INITIAL-BOUNDARY VALUE PROBLEMS FOR A SYSTEM OF
PARABOLIC CONSERVATION LAWS ARISING FROM A KELLER-SEGEL
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ABSTRACT. In this paper, we investigate the time-asymptotically nonlinear stability to the
initial-boundary value problem for a coupled system in (p,q) of parabolic conservation laws
derived from a Keller-Segel type repulsive model for chemotaxis with singular sensitivity and
nonlinear production rate of g(p) = p”, where v > 1. The proofs are based on basic energy
method without any smallness assumption.

1. INTRODUCTION

In this paper, we investigate the global ,strong, large-amplitude solution and long time be-
havior of initial-boundary value problems for a system of parabolic conservation laws

Pt — (PQ)z = Pzz, € (0,1),¢ >0,
a — (9(p) + €¢%)s = Gz, € > 0.

(1.1)

By taking the Cole-Hopf transformation p = n, ¢ = [In(c)], and assuming D = —y = 1 without
loss of generality since specific values of y and D are not important in our analysis, we can derive
this system from the following chemotactic model proposed in [1] with logarithmic sensitivity
and nonlinear production rate

{nt = Dngy — [xn(In(c))z]e, = € (0,1), t >0,

1.2
¢t = eCyp +g(n)c— pe, x € (0,1), t >0,e >0, (1.2)

where n and c represent the cell density and the chemical signal concentration, respectively.
The parameter D denotes cell diffusion rate (D > 0), € describes chemical diffusion rate and x
stands for chemotactic sensitivity coefficient. If y > 0(the positive chemotaxis), the chemotaxis
means to be attractive, while if x < O(the negative chemotaxis), the chemotaxis is repulsive.
The constant p > 0 stands for the natural degradation rate of the chemical signal. The function
In ¢ denotes logarithmic chemotactic sensitivity function, which describes the signal detection
mechanism of the cellular population. Such a kind of sensitivity function can be found in works
[l1=13]. The nonlinear function g(n) denotes the chemical production rate, which satisfies
g'(n) > 0 when n > 0.

When ¢(p) = p, the mathematical analysis about global well-posedness, long-time behavior,
diffusion limit, boundary layer, stability of traveling wave, etc. of (1.1) with subject to various
initial and/or boundary conditions in one and multiple space dimensions has been made in
significant progresses in the past few years, please refer [2-7, 10, 14, 1623, 29, 30, 32-35] and
the references therein. On the other hand, when the chemical production rate is a nonlinear
function, there are a few results. In [30], the global well-posedness for the Cauchy problem
of (1.1) in one dimension space for general initial data under the assumption that |¢"(p)| is
uniformly bounded was proved. Later, in [37], Zhu, Liu, Martinez and Zhao adopted a new
Lyapunov functional and removed this assumption to get the global well-posedness, the long
time behavior and the diffusion limit for the Cauchy problem of (1.1) with g(p) = p” for all
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~v > 1. However, the well posedness and long-time behavior to the system (1.1) in bounded
domain remains open in the literature, considering that time-dependent Dirichlet boundary
conditions are dynamic in vivo environment for tumor angiogenesis, which means this type of
boundary value problem is more meaningful than the Cauchy problem from the biological point
view. The main purpose of this manuscript is to study the well posedness and long-time behavior
for the system (1.1) with the following nonhomogeneous boundary conditions: Initial-Dirichlet
boundary value

(p,q)(x,0) = (po, q0) (), po(z) >0, z € I;

1.3

Now it is the place to state our main results of this paper. The first result addresses the global
well-posedness and long-time behavior of large-amplitude global solutions to (1.1) and (1.3).

Theorem 1.1. Assume that the initial data satisfy po > 0 and (po,qo) € H?*(I) and are com-
patible with the boundary conditions. Assume that

e there exist constants a,a, 3, such that 0 < a = infa(t) < supa(t) = a < oo and
sup |B(t)| = B < oo, for allt >0,
b (abﬁt) S L1(07 OO) N Hl(oaoo)
Then for any € > 0 there exists a unique global-in-time solution (p,q) to (1.1), such that (p —
a(t),q— B(t)) € L>®(0,00; H?(0,1)) N L%(0, 00; H3(0,1)) and satisfies

lim ([p(, ) = a(®)llFe + llg(-, 1) = B(0)32) = 0.

Remark 1.1. Compared with the Cauchy problem in [37], the distinction is that the energy
estimate for the derivatives of the solution is inversely proportional to €. We can’t utilize the
same method to estimate the first order spatial derivatives due to the influence of the boundary
conditions. Compared with the mized Neumann-Dirichlet boundary value problem in [15], under
the Dirichlet type boundary conditions, the L' norm of p is not a conserved quantity. Hence the
method established in [19] can’t be utilized for the Dirichlet boundary conditions. Fortunately,
such an issue was previously resolved in [18] for constant Dirichlet boundary problem by devel-
oping a new approach through higher order monlinear cancellation. But such a technique not
completely works for the time-dependent Dirichlet boundary conditions problem. The estimation
method in the literature [37] is no longer completely applicable. To overcome these trouble, we
explore the convezity of the expansion E(p,«) and construct a nonlinear function to obtain the
L estimate of p in terms of the entropy expansion.

Remark 1.2. If we remove the condition that « has a positive lower bound, we can use the
general L? method to get a bound that depends on time variable t, that is, we can still get the
global existence of the solution to system (1.1), but we cannot get the large time behavior of the
solution. For brevity, we omit the details of the proof in this paper.

The rest of paper is organized as follows: we first give some preliminaries in Section 2. In
section 3, we give the proof of Theorem1.1.
Notations: Throughout this paper, we denote || - |72, || - ||z and || - ||z= by the usual norms of
Lebesgue measurable spaces L?, L> and Hilbert’s space H®, respectively. The values of positive
constants C' may vary line by line according to the context. For two quantities A and B, we
write A ~ B if C7'A < B < CA. The notation A < B means that A < CB for a universal
constant C' > 0 independent of time ¢.

2. PRELIMINARIES

In this section, we shall introduce some Algebraic inequalities which will be frequently used
in the subsequent analysis (cf. [3, 9, 37]).
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Lemma 2.1. Let a > —1 and v > 2. Then it holds that

(a—f—l)'y—l—vaz%cﬂ.

Lemma 2.2. Let a > —1 and v > 2. Then it holds that
(a+1)Y =1 —~a > |a|".
Lemma 2.3. Let a > —1 and v > 1. Then it holds that
(@a+1)" > 1+a.
Lemma 2.4. Leta >0 and 0 <~ < 1. Then it holds that
la” = 1] <|a —1].
Lemma 2.5. Let a > —1 and 1 < v < 2. Then it holds that
(a+1) =1 —va < d®

3. GLOBAL DYNAMICS WHEN ~ > 1

In this section, we are devoted to studying the dynamic of solutions to the problem (1.1) with
Dirichlet Boundary condition. First, using the standard arguments (e.g. see [2/1— ]), one
can show the local existence of solutions to (1.1)-(1.3). We omit the technical details of the
routine arguments in order to simplify the presentation. Next we derive some a priori uniform-
in-t estimates of solutions, which not only extend the local solutions to global ones, but also
play important role in investigating the long time behavior of solutions.

Y

Lemma 3.1 (Entropy estimate). Let the assumptions in Theoreml.1 hold. Then there exists a
constant C > 0 which is independent on t and e, such that

t 1 t
E(p(1), a(t)) + [la(-, ) —ﬁ(t)!2+7/0 /0 p7_2p§dﬂfd7+6/0 lgz|Pdr < C, (3.1)

where E(p(-,t),a(t)) = ﬁ fol (p?” — a7 —ya?’"Y(p — «)) > 0 denotes the entropy expansion.

Proof. We divide the proof into three steps.
Step 1. By a direct calculation, we can obtain that

1 _
po 1 A L Yo — )y
" . P — a7 ey = ya Pan(p — ) — 50 (p = a)
= . L7 =" p =50 (p — @), (3.2)
By employing (1.1), and observing « depends only on ¢, one has
1
i - - Y — —
Y= 1(p'y Lo 1)pt - ﬁ(pv - 1)(psc:c + (Pq)z)
v - - Y - —
= ﬁ[(p7 t—a" Ypgl. + ﬁ[(p7 F—a" pal,
— 0" qpr — 0" (). (3.3)
Substituting (3.3)into (3.2), we deduce that
1
ﬁ(p7 —a” =" p—a))
Y _ _ _ _ _
= —— [0 =" g+ p)le — 0" ape — " P (p)’ =70 P - @)y (34)

v—1
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Upon integrating in I, we deduce

1 d
- = Y — a7 —~a? (= a))d 72 24
g o = = e ade g [ e
= —v/pqupmdx — a7 /(p — a)oyd. (3.5)
I I

On the other hand, we derive from (1.1), that
(@ =Bt = (p7)a = &(q = B)aa + 26q(q — B)e — Bt
=&(¢ = Blax +26(q — B)(q = B)a +22(q — B)a — Br. (3.6)
Multiplying (3.6) by ¢ — 8 and integrating the result equation over I yields

1d
3ile= AP +lal? = [@=0)0da ~ [(a-p)puco
= 'V/Ipvlqpx = /I(q — B)Bda. (3.7)

We add (3.7) into (3.5) to arrive at
d 1 1
= Y oY — ~va N — g — BlI?
i (o ([r-ar =0 - ) + e 512)
7 [ 57700+ el
— [ - @tz - [ g~ p)da
I I

< a2y /I Ip— aldz + |64 /, 4 — Blda. (3.8)

Step 2. In this step, we obtain a bound for the L' norm of p in terms of the F(p,a). We make
use of the convexity of the entropy expansion F(p,«) and compare it with a nonlinear function.
For this purpose, we set

1 -1 1
Falp) = = (0" — a7 - v Y p—a)) —p+ (@t T FaVARE
It’s easy to check that
Fo(0) = a” + (' + T=2)77 >0,
Fo(p) = — ("™ =) = 1,
Fy(p)=~p"2 >0,
1,1
Fi((™' + 1)) =0,
Y
_ y—1,_1_ 1 o y—1 1 4 o y—1,
F ((a” 1+ 1) — —— T4 7—1_0[7_7057 o'+ -T — >0’
a(( 5 )71) 7_1[( 5 ) (( 5 ) )]
which imply that F,,(p) > 0 for any p > 0. This lead to
1 -1,
0<p< —("—a =72 (p—a) + (@~ + =),
Y- Y

and therefore,

0< /p(m,t)da: < E(p,a)+ (' + L_l)ﬁ (3.9)
I
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Step 3. Substituting (3.9) into (3.7), we obtain

d

% (BOC.0.a) + 3la=817) + [ 52 uPdo + cll?

= —fy/loﬂQat(p —a)dr — /Iﬁt(q — p)dz

g7a7_2|at\/l\p—a|dfﬂ+!Bt|/]|q—5|d$

-1,
< 907l B(pra) + 90 Harl(@? ™ + 107 4 e ad + G4 B - g, a0

By using the first assumption of Theoreml.1 and applying the Gronwall’s inequality to (3.10),
we have

Bp(,0),0) + 3lla - I

t t —1, 1
<ew{ [(0arHarl+la0ar | x| [(0a2larli@ + T2 4@ ol + yar
0 0
1
+B(,a0) + o~ Aol?]. (3.11)
By using the second assumption of Theorem1.1, we deduce from (3.11) that
1
E(p(-,t),a(t)) + 5||q(-,1t) —B®)|* < C,Vt > 0,Ve > 0. (3.12)

By substituting (3.12) into (3.11), then integrating the resulting inequality with rspect to time,
we have

// 722da:d7'+5/ |g||?dr < C,¥V t > 0,Ve >0, (3.13)
This together with (3.12) completes the entropy estimate and hence the proof of Lemma 3.1. O
Now, we shall show the key estimate in this paper.

3.1. L? estimate. To carry out further energy estimates, we reformulate (1.1) by letting p =
p— o, ¢ =q— [, then (p, q) satisfies

ﬁt (1551) Gy — BPz = Dre — Qs
Nxz 2 NN:L" 2 ~$ - )
— (P + )i = €Guz + 2644s +268Gx — i (3.14)
( P, q)(x,0) = (po — o, q0 — B) (),
ﬁ‘x:(),zzl = 07 (ﬂx:(),zzl =0.
In terms of the perturbation (3.1) can be rewritten as
B(- 1), (1)) + 5l 1) +'y/ Jo+awy e e elaltar<c. (315)
where
Ep(,1),a(t) = ﬁ (F+a) —a” —ya" " 'pl(x, t)dx

denotes the first order "entropy expansion.” First, to obtain the basic L? estimate of j, we note

that for the case v > 2, letting a = £ in Lemma 2.1, we obtain
(P+a) —a’ —ya? " 'p > %oﬂ‘zﬁ > %g””ﬁ?, (3.16)

which implies

e — e [111 5 3.17
2 —1) 2]l (3.17)
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6
By letting a = g in Lemma 2.2, one has
B(pa) = — [ 1pPdo = 151 (315)
y=1J1 y—1
In light of (3.15)-(3.18), we can deduce that
I8l < (- e i < Z222E, (3.19)
|, we

which will be frequently used in the subsequent energy estimates. Next, motivated by |
shall investigate a nondegenerate dissipative mechanism of p by performing some delicate energy

estimations. Then we have the following Lemma
Lemma 3.2. Under the conditions of Theorem 1.1, for any v > 1, € > 0, and t > 0, it holds

that
t
/ 527 |2dr < C,
0

where C' is a positive constant which is independent of t and €
To prove this lemma, we have to divide the proof into four kinds of subcases: 2 < v < 3

3<y<4,v>4and 1 <~ <2, for present technical reasons

3.1.1. L? estimate when 2 < v<3
D) = % fl[(ﬁ—i—ﬁ)V — Y —yp""p](x, t)dz, then (3.10) can

Proof. Step 1. First of all, let E(p,p) = -

be rewritten as
d E 1 ~112 ~ =2 _ -2 2d

(D, 0) + S llallze | +v [ [P+ ) Q7 (pz) dx
dt 2 I

+ 9072 ||Ball72 + €llda 3o
“ay|(a? 7t +

1.1
VT 4y Hay| + =2

< 7072 |ae] E(p, @) + 7o =
Y
Since 2 < v < 3, choosing a = (p + «)/a, by employing Lemma 2.3 and Young’s inequality, we

—4~2 y—
QT %p o
+ )

" <"l < —

can deduce that
P+ )% -
which implies
y—452 y— ~2 y—2
22> 2 2p —0‘2 >-=— R (3.21)

(B +a)

T g / (552)?de + <] 3o

27
— 1. 1
107 4907 a A e

Plugging (3.21) into (3.20) yields

d Lo 2
% (BG.)+ 31012 ) + Jo0 215l -
“ayl(@ ! +

<@ || E(p, ) +7a”
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Step 2. To control the term —<%5— f 1 (PP) )2dx, we multiplying the first equation of (3.14) by
493, then integrating by parts and using the Holder’s inequality to derive

d._ N
7 1Ple + 1211 72

=—12 /ﬁzﬁx(ﬁ + a)qdr — 4oy /ﬁ3dx
I I

<12 ( [+ a2 dx)l ([w+ars de)l +dla [ s
i2( [+ ar-26 >dz)1( / (;53+oz132)47\15|274q2dw>;+4!at| [l

1
2
<12 (/I 5+ a) (5 )dx) 15+ 2,2 132l + ] [ 15

2 b
sc(/waﬁ ’ >daz) (up IZ + 7 HLzo)npn o) (3.23)

I

We have to estimate the L norms on the right-hand side of (3.23). Using Holder’s inequality

and (3.19), we obtain
x
P, 1) = ’3 / PPz
0

</ |zmoc)é (/ !15|4_7(15x)2d$>é
<c < /I |ﬁ!4_"’(ﬁx)2dfﬁ>; ,

4—y v
11,2 éc( / ua|“<ﬁm>2da:) | (3.24)

Substituting (3.24) into (3.23), and by virtue of Sobolev’s inequality, we have

<3 /I 1512 dee

which implies

d, . .
18170 + 12]15p4 172

4=y

<c([o+ar i) [(/\pr“px pac) *

<) ( [+ an 2. ) + Cla

I
4=
2
</ |ﬁ47(ﬁx)2dl’> 1Pz | 222 + Hﬁx‘&?] ]
I

where § > 0 is a constant to be determined. Noting that when 2 < v < 3, by employing Young’s
inequality, we derive that

+prHL2 ]HpmHLz + Clay|

+4

(3.25)

_'Y
(/ B (5) da:) Il < [ 151 5 + (3.26)
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We employ Young’s inequality and (3.26) to derive

4—n

2
(1o ) ™ 15 < e e+ 20 (3.27)
Substituting (3.27) into (3.25), we can infer that
i|l~||4 +12(ppell72 < C | (5 + @) 2 (pe)de + 5(|ppal® + 3l|pz72) + Clev] (3.28)
dt Pllpa PPzllf2 > . pra« bz) ax PPz DPx|l2 Q. .

Let

4+ ya) 4

Multiplying (3.28) by Mj, then inserting the result to (3.22), we deduce that

d

1 . - Y o~ . ~
& (BG.0) + 510+ ML) + Ja 21l + 20l + el

1B, 18
+ )

1

N o _ 1 _
< 4@ 2| B, ) +va" 2ae| (@ + L) 7T 4 yarYay| + 24

+MC() /I (5 + ) 2(p2)2d + SMi ([Pl + 317 2) + CMi]eyl. (3.29)

Letting

1
5= Emln{l %oﬂ S

then we have
dE 1~2 M5l T oy=25 12 L 19 ~ 12
= (BG.0) + 311 + Ml ) + T a2l + 155al32 + el

Y |5t| |8t

y—2 - y—2 y—1 -1 _~y—1 2
<77 e B(p, ) + ya T aul (07T + )7 +9@7 e + =7 4+ = ld]

+C /(ﬁ + ) 7% (py)2dx + C My |y (3.30)
I

We integrate (3.30) over [0, ¢] and employ (3.2) to deduce

N 1, . _ Ly o . N
E(p, o) + §HQH%2 + My ||p]| 74 +/0 (ZQY N8Nz + 1572 + 5an;H%2) dr

t t —1,..1
< exp {/ 7647_2]0[7| + |67—|d7‘} X {/ (70_47_2\047](547_1 + 77)7_1 + ('yo_ﬂ_1 + CMy)| o]
0

#3184 C [+ @720 + Elm,a(0) + gl - sl + My [ s (aa)

O
3.1.2. L? Estimate when 3 < v < 4.
Proof. Step 1. Since 3 < v <4, from Lemma 2.3, by choosing a = g, we have
(Pp+a)2>a"% 4 (v —2)a" 3. (3.32)
Inserting (3.32) into (3.22), we obtain

d/ 1 o X
pr (E(p,a)+2HQH%z) + 972 |Be |72 + y(y — 2)a 3/1 p(Pa) dx + €| Gul|7 2

Y ’/Bt| | B¢

_ _ _ -1 1 _
<" || E(p, a) + 7" || (@7 + ——)7T + 907 Ha d+=5 +5la il*. (3.33)
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Noting that for any constant 1 > 0, it holds that

_ 7 (3.34)

Plugging (3.34) into (3.33), one has

_ 2 _
o (B 31l )+ (o= O=D00 - 20 =B [, 2+l

Y |5t| |/Bt‘

_ _ _ -1, _
<" 2|y | E(p, @) + ya 2 ag] (@' + L) 4y o ]—i———l——H 71 (3.35)

By choosing

we have
d 1 Yoo 77—22 _ . -
o (B + Gl )+ Jar 2l - PO 20 [+l
1

27 2
Y |Bt| | B¢

y—2 ~ y—2 y—1 -l y—1 2
<A |y E(py @) + ya oy [(@7T + —— )T + v oy + = + 7H 1 (3.36)

Step 2. Multiplying the first equation of (3.10) by 45°, integrating by parts, and employing the
Holder’s inequality, we deduce that

d . . .

Z1Pls + 120172

= —12/132]535(13—1— o)qdz — 4at/]53dx
I I

<12 ( /1 (zﬂp)”(W)é ( /1 P+ a)4”ﬁ4q2da:>% — 4oy /[ PPdx

1 2
=12((p+ )" 2(hs)?)? ( /1 ( + aﬁ‘*)“!m‘*mq?dx) — 4oy /1 pidx

1
<2 ( [ @ 2ods ) 15 + a'l,E I lallzn + Cl. (3.37)

It suffices to bound the L norm of p° + ap* on the right-hand side of (3.37), for this purpose,
we observe that

xT T
P°(x,t) + ap(z,t) =5 / P pgdr + da / P pedr
0 0

T T
<5 [ PG+ allde+a [ I5lRd
0 0

<5 </[136(]3+ a)d:c)

6/~ : 5 AN (s
5(/¢<p+®¢0 <515 + ap |3 17l
I

D=

<z@+“MMV@>%+aﬁmmmmm (3.39)

Noting that
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we have

17 + ol < C / o) ()’de + 20 / 5ol de

20 [+ @) + all (3.39)
Substituting (3.39) into (3.37), we obtain

d. N
25174 + 121172

<12 ( /I B+ a)H(ﬁz)?das)
<o ( [+ ar.ra)

e/ (ﬁ+a)”_2(ﬁm)2d$>é [( o+ a><m>2dz)42 15075 + 1702

We employ the Young’s inequality to the right-hand side of (3.40) to obtain

4—7

(o / (ﬁ+a)(ﬁm)2dw+\lﬁzH%2) 1812 llgll 2 + Cla

[N

4=y

2
</I(15 +a)(pa) dz + ||15x|@2> 1521727 + Cla|

NI

+Clay|.  (3.40)

d, . . - 9
Sl + 12055l < C [ G5+ )2 ()da + Clo

4—
(/I(ﬁJra)(ﬁm)Q) I=I175 > + IIﬁxHiz] - (3.41)

When 3 < v <4, by virtue of Young’s inequality, we can get

4—
( / (ﬁ+a)(ﬁm)2dw> 151357 < (=) [ @) e+ (= 3l

I

+90

< /(ﬁ + @) (p)2dx + ||z 22 (3.42)
I
We substitute (3.42) into (3.41), and use the elementary inequality 2|p| < p? + 1 to derive

d. N
—Bl7a + 12]5p2 72

< C/ Pe)’dr + 6 (/(ﬁ—i—oz)(ﬁm)de+2HﬁzH%2> + Coy|

I
<c / B+ a)"2(5e)2d + 6(|5a]2 + (@ + 3)|5e]22) + Cloul. (3.43)

Step 3. Let
4+79(y — 2?07

24 '
Multiplying (3.43) by My, then adding the result to (3.36), we have

My =

d 1, . 5 Yoo~ . 5
o (B0 + 31+ ML ) + Ja 21l + 20l + el

< M>C(6) /(p + ) 2 (pe) dx + SMa(||pPel| 72 + (@ + 3)Ipell72) + C Mooy, (3.44)
I
Choosing
1 ya 2
1 =
A T 3)}’
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we obtain from (3.44)

d L . Y o205 55 i
- (E<p, a) + 2\q||%2+M2lel‘i4>+4a” Npollze + 166eZ2 + el 72
1
< 9072yl B, 0) + 107 ol (@ + Lo 4 (a4 O+ 12 4 1 e
+C [+ a2, 349
I

Integrating (3.45) over [0,¢] and using (3.2), we have

) 1 i il
B0) + 5l + Mallhs + | Gar 1l + 11 + el ar

t t
1
< exp {/ Y& 2o | + \57|d7} X [/ (ya " 2|a (@ + ’YT)”L + (va "t + OMy)| oyl
0 0
1 ) o 1 N
+ 518 + C/I(p + )% (py)?)dr + E(po, (0)) + Sllao — Boll* + My /Ipédfﬂ]- (3.46)
O

3.1.3. L? estimate when v > 4.

Proof. Step 1. Since v > 4, as an application of Lemma 2.3, by letting a = £, we have
(P+a)™2>a" %+ (y—2)a? 3. (3.47)
Substituting (3.47) into (3.6), we have

d 1, . o~ _ . ~
& (BG.) + 3112 ) vl =207 [ 2% + <l

-1, 1
< 907 oy B, 0) + 707 ol (@ + L) e e+ 12 Pl (3.m)
Since v > 4, by applying the Young’s inequality, we can show that
_ Bl _ (v—2) = LN Pt = !
pl=m -—<{(—=) -0/ +(—= — <7+ =,
m v—1 ~v—1 n} 1 0
which implies
N
—pl == = ——. (3.49)
T
Substituting (3.49)into (3.48), we have
d 1, . (v —2 _ 1
E(p,a) + 5 ldll72 ) +va"Pla— (v - 2) ]llprLz —(7_1)047 ?’/\l?lW H(pr)?dz
dt 2 m !
+ |Gz |72
_ _ _ -1, _
< 907 oy B(p,a) + 707 el (@ + L) 4y ao 12 Py (50

Next, by choosing
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we have
d N 1. Y oy D 2y(y =27 [ _
2 (BEG0)+ 21312 ) + Lo 2512, - / B (522 + G2
dt 2 2 o T
72 5 -2 -1 A -1 @ @ 7112
< va o | E(D, a) + ya T oy (@7 + )7+ ya T oy + 5 T gl (3.51)

Step 2. By multiplying the first equation of (3.10) by (v + 1)|p|”~!'p and integrating by parts
with respect to x over I, we obtain

d

d ( / rzaW“d:c) a4 1) [ o

dt I I

= (1) /I (5 + Q)dlpl Pude — (v + Doy /1 B e (3.52)

Since v > 4 and p + « > 0, by using the Holder’s inequality, we estimate the right-hand side of
(3.52) as

1
B L4 ga—4 2 o
< ( [+ Pl wdm) o2 157 e

/1 (5 + Q)ilpl pode

—4

- =2~ |2 = y—=1y5 (72
<C 1(p+ )’ |pe|da 121l oo 1Pl 72" (3.53)
To control the L> norm of p on the right-hand side of (3.53), we note that
T 41
sty = [ (6HF) o
0 x
xT
=(-1 / 6] ppada
0
< (= 1) [ 150 fulda
I

— (1) / 1513 5325 |da
) :

<(v—1) ( / rﬁwx) ( / \ﬁ!”“‘!ﬁzlzdfv) |

I I
which implies
: .
17 e < (- 1) ( / Iﬁl'*dw> ( / Iﬁl”4lﬁxl2dw)
)
<c ( / Iﬁl”_‘llﬁx!zdl‘)
I

=1/ \2 <2 )2
gc( /1 B ) dm+||pxup) . (3.54)
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Substituting (3.54) into (3.53), we have
1 1 )
. v—2px 29\ 7 NIRRT S T T
<C I(PJFOZ) 1P| dz I\P| Pz|"dz | (|2l
y—2
- —21~ |2 I N SR T
<) [G+arpaae) +5 ([ mlar) T 1515

< C(6) / (p+ @) 2|py|2dx + 6 < / 4P da + IIﬁx||%2>
I I

/1(75 +a)qp]pade

<00 [+ arinfas o ([ e + A5l ) 059
I 1

where we have used the Young’s inequality |[p|7~% < [p|"~! + 1 due to v > 4. For the second
term of right hand side of (3.52), using (3.18), we have

~ (v + Doy /I B pde < (v + DB, lael < Clel. (3.56)

Substituting (3.55) and (3.56) into (3.52), we obtain

d

d ( / \ﬁﬁ*ldw) sy 1) [ 19 )P

<€) [+ @y ipulde + 5 (5P + 20 ) + Clal (3.57)
I

Step 3. It suffices to bound the last term on the right-hand side. To this end, let
20+ 27 2y (y — 27t

- Yy +Da

Multiplying (3.57) by M3, then adding the result to (3.51), we get

M3

d _ 1, - Y oo~ 1~
G (B0 + 3l + 0 [ 157+ 1a0) + Ja 2l +2 [ 1504 e + el
1 I

dt
<907 2larl B, ) + v laul (@ + T2 e ag + 4 Dl
+CON(y+ DMy [ (5-+ ) Pda + Cla
#0204 008 [ 197 P + 201 ) (3.58)
Choosing
= o e

we obtain from (3.58)

d 5 1, . - Y om—oy - iy~ -

o (B0 + 3l + s [ 170 + G 2l + [ 160 Pde + el
-1,

=)t 0+ 2 Bl

<" P|au| E(p, ) + v oy (@ +

+C [+ ay 2 do + O] (3.59)
I



Z.-F. FENG, J. XU, K. ZHAO, AND C.-J. ZHU

14
Integrating (3.59) over [0,¢] and using (3.2), we end up with

N 1, . N t o~ i s~ -
E(p, o) + 5|l +M3/I|p\”“dfv+/0 (Zof’ 2IIpf]cHinr/IIJOI7 1(zoz)2dfv+€|!qac|iz) dr
— 1.1
77 )7+ (v ™! 4+ CMs3)|oy|

¢ ¢
< exp {/0 7@7_2]a7| + |BT|dT} X [/0 (7&7_2\aT](5ﬂ_1 +
(3.60)

#3164 C [0+ 0l 2@ P)ar + Bl o) + gl - 5ol + s [ 57

From (3.31), (3.46) and (3.60), we conclude that for any v > 2, it holds that
(3.61)

t
/ 1Pz )?dr < C.
0
]

3.1.4. L? estimate when 1 <y < 2.
Proof. Step 1. Multiplying the first equation (3.10) by (p + «)” and the second equation by

ag, we obtain that
4 (g [ Bz S1a )+ [+ @y 5P + el
dt Y + 1 I ’ 2 T * r
_ PR, e y-1 - . Qo2
= —7/(p+ @)’ pgpedr — ya at/pdﬂ: - aﬂt/qdw+ 5 llall®, (3.62)
I I I
where E(p,a) = (5 +a)’™ —a¥*! — (y+ 1)a7p. Since 1 < v < 2, by choosing a = £ in Lemma
2.1, we obtain
. - N1 41 7+l e
E(p,a)=F+a)™ —a’ = (y+1)a’p 2 ——a [, (3.63)
which implies
1 A a1 art
—— | BE(p,a)dz > 7] —| 71 3.64
7 [ B e = Sl = S (364
Step 2. Multiplying (3.10) by —%oﬂ_Qﬁ and integrating by parts, we have
G (Fhar [Fde) —9ar? [ o
at \ 6 . .
=2 | =2~ =1 | ~~= ) ) (v —2) ~—3 =3
= va P Gpdx + ya PGpLdr + 50 o [ P dr — 5 @ T [P dzx. (3.65)
I I I I
Multiplying (3.10), by %oﬂ_?’ﬁ?’ and integrating by parts, we have
d
— oz'y_g/ﬁ4dx> + ya) 73 /(ﬁﬁx)zdx
I I
f)/(’y — 3) y—4 /~4
1 al Coy Ip dx.
(3.66)

N
dt \ 12
=y’ / R / PP pedr — %oﬂ-?’at / poda +
1 I I
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Combining (3.62),(3.65) and (3.66), we have

d
Gt t
G0+ H(t)
— / [(p+ )™ — " pgpede — ya? > / Papade —va" oy / pdz — af, / gdz
I I I I
2 -3
Hq||2 Y- 20y /ﬁzdx - loﬂ_?’at /ﬁ3d1‘ + Ma7_4at /]54(133
2 7 6 7 12 7

3 +7
Papudz + (lad] + 6] + = lau)G (1)

—

< —y /1 [(p+ ) — o Vpgpyde — ya??

art o
$ 00 oy 4 AL (3.67)
where
1
G(t —E d 2 ”/*“’d ’73/~4d
(t) = B (P, )dw + — HqH 604 ’ w+12a pde,

H(t) = ’y/(ﬁ + a)”’*l(ﬁx)de + aaH(ijQ — fya"YQ/ (ﬁm)Qdaz + a3 /(ppx) dx
I I

= [+ et =@ (@) de + Jam P + oo — i
I

+ 507 ppa

We have the following observations regarding G(t) and H (t). First, by virtue of (3.64), we have

a ! 0% Q
G(t) > ~2d _ 7—2/ 3d y— 3/~4d A
0255 [ Pde = Fr? [Fao s Far [tan s Gl

12 + ea| G| (3.68)

= B a2 4 L S2ap — 12 + LaralLs + gl
> <ol + ot P20 — 217+ otk + Sl (3.69)
For H(t), from Lemma 2.4, it holds that
(h+0)™ — a0 > —a72p] > ") — a7 (3.70)
Hence,
H() > 50" fal* + 50l — 5iall* — 507 llppe|” — 500 58] + aldl®. (3.71)

By adding (3.66) to (3.67), we have

d
G XO+Y () < — / (P + )™ = " pgprde — 27077 / P Gprdx
I I
y—2 Y +
—ya p *Padx + (v]ow| + |8 + low]) X (t)
*yéﬂ Q
+ 5 |lovg| + §’Bt|' (3.72)

where, according to (3.71),
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Y(t) = H(t) +va" 2 ||pps |

Y o4—3~~ ~
12+ a2 |1ppa||* + ealldo . (3.73)

> 20 Bl + 207 lepe — Bl +

For the first term on the right-hand side of (3.72), due to Lemma 2.4, it holds that
(p+a)™ =" < a2, (3.74)

by which we can update (3.72) as

d ’y—i—?
SX(0)+Y (1) < Gloel + 18] + o) X (1)
yar ! a I . 3 [ a0
+ 20 ol + 18]+ 2702 /I Plalolde + 29072 [ (5 alulda
’y—i—?
< (Y| + 18] + ——lex ) X (2)
yar—t Qa
+ 2 |Oét‘+§|ﬁt|+<]1+<]2. (3.75)
Next, the terms J; and J; can be estimated by the same method [37, Lemma5.1]. For convenience

and simplicity, we only state the results here but omit the specific proofs.
. . o d . .
5 < OO ( [0+ a7 2a2d ) + Sl + Il (370
and
_ d - _
32 < CONalE: [+ 07 2P de) + - Syl + 151D @77)

Substituting (3.77) and (3.76) into (3.75), we obtain

d 1
—X(¢
dt B+ 2

.
3V (0 < Clloul +181 + [ 6+ )22 X (0 + Lo—laul + AL (.79

Applying Gronwall’s inequality to (3.78) and using Lemma 3.1 and (3.73), we have
2 4 2 ! 2 2 2
12117 + 1PNz + llgll +/0 P l” + 5Pz )” + €llGel[F)dr < C
where C' is independent on ¢ and ¢. This completes the proof of Lemma 3.2. O

Next, we shall give the estimation of the first order derivatives of the solution.

3.2. H!' and H? estimates.

Lemma 3.3. Let the assumptions in Theorem 1.1 hold. Then it follows that

t
162G, O + (-, 812 + /O (e 2 + elldsalP)r < C,

where the constant C is independent of t, but is inversely proportional to €.
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Proof. Taking the L? inner products of the first equation of (3.10) with —p,;, and the second
with —@.., respectively, then adding the results, we have

1d

5 = Bz ll* + 13alI?) + 1Pz ll® + €l ol
2 dt

—"—/Lﬁx+ﬁ%-%a%4ﬁﬁkmmdx+aﬁ/ﬁmdx
I I

— 2 / (j(jxq:rxdzj - 255 / (jxq~:pxdl‘ -7 /(}3 + O‘)v_lﬁw@m:dl‘ + /Bt / ijzdx
I I I I

=> Ji (3.79)
For Ji-Jy4, by using the Cauchy-Schwarz inequality and Sobolev inequality, we have
1, . - - - - - -
Tt < T Geall® + 401G o 1521 + 181170 13N + @211 + 82152 1%)

< S Beall® + 811Gl 15al” + 40?1 Gall* + 482152 1% (3.80)

e e

1.
Ty < eall? + ol

€~ ~ ~ ~ ~ ~
s < Glldual® + 8ellallz=llg® < Gllpuel® + Selldel® s

| M

€, . —o .
J4 § gHszHQ + 8562HQ$H2;
For J;, when 1 < v < 4, we have
I 22 - 1)~
kggmmW+;f/@+@%YWmfm
I

272 5 ol 5 T=2(5 2
NG+ o)l | 5+ 020

Eis g2
<= xTT
< glleal” +
€~ ~ 2 o4 ~ 9~
< g\lqmllz+C(prll2HpH2 + \zz7||7)/l(zo+rﬁz)7 ?(Pe)da
E .~ - ~ _9,~ ~ _9/~
< Sl 4 15aIF [ 5+ 2GR +C [ 4oy lde. (381

When v > 4, by using (3.54) and Cauchy-Schwarz inequaity, we have

292 _ -
R Rl PN A

€~
J5 S gHszH2+
€~ ~ oA~ _ ~
< 8H(]:mc||2‘*’C/Zﬂdx/p7 4(px)2dx||px”%2 +O‘2(7 1)”10:10”2
I I
€~ 1/~ ~ - -
< Sl 4 ([ 77 Gde + ol ) 113 + Cllal? (3.52)

For Jg, using the Cauchy inequality, we have

€. 2
Jo < 2l + 181
€
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Plugging these estimates into (3.79), when 1 <y < 4, we have
1d,, . - 1, . €~
5@(”%”2 + [1G:1%) + §Hpmll2 + §qu!l2

< S5 + 402l + 457l + e
_ 20~ 290 ~ . 9, . 2 . 9/~
+ 8el @6 P+ 82l + € [ (54 @) 2ol + 218+ C [ (54 @) 2o
I 1

<c ( [+ 2.z as+ 15,17 + e||qz||2) U5l + 1:1P%)

42 _ ~ _ - B o 2
+(€+8ﬂ2)qum!2+(4/32+C>prH2+C/I(p+aﬁ 2(pm)2dw+!at\2+g!ﬁt|2, (3.83)

When v > 4, we have

1d,,. 5 1, . I
5%(Ilpxll2 + lldl1?) + §||p:m||2 + §||qm||2

< 81 252 + 46702 + 4525 + o
- - =911 ~ 1~ . - 2 -
#8NTI 12 + 810l + € ([ 7770 + 151 ) el + 213 + P
I

<C </ﬁ7‘1(ﬁx)2dl‘ + 1521 + 6||de|2> (17211 + Nl 1)

I

4&2 _ ~ _ ~ ~ o 2
T ( +852) Nl + (45 + Ol +C [+ ™26 + o + 2152 (380

where we have used the first assumption of Theorem 1.1. Applying the Gronwall’s inequality to
(3.83) and (3.84) and using (3.14),(3.60), we obtain

t
152 1 + 13, I + /O (IBoz|® + el doa®)dr < C,¥ ¢ >0 (3.85)

which implies

t
/0 16:()2dr + G- (-, 7)|dr < C. (3.86)

Taking J; to the two equations in (3.14), then taking the L? inner products of the resulting
equations with the first order temporal derivatives of the solution, we deduce

1d, . ~ - -

5%(Hptll2 Gl + Bt + el el

. / (§i) ot — / Barrd + o / G+ i / poprda — / prda
I I I I I
y / (5 + )" puriiede + (v — 1) / (5 + @) Bipaied + (v — 1) / (5 + @) aupodde
I I I
e / (@)1or + 251 / Godt — B / Guda
I I 1
11
=
=1

For the right hand side of (3.87), we apply the Cauchy-Schwarz inequality and Sobolev inequality
to deduce

(3.87)

1, . .
T < SlBal® + Cllpa P11 + 1@l 15:17,
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1, . ~
T2 < Sl + Callal

J3 ||2’

IN

2
_ Qg
d|I* + ?tht

N~ N =

~ 112 6752 ~ 112
Jy (22 +§IlptH ,

IN

S
IA

1, .
af, + §||pt\|2,

DN |

1. )
Jo < éHpthQ + Cllal?,
J <Xz Yo 2 s 12via 2
P A A

~ 2 Oét2 ~ 112
Js < Cl|pz|| +7HQtH )

€~ - -
Jo < §anme||2 + 2¢ 1|1 1%,
Jio < elldull* + el Bel M1,
B 1y
Ju < —=+ = .
1S+l
Plugging these estimates into (3.87), we have
Ld, o 2y o L 2 s g2
5 B2+ 11%) + S5l + 5 el
< O(IBal® + N1Gall® + lewe|* + 18e]* + Bl (15el1* + N1 ]1)

+ OBl + NGl + 12l + 1Gall® + 1Beel® + o). (3.88)

Applying the Gronwall’s inequality to (3.88), and using (3.85), (3.86) and the assumption of
Theorem 1.1, we have

t
B¢, O + 11 (- £)]1? +/ 12t)|I” + €| Gt | *dr < C, (3.89)
0
which implies

t
Hﬁx:c(>t)H + ”(jﬂﬁx(vt)||2 +/ ||]3xzx(77—)H2 + H‘jzxx('77—)”2d7— < C) (390)

0
where the constant C' is independent of ¢, but depends reciprocally on ¢. O

Next, we prove the asymptotic stability of the solution.

3.3. Asymptotic stability. In what follows, we use the energy estimates obtained in the pre-
vious subsections to prove ||(p,q)(:,t)||%, € W(0,00). From (3.1) and (3.61), we can show
that

152, )1 + ellgu (-, 1) ||* € L1(0, 00). (3.91)

Next, multiplying the equation (1.1) by p, ¢ respectively, we obtain

d . . ~ - - .
S0P + 1d1%) = 205l — 2603l — 2 | ppoco

— 204 /ﬁdaz + 2« / Gopdx + 27y /(13 + )" pqde — QBt/ijdx, (3.92)
I I I I
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from which we can deduce

d .. - . . - . _
—(IBI + 11a1%)] < 2015e1* + 2ele® + [Pl (ll* + [1721%)

+ ol + 1517 + g + 1811°) + (B + e 7= (151> + ld1*)
+ 187 + llall*. (3.93)

Using the Sobolev embedding inequality and Poincaré’s inequality, we obtain

< CUI1B2l® + 1Gal® + el +18:*) (3.94)

d 2 112
S350 + )

From, we find that each term of the right hand side of (3.94) is uniformly integrable with respect
to time, which implies

d, . -
which combing with (3.91), we have
||ﬁ(7t)H2 + H(j<7t)H2 € W1’1<07 OO)
Hence,
Jim (15 D12 + (- D]1%) = 0.
Similarly, using the same argument we can show that
Jim (s () + 3., 0)]) = 0.
o
This completes the proof of Theorem 1.1.
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