F .

(Full vector derivative of F : ~∂F .)

Proposition 51. Vector derivative of sums.

~∂(F +G) = ~∂F + ~∂G. (176)

Proof.

~∂(F +G)
Def. 46

= ~∂(F +G)
Prop. 4

= ~∂(F +G)
Prop. 18

=
∑
k

~ak~ak · ~∂~a(F +G)

Prop. 4
=

∑
k

~ak(~ak · ~∂~aF + ~ak · ~∂~aG)

distributivity, (19)
=

∑
k

~ak~ak · ~∂~aF +
∑
k

~ak~ak · ~∂~aG

Prop. 18, Def. 46
= ~∂F + ~∂G. (177)

Note that geometric multiplication is distributive with respect to addition.

Proposition 52. Vector derivative of products.

~∂(FG) = ~̇∂ḞG+ ~̇∂F Ġ. (178)

Proof.

~∂(FG)
Def. 46

= ~∂(FG)
Prop. 5

= ~∂(FG+ FG)
Def. 46, Prop. 51

= ~∂ FG+ ~∂FG

Def. 46
= ~̇∂ḞG+ ~̇∂F Ġ. (179)

The third equality is a special case of Prop. 51, if we take the de�nition of ~∂ in Def.
46 into account. The last term is to be interpreted as:

~̇∂F Ġ = ~∂~y
(
F (~x)G(~y)

)∣∣∣
~y=~x

. (180)

Proposition 53.
~∂~x2 = 2~x. (181)
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Proof.

~∂~x2 = (~∂~x)~x+ ~̇∂~x~̇x
Prop. 18

= (
∑
k

~ak~ak · ~∂~x~x)~x+
∑
k

~ak~x~ak · ~∂~x~x

Prop. 43
= (

∑
k

~ak~ak)~x+
∑
k

~ak~x~ak
(7)
= 2

∑
k

~ak~x · ~ak
(32)
= 2~x. (182)

Proposition 54.
~∂|~x| = x̂. (183)

Proof.

~∂|~x| Prop. 18
=

∑
k

~ak~ak · ~∂~x|~x|
Prop. 10

=
∑
k

~ak~ak · x̂
(32)
= x̂. (184)

Proposition 55. For F = F (|~x|) :

~∂F = x̂
dF

d|~x| . (185)

Proof.

~a · ~∂F Prop. 7
= ~a · ~∂|~x| dF

d|~x|
Prop. 54

= ~a · x̂ dF
d|~x| (186)

⇒ ~∂F
Def. 46

= ~∂~a(~a · ~∂)F = ~∂~a~a · x̂
dF

d|~x|
Prop. 43

= x̂
dF

d|~x| . (187)

De�nition 56. Sides of di�erentiation. Only right side di�erentiation:

F ~∂G
Def. 46

= F ~∂ G = F ~̇∂ Ġ. (188)

Left and right side di�erentiation (another form of the product rule Prop. 52):

Ḟ ~̇∂Ġ = Ḟ ~̇∂G+ F ~̇∂Ġ. (189)

De�nition 57. Adjoint. For

f : ~x ∈ An = G1(I)→ f(~x) ∈ A′n = G1(I ′), (190)

the entity
f(~a′) ≡ ~∂(f · ~a′) (191)

is the adjointof f or explicitly:

f(~x,~a′) ≡ ~∂~a
[(

(~a · ~∂~x)f(~x)
)
· ~a′
]
Def. 37

= ~∂~a[f(~x,~a) · ~a′]. (192)

Proposition 58.

f(~a′) = ~∂(f · ~a′), (193)

or explicitly:
f(~x,~a′) = ~∂~x(f(~x) · ~a′). (194)
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Proof.

f(~x,~a′)
Def. 57

= ~∂~a
[(

(~a · ~∂~x)f(~x)
)
· ~a′
]

= ~∂~a(~a · ~∂~x)
[
f(~x) · ~a′

]
Prop. 45

= ~∂~x
(
f(~x) · ~a′

)
. (195)

(Compare [7] p. 50; [2] p. 23 (1.109), p. 24 (1.118), and p. 104 (5.11).)

Proposition 59. Linearity of adjoint. For scalar α ∈ R :

f(~a′ +~b′) = f(~a′) + f(~b′), f(α~a′) = αf(~a′). (196)

Proof. Linearity of the inner product (9).

Proposition 60.

P
(
f(~a′)

)
= f(~a′). (197)

Proof.

P
(
f(~a′)

) Def. 57, Prop. 58
= P

(
~∂~x(f(~x) · ~a′)

)
= P (~∂~x)f(~x) · ~a′ Prop. 44

= ~∂~x
(
f(~x) · ~a′

)
Prop. 58

= f(~a′). (198)

Proposition 61.

f(~a′) = ~∂~a
(
f(~a) · ~a′

)
= f(P ′(~a′)), (199)

with P ′ the projection into the range of f and f , i.e. into A′n ≡ G1(I ′).

Proof.

f(~a′)
Def. 57

= ~∂~a
(
f(~a) · ~a′

) Prop. 58
= ~∂~x

(
f(~x) · ~a′

)
= ~∂~x

(
[P ′f(~x)] · ~a′

)
= ~∂~x

(
f(~x) · P ′(~a′)

) Prop. 58
= f(P ′(~a′)). (200)

Proposition 62.

PfP ′(~a′) = f(~a′), P ′fP (~a) = f(~a). (201)

Proof. First identity: De�nition 57 and Proposition 58.
Second identity: Proposition 39 and because the range of f and f is A′n = Gi(I ′).

Proposition 63. Change of variables. For F (~x) = G(f(~x)), i.e. ~x→ f(~x) :

~∂~xF (~x) = f(~∂~x′)G(~x′), (202)

i.e. ~∂~x = f(~∂~x′) .

Proof.

~∂~xF (~x)
Prop. 44

= ~∂~a[~a · ~∂~xF (~x)] = ~∂~a[~a · ~∂~xG(f(~x))]
Prop. 40

= ~∂~a[f(~a) · ~∂~x′︸ ︷︷ ︸
scalar

G(~x′)]
∣∣∣
~x′=f(~x)

= [~∂~a
(
f(~a) · ~∂~x′

)
G(~x′)]

∣∣∣
~x′=f(~x)

Def. 57
= [f(~∂~x′)G(~x′)]~x′=f(~x) = f(~∂~x′)G(~x′). (203)
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Proposition 64. Second di�erential.

~∂2
~xF (~x) = ~∂~b

~∂~aF~a~b = (~∂~b · ~∂~a + ~∂~b ∧ ~∂~a)F~a~b. (204)

Proof.

~∂~xF (~x)
Prop. 54

= ~∂~a
(
~a · ~∂~xF (~x)

) Def. 13
= ~∂~aF~a (205)

⇒ ~∂2
~xF (~x) = ~∂~x

(
~∂~xF (~x)

)
= ~∂~x

(
~∂~aF~a

)
Prop. 54

= ~∂~b[
~b · ~̇∂~x︸ ︷︷ ︸

scalar operator

(
~∂~aḞ~a

)
] = ~∂~b

~∂~a[(~b · ~∂~x)F~a]
Def. 41

= ~∂~b
~∂~aF~a~b

Prop. 18
= (~∂~b · ~∂~a + ~∂~b ∧ ~∂~a)F~a~b. (206)

Proposition 65. Integrability condition for vector derivative.

~∂~x ∧ ~∂~x = 0 ⇔ F~a~b = F~b~a. (207)

Proof. (⇒)

~∂~x ∧ ~∂~x = 0 (208)

⇒ 0 = (~a ∧~b) · (~∂~x ∧ ~∂~x)F
(42)
= ~a · [~b · (~∂~x ∧ ~∂~x)]F

= ~a · [(~b · ~∂~x)~∂~x − ~∂~x(~b · ~∂~x)]F = [(~b · ~∂~x)(~a · ~∂~x)F − (~a · ~∂~x)(~b · ~∂~x)F ]

Def. 41
= F~a~b − F~b~a, (209)

(⇐) Integrability (Prop. 42) means: F~a~b = F~b~a. Obviously

0 =
1

2
(~∂~b

~∂~aF~a~b − ~∂~a~∂~bF~b~a)
Prop. 42

=
1

2
(~∂~b

~∂~a − ~∂~a~∂~b)F~a~b = ~∂~b ∧ ~∂~aF~a~b
Prop. 64

= ~∂~x ∧ ~∂~xF (~x) (210)

⇒ ~∂~x ∧ ~∂~x = 0. (211)

Proposition 66. Laplacian. Integrability of F ⇔ ~∂2
~x = ~∂~x · ~∂~x.

Proof. Integrability of F
Prop. 65⇔ ~∂~x ∧ ~∂~x = 0

⇔ ~∂2
~x

(6), (18)
= ~∂~x · ~∂~x + ~∂~x ∧ ~∂~x = ~∂~x · ~∂~x. (212)

Proposition 67.
~∂~x ∧ ~x = 0. (213)

Proof.

~∂~x ∧ ~x =
1

2
~∂~x ∧ (2~x)

Prop. 53
=

1

2
(~∂~x ∧ ~∂~x)~x2

Prop. 65
= 0, (214)

because F = ~x2 is integrable.
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Proposition 68.

~∂~x~x = ~∂~x · ~x
(33)
= n. (215)

Proof.

~∂~x~x
Prop. 47

= ~∂~x · ~x+ ~∂~x ∧ ~x
Prop. 67

= ~∂~x · ~x
Prop. 18

=
( n∑
k=1

~ak~ak · ~∂~x
)
· ~x

=

n∑
k=1

~ak · (~ak · ~∂~x)~x
Prop. 43

=

n∑
k=1

~ak · P (~ak) =

n∑
k=1

~ak · ~ak = n. (216)

Proposition 69.
~∂~x|~x|k = k|~x|k−2~x. (217)

Proof.

~∂~x|~x|k
Prop. 55

= x̂
d|~x|k

d|~x| = x̂k|~x|k−1 = k|~x|k−2|~x|x̂ = k|~x|k−2~x. (218)

Proposition 70.

~∂~x
( ~x

|~x|k
)

=
n− k
|~x|k . (219)

Proof.

~∂~x
( ~x

|~x|k
)

Prop. 52
= ~∂~x(~x)

1

|~x|k + ~x~∂~x|~x|−k
Prop. 68,69

= n
1

|~x|k + ~x(−k)|~x|−k−2~x

= n
1

|~x|k − k|~x|
−k−2~x2 =

n

|~x|k − k|~x|
−k =

n− k
|~x|k . (220)

Proposition 71.

~∂~x log |~x| = ~x

|~x|2 = ~x−1. (221)

Proof.

~∂~x log |~x| Prop. 55
= x̂

d log |~x|
|~x| = x̂

1

|~x|
(12)
=

~x

|~x|2
(12)
= ~x−1. (222)

Proposition 72. For A = P (A) = 〈A〉r :

~̇∂~x(~̇x ·A) = A · ~∂~x~x = rA. (223)
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Proof. If A is a simple r-blade, then

~̇∂~x(~̇x ·A)
(39)
= ~̇∂~x(A · ~̇x)(−1)r−1 =

1

2
[~̇∂~xA~̇x− (−1)r (~∂~x~x)︸ ︷︷ ︸

=n,Prop. 68

A](−1)r−1

=
1

2
[~̇∂~xA~̇x− (−1)rA(~∂~x~x)](−1)r−1 = (~̇∂~x ·A)~̇x(−1)r−1

(39)
= (A · ~∂~x)~x, (224)

(30)⇒ A−1 ~̇∂~x(~̇x ·A) = A−1(A · ~∂~x)~x
(35)
= PA(~∂~x)~x

Prop. 18
=

( r∑
k=1

~ak~ak · ~∂~x
)
~x

=

r∑
k=1

~ak(~ak · ~∂~x)~x
Prop. 43

=

r∑
k=1

~ak~ak
(33)
= r, (225)

⇒ ~̇∂~x(~̇x ·A) = (A · ~∂~x)~x = rA. (226)

Last step: Multiplication with A from the left. Distributivity (19), (25) gives the same
result even for non-simple r-vectors A.

Proposition 73. For A = P (A) = 〈A〉r :

~̇∂~x(~̇x ∧A) = A ∧ ~∂~x~x = (n− r)A. (227)

Proof. If A is a simple r-blade, then

~̇∂~x(~̇x ∧A)
(40)
= ~̇∂~x(A ∧ ~̇x)(−1)r =

1

2
[~̇∂~xA~̇x+ (−1)r (~∂~x~x)︸ ︷︷ ︸

=n,Prop. 68

A](−1)r

=
1

2
[~̇∂~xA~̇x+ (−1)rA(~∂~x~x)](−1)r = (~̇∂~x ∧A)~̇x(−1)r

(40)
= (A ∧ ~∂~x)~x, (228)

(30)⇒ A−1 ~̇∂~x(~̇x ∧A) = A−1(A ∧ ~∂~x)~x = A−1I−1I(A ∧ ~∂~x)~x

Ipseudoscalar, (40)
= A−1I−1[ I︸︷︷︸

n

· (~∂~x ∧A)︸ ︷︷ ︸
r+1 grades

(−1)r]~x

(39)
= A−1I−1[(~∂~x ∧A) · I]~x(−1)r+(r+1)(n−r−1)

(38)
= A−1I−1[~∂~x · (AI)]~x(−1)r+(r+1)(n−r)−r−1

(39)
= A−1I−1[(AI)︸ ︷︷ ︸

n−r

·~∂~x]~x(−1)(r+1)(n−r)−1+n−r−1

(40)
= A−1I−1[(IA)︸ ︷︷ ︸

n−r

·~∂~x]~x (−1)r(n−r)+r(n−r)︸ ︷︷ ︸
=+1

(35), (36)
= PIA(~∂~x)~x

Proof of Prop. 72
= n− r. (229)

AA−1=1,(30)⇒ ~̇∂~x(~̇x ∧A) = (A ∧ ~∂~x)~x = (n− r)A. (230)

Last step: Multiplication with A from the left. The distributive rule for the inner
product gives the same result even for non-simple A.
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Proposition 74. For A = P (A) = 〈A〉r :

~̇∂~xA~̇x =

n∑
k=1

~akA~ak = (−1)r(n− 2r)A. (231)

Proof.

~̇∂~xA~̇x
Prop. 18

=

n∑
k=1

~ak(~ak · ~̇∂~x)A~̇x =

n∑
k=1

~akA(~ak · ~̇∂~x)~̇x
Prop. 43

=

n∑
k=1

~akA~ak, (232)

~̇∂~xA~̇x = ~̇∂~x[A · ~̇x+A ∧ ~̇x]
(39), (40)

= ~̇∂~x[~̇x ·A(−1)r−1 + ~̇x ∧A(−1)r]

= (−1)r[−~̇∂~x(~̇x ·A) + ~̇∂~x(~̇x ∧A)]
Props. 72, 73

= (−1)r[−rA+ (n− r)A]

= (−1)r(n− 2r)A. (233)

Proposition 75. For ~a = ~a(~x) , ~b = ~b(~x) :

~∂~x(~a ·~b) = ~a · ~∂~x~b+~b · ~∂~x~a− ~a · (~∂~x ∧~b)−~b · (~∂~x ∧ ~a). (234)

Proof.

~a · (~∂~x ∧~b)
Prop. 18, (41)

= ~a · ~̇∂~x~̇b− ~̇∂~x(~̇b · ~a), (235)

~b · (~∂~x ∧ ~a)
Prop. 18, (41)

= ~b · ~̇∂~x~̇a− ~̇∂~x(~̇a ·~b), (236)

addition⇒ ~∂~x(~a ·~b) = ~̇∂~x(~̇a ·~b) + ~̇∂~x(~̇b · ~a)

= ~a · ~∂~x~b+~b · ~∂~x~a− ~a · (~∂~x ∧~b)−~b · (~∂~x ∧ ~a). (237)

De�nition 76. Lie bracket. For ~a = ~a(~x), ~b = ~b(~x), the Lie bracket is de�ned as:

[~a,~b ] = ~a · ~∂~x~b−~b · ~∂~x ~a . (238)

Proposition 77. For ~a = ~a(~x), ~b = ~b(~x), we get the following expression for the Lie
bracket :

[~a,~b ] = ~∂~x · (~a ∧~b)−~b~∂~x · ~a+ ~a~∂~x ·~b. (239)

Proof.

~∂~x · (~a ∧~b)
Prop. 18, (41)

= (~∂~x · ~a)~b− (~∂~x ·~b)~a

= ~b(~∂~x · ~a) + (~a · ~∂~x)~b− ~a(~∂~x ·~b)− (~b · ~∂~x)~a (240)

⇒ [~a,~b ]
Def. 76

= ~a · ~∂~x~b−~b · ~∂~x ~a = ~∂~x · (~a ∧~b)−~b(~∂~x · ~a) + ~a(~∂~x ·~b). (241)
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Proposition 78. For ~a = ~a(~x), ~b = ~b(~x), ~c = ~c(~x) :

(~c ∧~b) · (~∂~x ∧ ~a) = ~b · ~̇∂~x~̇a · ~c− ~c · ~̇∂~x~̇a ·~b = ~b · ~∂~x(~a · ~c)− ~c · ~∂~x(~a ·~b) + [~c,~b] · ~a, (242)

where the Lie bracket [~c,~b] is de�ned according to Def. 76.

Proof.

(~c ∧~b) · (~∂~x ∧ ~a)
(42)
= ~c ·

(
~b · (~∂~x ∧ ~a)

)
Proof 75

= ~c ·
(
~b · ~̇∂~x~̇a− ~̇∂~x(~̇a ·~b))

)
= ~b · ~̇∂~x~̇a · ~c− ~c · ~̇∂~x~̇a ·~b

= ~b · ~∂~x(~a · ~c)−~b · ~̇∂~x(~a · ~̇c)− ~c · ~∂~x(~a ·~b) + ~c · ~̇∂~x(~a · ~̇b)

= ~b · ~∂~x(~a · ~c)− ~c · ~∂~x(~a ·~b) + ~c · ~̇∂~x(~̇b · ~a)−~b · ~̇∂~x(~̇c · ~a)

Def. 76
= ~b · ~∂~x(~a · ~c)− ~c · ~∂~x(~a ·~b) + [~c,~b] · ~a. (243)

Proposition 79. For ~a = ~a(~x), ~b = ~b(~x) :

~a · (~∂~x ∧~b) = ~̇b · (~̇∂~x ∧ ~a) + ~̇∂~x · (~a ∧ ~̇b) = (~a ∧ ~∂~x) ·~b+ ~a · ~∂~x~b− ~a~∂~x ·~b. (244)

Proof. It follows from the Jacobi identity (44) that

~a · (~∂~x ∧~b) + ~̇∂~x · (~̇b ∧ ~a) + ~̇b · (~a ∧ ~̇∂~x) = 0. (245)

⇒ ~a · (~∂~x ∧~b) = ~̇b · (~̇∂~x ∧ ~a) + ~̇∂~x · (~a ∧ ~̇b)
(39),(41)

= (~a ∧ ~∂~x) ·~b+ ~a · ~∂~x~b− ~a ~∂~x ·~b. (246)

Proposition 80. For ~a = ~a(~x), ~b = ~b(~x) :

~̇∂~x · (~̇a ∧ ~̇b) = ~̇a · (~̇∂~x ∧ ~̇b)− ~̇b · (~̇∂~x ∧ ~̇a)

= (~b ∧ ~∂~x) · ~a+ ~a · (~∂~x ∧~b)− (~a ∧ ~∂~x) ·~b−~b · (~∂~x ∧ ~a). (247)

Proof. It follows from the Jacobi identity (44) that

~̇∂~x · (~̇a ∧ ~̇b) + ~̇a · (~̇b ∧ ~̇∂~x) + ~̇b · (~̇∂~x ∧ ~̇a) = 0. (248)

⇒ ~̇∂~x · (~̇a ∧ ~̇b) = ~̇a · (~̇∂~x ∧ ~̇b)− ~̇b · (~̇∂~x ∧ ~̇a)

= ~̇a · (~̇∂~x ∧~b) + ~a · (~̇∂~x ∧ ~̇b)− ~̇b · (~̇∂~x ∧ ~a)−~b · (~̇∂~x ∧ ~̇a)

(39)
= (~b ∧ ~∂~x) · ~a+ ~a · (~∂~x ∧~b)− (~a ∧ ~∂~x) ·~b−~b · (~∂~x ∧ ~a). (249)
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Proposition 81.

A× (~∂~x ∧~b) = A · ~∂~x~b− ~̇∂~x~̇b ·A = A ∧ ~∂~x~b− ~̇∂~x~̇b ∧A. (250)

with the commutator product A×B of multivectors A,B, introduced in (45).

Proof.

A× (~∂~x ∧~b)
(45)
= −(~̇∂~x ∧ ~̇b)×A

(46)
= −~̇∂~x~̇b ·A+A · ~∂~x~b

(46)
= −~̇∂~x~̇b ∧A+A ∧ ~∂~x~b. (251)

Proposition 82. For A = 〈A〉r = A(~x), B = 〈B〉s = B(~x) :

Ȧ ∧ ~̇∂~x ∧ Ḃ = (−1)r~∂~x ∧ (A ∧B) = A ∧ ~∂~x ∧B + (−1)r+s(r+1)B ∧ ~∂~x ∧A. (252)

Proof.

Ȧ ∧ ~̇∂~x ∧ Ḃ
(40)
= (−1)r~∂~x ∧ (A ∧B), (253)

Ȧ ∧ ~̇∂~x ∧ Ḃ = A ∧ ~∂~x ∧B + (Ȧ ∧ ~̇∂~x) ∧B (40)
= A ∧ ~∂~x ∧B + (−1)r(~̇∂~x ∧ Ȧ) ∧B

(40)
= A ∧ ~∂~x ∧B + (−1)r+s(r+1)B ∧ (~∂~x ∧A). (254)

4 Conclusion

This article �rst summarized important geometric algebra relationships, which are
necessary for the thorough and explicit development of the vector di�erential calculus
part of universal geometric calculus.

It then showed how to di�erentiate multivector functions by a vector, including
the results of standard vector analysis. The vector di�erential relationships are proven
in a very explicit step by step way, enabling the reader, who is unfamiliar with the
algebraic techniques to get complete comprehension. It may thus serve as important
reference material for studying and applying vector di�erential calculus.

Further study in a similar manner to elucidate the calculus withmultivector deriva-
tives can be found in [10].
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