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Abstract. In this paper, we are concerned with the time-periodic solutions to the three-
dimensional compressible viscoelastic flows with a time-periodic external force in a periodic
domain. By using an approach of parabolic regularization and combining with the topology
degree theory, we show the existence and uniqueness of the time-periodic solution to the model
under some smallness and symmetry assumptions on the external force.

1. Introduction

In this paper, we consider the existence and uniqueness of time-periodic solution for the
compressible viscoelastic flows (cf. [7, 11, 14, 22, 31]):

ρt +∇ · (ρu) = 0,

(ρu)t +∇ · (ρu⊗ u) +∇P −∇ · S = α∇ · (ρFF T ) + ρf(x, t),

Ft + u · ∇F = ∇uF.
(1.1)

Here x ∈ Ω = (−L,L)N (N ≥ 1), ρ ≥ 0, u = (u1, u2, ·, uN ), and F ∈ MN×N (the set of
N × N matrices with positive determiants) are, respectively, the density, the velocity, and the
deformation gradient. P is the pressure function, for the case of ideal gas, it satisfies

P (ρ) = Aργ , (1.2)

While S is the viscous stress tensor, which is given by Newton’s viscosity formula:

S = µ(∇u+ (∇u)>) + λ∇ · uI,

where (∇u)> is the transpose matrix of ∇u and I is the n× n identity matrix, the constants µ
and λ are the viscosity coefficients, which satisfy the physical restrictions

µ > 0, Nλ+ 2µ > 0.

The parameter α > 0 denotes the speed of propagation of shear waves which we set to unity. For
system (1.1), the corresponding elastic energy is chosen to be the special form of the Hookean
linear elasticity

W (F ) =
α

2
|F |2 +

1

ρ

∫ ρ

0
P (s)ds, α > 0.

In addition, f(x, t) is a given external force with periods 2L and T both in space and time,
respectively. We also assume that

div(ρF T ) = 0, F lk(0)∇lF ij(0) = F lj(0)∇lF ik(0). (1.3)

The condition (1.3) is preserved by the flow, please refer [13, 29].
In the past few decades, there are a lot of research on the viscoelastic flows. For the in-

compressible cases, the existence of classical solutions of both the Cauchy problem and the
initial-boundary value problem are extensively studied, in [5, 6, 21, 23–25, 35]. The Long-time
behavior and weak-strong uniqueness of solutions was proved by Hu-Wu in [15]. The global
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existence of weak solution to the two-dimensional incompressible viscoelastic flows with discon-
tinuous initial data was proved by Hu-Lin in [16]. On the other hand, the global existence of
weak solutions with large initial data is still an open problem. For the compressible viscoelastic
flows, when the external force f = 0, the global existence of classical solutions to the two-
dimensional Oldroyd model was proved by Lei-Zhou [22] via the incompressible limit. Hu-Wang
[12] proved the local existence of strong solutions. Later, the global existence to the system (1.1)
with the initial data close to constant equilibrium in the critical L2 Besov space was stuied by
Hu-Wang [13] and Qian-Zhang [29]. See also [14, 28] for the global existence and optimal time
decay for the Cauchy problem to the system (1.1), respectively, for the initial data are close to
the constant equilibrium state in H2 and in Lp critical spaces. As for the initial boundary value
problem, a global-in-time solution was proved to exist close to the equilibrium state, please refer
to [15, 30] and references. However, the existence and uniqueness of time-periodic solution to
the system (1.1) in bounded periodic domain or unbounded domain remains open. It is worth
noting that when F is a constant matric, the system (1.1) reduces to compressible Navier-Stokes
equation. There has been much nice work on the periodic solution to compressible Navier-Stokes
equation and related models; refer to [1–4, 10, 17–20, 26, 27, 33] and references therein. Here we
only mention some of them for bounded domain. The existence and uniqueness of time-periodic
solution to the compressible Navier-Stokes equations in bounded bounded domain and periodic
domain was obtained by Jin in [17] and Jin-Yang in [18], respectively. And for the works on the
time-periodic solutions to some models related to the compressible Navier-Stokes equations, see
[3, 34], for instance, and references therein.

In this paper, we shall establish the existence and the uniqueness of a time-periodic solution to
the system (1.1) for (ρ, u, F ) around the constant equilibrium state [ρ̄, 0, I] in a periodic domain,
which can be reformulated problem as follows:

σt + divu = −div(σu),

ut −
µ

σ + ρ̄
∆u− µ+ λ

σ + ρ̄
∇divu+ γρ̄∇σ − divE = −(u · ∇)u− g(σ)∇σ

+(ET · ∇)E + f(x, t),

Et −∇u = −u · ∇E +∇uE.

(1.4)

Here, σ = ρ− ρ̄, E = F −I, γ = P ′(ρ̄)
ρ̄2

, g(σ) = P ′(σ+ρ̄)
σ+ρ̄ . The proof is based on the combination of

topology degree theory with some a priori estimates under the oddness and smallness assumption
on the periodic external force. The key of matter of the present paper is the uniform estimates of
the dissipation on ‖∇m+2σ‖L2 and ‖∇m+2E‖L2 . For this goal, special attention has to be paid
on the coupling between the second and third equations as well as the condition div(ρF T ) = 0
and structure of the equation for F :

• The presence of the deformation gradient F in the transport equation gives rises to the
the unexpected extra linear term divE in the reformulated system. In spite of can be
handled directly by virtue of the linearized equation for E, however, we can’t directly
get the estimate of dissipation on ‖∇m+2σ‖L2 and ‖∇m+2E‖L2 by virtue of multiplying
by ∇m+1σ and ∇m+1E respectively. To get over this difficulty, we take the Hodge
decomposition of the momentum equation, and then the linear term ∇ρ and divE are
separated, which enables us to obtain the estimates of dissipation on ‖∇m+2σ‖L2 and
‖∇m+2E‖L2 .
• To get the dissipation of ‖∇m+2E‖, making use of the structure of the equation for F

and the condition div(ρF T ) = 0, namely, curlE is a high order term, we succeed in
establishing estimates of dissipation for ‖∇m+2E‖. Please refer proposition 3.1 for the
details.

Before stating the main results, we explain the notations and conventions throughout this paper.
We denote by C a generic positive constant. For two quantities A and B, we write A ∼ B if
C−1A ≤ B ≤ CA. The notation A . B means that A ≤ CB for a universal constant C > 0
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independent of time t. We denote QT = Ω× (0, T ) and let

∇ = (∂x1 , ∂x2 , · · · , ∂xN )

and put ∂lxf = ∇lf = ∇(∇l−1f).For any integer m ≥ 0, we use Hm to denote the standard
Sobolev space Hm(Ω). Let L2 = Hm when m = 0. For simplicity, the norm of Hm is denoted
by ‖ · ‖m, and in particular, denote ‖ · ‖ =: ‖ · ‖0. We use 〈·, ·〉 to denote the inner product over
the Hilbert space L2(Ω), i.e.

〈f, g〉 =

∫
Ω
f(x)g(x)dx, f = f(x), g = g(x) ∈ L2(Ω).

We define that

Θ =
{

(σ, u,E);σ,E ∈ L∞(0, T ;Hm+2(Ω)), u ∈ L∞(0, T ;Hm+2(Ω)) ∩ L2(0, T ;Hm+3);

σ, u,E satisfy (a), (b) and (c) in Theorem1.1} ,
and set the space

Γ = {(ρ, ω, e) ∈ L∞(0, T ;Hm+1(Ω)) ∩ L2(0, T ;Hm+2(Ω)), ρ, ω, e satisfies (a), (b), (c)}
and

ΓR = {(ρ, ω, e) ∈ Γ; sup
0≤t≤T

‖(ρ, ω, e)(t)‖2Hm+1 +

∫ T

0
‖(ρ, ω, e)(t)‖2Hm+2dt < R2}.

Now it is the place to state our main results on the existence and uniqueness of time-periodic
solution to the system (1.4).

Theorem 1.1. Assume that the integer m ≥ [N2 ] + 1 and f(x, t) ∈ L2(0, T ;Hm+1) with

f(−x, t) = −f(x, t), in addition
∫ T

0 ‖f(x, t)‖2Hm+1 is suitably small, Then there exists a time-
periodic solution (σ, u,E) ∈ Θ ∩ ΓR to the system (1.4), where Θ and ΓR are defined in section
2. Here, the solution (σ, u,E) also satisfies the following property
(a) (σ, u,E) is periodic with the space period 2L and time period T ;
(b)

∫
Ω σ(x, t)dx = 0,

∫
Ω u(x, t)dx = 0,

∫
ΩE(x, t)dx = 0;

(c) σ(x, t) = σ(−x, t), u(x, t) = −u(−x, t), E(x, t) = E(−x, t).
Moreover, if sup

t∈[0,T ]
‖(σ, u,E)(t)‖Hm+2 is small enough, the uniqueness of time-periodic solution

(σ, u,E) holds.

2. PRELIMINARIES

In this section, we collect some facts and inequalities which will be frequently used in the
subsequent analysis. In what follows, we shall introduce some Sobolev inequalities for later use
(cf. [9, 32]). Let us begin with the following interpolation inequality.

Lemma 2.1. Let 0 ≤ m, k ≤ l and the function f ∈ C∞0 (Ω), then we have

‖∇kf‖Lp . ‖∇mf‖1−θL2 ‖∇lf‖θL2 , (2.1)

where 0 ≤ θ ≤ 1 and k satisfy

1

p
− k

3
=

(
1

2
− m

3

)
(1− θ) +

(
1

2
− l

3

)
θ.

The second inequality is the Lp estimate on any two product terms with the sum of the order
of their derivatives equal to a given integer.

Lemma 2.2. Let n ≥ 1. Let α1 = (α1
1, · · · , α1

n) and α2 = (α2
1, · · · , α2

n) be two multi-indices
with |α1| = k1, |α2| = k2 and set k = k1 + k2. Let 1 ≤ p, q, r ≤ ∞ with 1

p = 1
q + 1

r . Then, for

uj : Rn → R (j = 1, 2), one has

‖∂α1
u1∂

α2
u2‖Lp(Ω) ≤ C

(
‖u1‖Lq(Ω)‖∇ku2‖Lr(Ω) + ‖u2‖Lq(Ω)‖∇ku1‖Lr(Ω)

)
(2.2)

for some constant C > 0 independent of u1 and u2.
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As a generalization of Lemma 2.2, we have also

Lemma 2.3. Let n ≥ 1, l > 2 be integers. Let αj = (αj1, · · · , α
j
n), 1 ≤ j ≤ l be multi-indices

with |αj | = kj, 1 ≤ j ≤ l and k = k1 + k2 + · · ·+ kl. Let 1 ≤ p, q, r ≤ ∞ with 1
p = 1

q + 1
r . Then,

for u = (u1, · · · , ul) : Rn → Rl, one has∥∥∥∥∥∥
l∏

j=1

∂α
j
uj

∥∥∥∥∥∥
Lp(Ω)

≤ C‖u‖l−2
L∞(Ω)‖u‖Lq(Ω)‖∇ku‖Lr(Ω) (2.3)

for some constant C > 0 independent of u.

To study the existence of time-periodic solutions for (1.4), let us first consider the following
regularized problem

σt − ε∆σ + ρ̄divu = −div(σu),

ut −
µ

σ + ρ̄
∆u− µ+ λ

σ + ρ̄
∇divu+ γρ̄∇σ −∇ · E = −(u · ∇)u− g(σ)∇σ

+(ET · ∇)E + f(x, t),

Et −∇u− ε∆E = −u · ∇E +∇uE.

(2.4)

Now, let’s use the topology degree theory to establish the existence of solutions (σε, uε, Eε).
Define an operator

G : ΓR × [0, 1]→ Γ,

((ρ, ω, e), τ)→ (σ, u,E)

with R being suitably small, where (σ, u,E) is the solution of the following linear parabolic
problem

σt − ε∆σ + ρ̄divu = G1(ρ, ω, e, τ),

ut −
µ

ρ̄+ τρ
∆u− µ+ λ

ρ̄+ τρ
∇divu+ γρ̄∇σ −∇ · E = G2(ρ, ω, e, τ) + τf(x, t),

Et −∇u− ε∆E = G3(ω, e, τ),

(2.5)

where

G1(ρ, ω, e, τ) = −τdiv(ρω),

G2(ρ, ω, e, τ) =

(
P ′(ρ̄)

ρ̄
− P ′(ρ̄+ τρ)

(ρ̄+ τρ)

)
∇ρ− τω · ∇ω + τ(eT · ∇)e,

G3(ω, e, τ) = τ(−ω · ∇e+∇ωe).

First, we shall prove that G is well defined in the following:

Lemma 2.4. Assume that R is suitable small and (ρ, ω, e) ∈ ΓR, then for any τ ∈ [0, 1], there
exists a time-periodic solution (σ, u,E) ∈ Γ to the problem (2.5).

Proof. Firstly, in view of ‖ρ‖L∞ ≤ C sup
0≤t≤T

‖ρ‖Hm ≤ CR, we get for suitably small R that

ρ̄

2
≤ ρ̄+ τh ≤ 2ρ̄,

which implies
1

2ρ̄
≤ 1

ρ̄+ τρ
≤ 2

ρ̄
. (2.6)
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Set the operator

B =

 ε∆ −ρ̄div 0

−γρ̄∇ µ
ρ̄+τρ∆ + µ+λ

ρ̄+τρ∇div div

0 ∇ ε∆

 (2.7)

and let U = (σ, u,E), W = (ρ, ω, e), G(W ) = (G1, G2, G3), Q = (0, τf, 0). The system (2.5) can
be reformulated as follows:

Ut = BU +G(W ) +Q.

To obtain the solution U ∈ Γ, we first consider the following initial value problem of the linear
system Ut = BU in Ω with periodic boundary

σt − ε∆σ + ρ̄divu = 0,

ut −
µ

ρ̄+ τρ
∆u− µ+ λ

ρ̄+ τρ
∇divu+ γρ̄∇σ −∇ · E = 0,

Et −∇u− ε∆E = 0,

(σ, u,E)(x, 0) = (σ0, u0, E0)(x),

(2.8)

where σ0(x) and E0(x) are even function with
∫

Ω σ0(x)dx = 0 and
∫

ΩE0(x)dx = 0, u0(x) is odd
functions. Obviously, these properties are remained for the corresponding solution (σ, u,E). Ap-
plying ∇m+1 to (2.8) and multiplying the resulting equations by γ∇m+1σ, ∇m+1u and ∇m+1E,
respectively, then integrating the resulting equations by parts, we have

1

2

d

dt

∫
Ω

(γ|∇m+1σ|2 + |∇m+1u|2 + |∇m+1E|2)dx

+

∫
Ω

(
ε(γ|∇m+2σ|2 + |∇m+2E|2) +

µ

ρ̄+ τρ
|∇m+2u|2 +

µ+ λ

ρ̄+ τρ
|∇m+1divu|2

)

=

∫
Ω

 ∑
1≤k≤m+1

Ckm+1∇k
µ

ρ̄+ τρ
∇m+1−k∆u∇m+1u−∇ µ

ρ̄+ τρ
∇m+2u∇m+1u

 dx

+

∫
Ω

 ∑
1≤k≤m+1

Ckm+1∇k
µ+ λ

ρ̄+ τρ
∇m+1−k∇divu∇m+1u−∇ µ+ λ

ρ̄+ τρ
∇m+1divu∇m+1u

 dx

≤ C(‖∇ρ‖L∞‖∇2u‖Hm + ‖∇2u‖L∞‖ρ‖Hm+1)‖∇m+1u‖L2 + C‖∇ρ‖L∞‖∇m+2u‖L2‖∇m+1u‖L2

≤ C(‖ρ‖Hm+1‖u‖2Hm+2),

≤ CR‖u‖2Hm+2 . (2.9)

If R is small enough, we have

d

dt

∫
Ω

(γ|∇m+1σ|2 + |∇m+1u|2 + |∇E|2)dx+ 2ε

∫
Ω

(γ|∇m+2σ|2 + |∇m+2E|2)dx

+

∫
Ω

(
µ

3ρ̄
|∇m+2u|2 +

µ+ λ

ρ̄
|∇m+1divu|2

)
dx ≤ 0. (2.10)

By Poincaré inequality, we have

‖∇m+1(σ, u,E)‖L2 ≤ ‖∇m+1(σ0, u0, E0)‖L2e−Cεt,

which means that
‖etBU0‖Hm+1 ≤ ‖U0‖Hm+1e−Cεt.

By Duhamel’s principle, the solution U = [σ, u,E] to the system (2.5) can be formally written
as

U(t) =

∫ t

−∞
e(t−s)B(G(W )(s) +Q(s))ds. (2.11)
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Utilizing the time-periodic property of W and Q, we have

U(t+ T ) =

∫ t+T

−∞
e(t+T−s)B(G(W )(s) +Q(s))ds

=

∫ t+T

−∞
e(t−(s−T ))B(G(W )(s− T ) +Q(s− T ))ds

=

∫ t

−∞
e(t−s)B(G(W )(s) +Q(s))ds = U(t),

which means U(t) is periodic with period T . Combing (2.11) with the property of W and F , we
obtain

‖U(t)‖Hm+1 ≤
∫ t

−∞
‖e(t−τ)B(G(W (τ)) +Q(τ))‖Hm+1dτ

≤
∫ t

−∞
e−Cε(t−τ)‖G(W (τ)) +Q(τ)‖Hm+1dτ

≤ Cε
(∫ T

0
‖G(W (t)) +Q(t)‖2Hm+1dt

) 1
2

.

Furthermore, utilizing the classical theory of parabolic equations, we have that the problem
(2.5) admits a time-periodic solution (σ, u,E) ∈ Γ for any (ρ, ω, e) ∈ ΓR, τ ∈ [0, 1]. On the other
hand, if there exists another solution Ū = (σ̄, ū, Ē) satisfied (2.5), then we have

(U − Ū)t = B(U − Ū).

Using (2.10) again, we have (U − Ū) ≡ (0, 0, 0), which means the uniqueness is proved. Noting
that if (σ(x, t), u(x, t), E(x, t)) is the periodic solution of (2.5), then (σ(−x, t),−u(−x, t), E(−x, t))
is also the solution of (2.5), thus using the uniqueness of solutions, we have (σ(x, t), u(x, t), E(x, t)) =
(σ(−x, t),−u(−x, t), E(−x, t)). We complete the proof of Lemma 2.4. �

Next, we shall prove that G is compact and continuous. We first give the complete proof of
compactness of G in the following lemma.

Lemma 2.5. If R is small enough, then the operator G is compact.

Proof. Let |α| = m+ 2, applying ∂αx to (2.5), it follows that



∂αxσt − ε∂αx∆σ + ρ̄∂αxdivu = ∂αxG1(ρ, ω, e, τ),

∂αxut − ∂αx (
µ

τρ+ ρ̄
∆u)− ∂αx (

µ+ λ

τρ+ ρ̄
∇divu) + γρ̄∂αx∇σ − ∂αxdivE = ∂αxG2(ρ, ω, e, τ)

+τ∂αx f(x, t),

∂αxEt − ∂αx∇u− ε∂αx∆E = τ∂αxG3(ω, e, τ).

(2.12)
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Multiplying (2.12)1-(2.12)3 by γ∂αxσ, ∂αxu, and ∂αxE, respectively, and integrating by parts, we
get

1

2

d

dt

∫
Ω

(γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2)dx+ ε

∫
Ω

(γ|∇m+3σ|2 + |∇m+3E|2)dx

+

∫
Ω

µ

ρ̄+ τρ
|∇m+3u|2dx+

∫
Ω

µ+ λ

ρ̄+ τρ
|∇m+2divu|2dx

= −
∫

Ω
τγ∇m+2div(ρω)∇m+2σdx+

∫
Ω

∑
1≤l≤m+2

C lm+2∇l
µ

ρ̄+ τρ
∇m+2−l∆u∇m+2udx

+

∫
Ω

∑
1≤l≤m+2

C lm+2∇l
µ+ λ

ρ̄+ τρ
∇divu∇m+2udx−

∫
Ω
∇ µ

ρ̄+ τρ
∇m+3u∇m+2udx

−
∫

Ω
∇ µ+ λ

ρ̄+ τρ
∇m+2divu∇m+2udx+

∫
Ω
∇m+2(−τ(ω · ∇)ω)∇m+2udx

−
∫

Ω
∇m+2

(
(
p′(ρ̄)

ρ̄
− P ′(ρ̄+ τρ)

ρ̄+ τρ
)∇ρ+ τeT · ∇e+ τf

)
∇m+2udx

+ τ

∫
Ω
∇m+2(−ω · ∇e+∇ωe)∇m+2E

= I1 + I2 + · · ·+ I10.

By virtue of the periodic boundary condition, we have ‖∇k(ρ, ω, e)‖L2 ≤ C‖∇k∇(ρ, ω, e)‖L2 for
all k ≥ 0. For any m ≥ [N2 ] + 1, similar to [18], using lemmas 2.2-2.3, we have

|I1| ≤ C‖∇m+3σ‖L2(‖∇ρ‖L∞‖∇m+1ω‖L2 + ‖∇m+2ρ‖L2‖ω‖L∞

+ ‖ρ‖L∞‖∇m+2ω‖L2 + ‖∇m+1ρ‖‖∇ω‖L∞)

≤ γε

2
‖∇m+3σ‖2L2 + C(‖ρ‖2Hm+2‖ω‖2Hm+1 + ‖ρ‖2Hm+1‖ω‖2Hm+2).

Since (ρ, ω, e) ∈ ΓR, we have

|I2|, |I3| ≤ C‖∇m+3u‖L2(‖∇2u‖Hm+1‖∇ρ‖L∞ + ‖∇2u‖L∞‖ρ‖Hm+1)

≤ C‖ρ‖Hm+1‖∇m+3u‖2L2

≤ CR‖∇m+3u‖2L2 .

|I4|, |I5| ≤ C‖∇ρ‖L∞‖∇m+3u‖L2‖∇m+2u‖L2

≤ CR‖∇m+3u‖2L2 ,

|I6| ≤ C‖∇m+3u‖L2(‖ω‖L∞‖∇m+2ω‖L2 + ‖∇m+1ω‖L2‖∇ω‖L∞)

≤ C‖ω‖Hm+1‖∇m+2ω‖L2‖∇m+3u‖L2 ,

|I7| ≤ C‖∇m+3u‖L2(‖ρ‖L∞‖∇m+2ρ‖L2 + ‖∇m+1ρ‖L2‖∇ρ‖L∞)

≤ C‖∇m+2ρ‖L2‖ρ‖Hm+1‖∇m+3u‖L2 ,

|I8| ≤ C‖∇m+1f‖L2‖∇m+3u‖L2 ,

|I9| ≤ C‖∇m+3u‖L2(‖eT ‖L∞‖∇m+2e‖L2 + ‖∇m+1eT ‖L2‖∇e‖L∞)

≤ C‖e‖Hm+1‖∇m+2e‖L2‖∇m+3u‖L2 ,
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|I10| ≤ C‖∇m+3E‖L2(‖∇e‖L∞‖∇m+1ω‖L2 + ‖∇m+2e‖L2‖ω‖L∞ + ‖e‖L∞‖∇m+2ω‖L2

+ ‖∇m+1e‖L2‖∇ω‖L∞)

≤ ε

2
‖∇m+3E‖2L2 + Cε(‖e‖2Hm+2‖ω‖2Hm+1).

Then, choosing R sufficient small and combining the estimates I1-I10, we have

d

dt

∫
Ω
γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2dx+

∫
Ω
ε(γ|∇m+3σ|2 + |∇m+3E|2)dx

+

∫
Ω

µ

2ρ̄
|∇m+3u|2dx+

∫
Ω

µ+ λ

ρ̄
|∇m+2divu|2dx

≤ C(‖ρ‖2Hm+2 + ‖e‖2Hm+2)‖ω‖2Hm+1 + C(‖ρ‖2Hm+1 + ‖e‖2Hm+1)‖ω‖2Hm+2

+ C‖ω‖2Hm+1‖ω‖2Hm+2 + C‖e‖2Hm+1‖e‖2Hm+2 + C‖ρ‖2Hm+1‖ρ‖2Hm+2

+ C‖∇m+1f‖2L2 . (2.13)

Then integrating (2.13) over [0, T ], we obtain∫ T

0
ε(γ‖∇m+3σ‖2L2 + ‖∇m+3E‖2L2) +

µ

2ρ̄
‖∇m+3u‖2L2dt

≤ C sup
0≤t≤T

‖(ρ, ω, e)‖2Hm+1

∫ T

0
‖(ρ, ω, e)‖2Hm+2dt+ C

∫ T

0
‖∇m+1f‖2L2dt (2.14)

= K. (2.15)

Then, there exists a time t∗ ∈ (0, T ) such that

ε(γT‖∇m+3σ(t∗)‖2L2 + T‖∇m+3E(t∗)‖2L2) +
µ

2ρ̄
‖∇m+3u(t∗)‖2L2 ≤ K.

So, using the Poincaré inequality yields

γ‖∇m+2σ(t∗)‖2L2 + ‖∇m+2E(t∗)‖2L2 + ‖∇m+2u(t∗)‖2L2 ≤ CK.

Integrating (2.13) from t∗ to t for t ∈ [0, T ], we have

γ‖∇m+2σ(t)‖2L2 + ‖∇m+2E(t)‖2L2 + ‖∇m+2u(t)‖2L2 ≤ CK. (2.16)

Combing (2.16) with (2.14) and the Poincaré inequality, we obtain

sup
0≤t≤T

(γ‖σ‖2Hm+2 + ‖u‖2Hm+2 + ‖E‖2Hm+2) +

∫ T

0
ε(γ‖σ‖2Hm+3 + ‖E‖2Hm+3) +

µ

2ρ̄
‖u‖2Hm+3dt

≤ C sup
0≤t≤T

‖(ρ, ω, e)‖2Hm+1

∫ T

0
‖(ρ, ω, e)‖2Hm+2dt+ C

∫ T

0
‖∇m+1f‖2L2dt. (2.17)

Applying ∇m+1 to (2.5), multiplying the resulting equations by (∇m+1σ)t, (∇m+1u)t, and
(∇m+1E)t, respectively, and integrating it over QT = Ω× [0, T ] yields∫ T

0
(||(∇m+1σ)t||2L2 + ‖(∇m+1u)t‖2L2 + ‖(∇m+1E)t‖2L2)dt

≤ C sup
0≤t≤T

‖(ρ, ω, e)‖2Hm+1

∫ T

0
‖(ρ, ω, e)‖2Hm+2dt+ C

∫ T

0
‖e‖2Hm+2dt

+ C

∫ T

0
‖ω‖2Hm+2dt+ C

∫ T

0
‖∇m+1f‖2L2dt+ C sup

0≤t≤T
‖ρ‖2Hm+1

∫ T

0
‖∇m+1f‖2Hm+2dt

+ C( sup
0≤t≤T

‖ρ‖2Hm+1 + sup
0≤t≤T

‖e‖2Hm+1) sup
0≤t≤T

‖(ρ, ω, e)‖2Hm+1

∫ T

0
‖(ρ, ω, e)‖2Hm+2dt, (2.18)
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We get by virtue of (2.17) and (2.18) that G is a compact operator. The proof of present lemma
is complete. �

Then, the continuous of G is showed in the following lemma.

Lemma 2.6. If R is small enough, then the operator G is continuous.

Proof. Assume that (ρn, ωn, en) ∈ ΓR, τn ∈ [0, 1], (ρ, ω, e) ∈ ΓR, τ ∈ [0, 1], and

lim
n→∞

sup
0≤t≤T

‖(ρn − ρ, ωn − ω, en − e)‖2Hm+1 +

∫ T

0
‖(ρn − ρ, ωn − ω, en − e)(t)‖2Hm+2dt = 0

and lim
n→∞

τn = τ. Denote (σn, un, En) = G((ρn, ωn, en), τn), (σ, u,E) = G((ρ, ω, e), τ). Let σ̃ =

σn−σ, ũ = un−u, Ẽ = En−E. Then (σ̃, ũ, Ẽ) is the periodic solution of the following equations

σ̃ − ε∆σ̃ + ρ̄divũ = H1(ρn, ωn, en, τn, ρ, ω, e, τ),

ũt −
µ

ρ̄+ τnρn
∆ũ− µ+ λ

ρ̄+ τnρn
∇divũ+ γρ̄∇σ̃ + divE = H2(ρn, ωn, en, τn, ρ, ω, e, τ)

+(τn, τ)f,

Ẽt −∆Ẽ −∇ũ = H3(ρn, ωn, en, τn, ρ, ω, e, τ),

(2.19)

H1 = (τ − τn)div(ρω)− τndiv((ρn − ρ)ω + (ωn − ω)ρn),

H2 =

(
1

ρ̄+ τnρn
− 1

ρ̄+ τρn

)
(µ∆u+ (µ+ λ)∇divu)

+

(
1

ρ̄+ τρn
− 1

ρ̄+ τρ

)
(µ∆u+ (µ+ λ)∇divu)

− (τn − τ)(ωn · ∇)ωn − τ [((ωn − ω) · ∇)ωn + (ω · ∇)(ωn − ω)]

− g(τnρn)(∇ρn −∇ρ) +
1

ρ̄+ τρ
(p′(ρ̄+ τρ)− p′(ρ̄+ τnρ))∇ρ

+
1

ρ̄+ τρ
(P ′(ρ̄+ τnρ)− P ′(ρ̄+ τnρn))∇ρ+ P ′(ρ̄+ τnρn)

(
1

ρ̄+ τρ
− 1

ρ̄+ τnρ

)
∇ρ

+ P ′(ρ̄+ τnρn)

(
1

ρ̄+ τnρ
− 1

ρ̄+ τnρn

)
∇ρ

+ (τn − τ)(en · ∇)eTn − τ [((en − e) · ∇)eTn + (e · ∇)(en − e)T ],

H3 = −(τn − τ)(ωn · ∇)en − τ [(ωn − ω) · ∇]en − τ(ω · ∇)(en − e)
+ (τn − τ)∇ωnen + τ(∇(ωn − ω)en +∇ω(en − e)).

with periodic boundary condition. Similar to the method in the proof of the compactness of the
operator G in Lemma 2.5, we obtain that

lim
n→∞

sup
0≤t≤T

‖(σn − σ, un − u,En − E)(t)‖2Hm+1 +

∫ T

0
‖(σn − σ, un − u,En − E)(t)‖2Hm+2dt = 0.

Thus, the continuity of the operator G is proved. �

3. Existence of periodic solutions

In this section, we are devoted to studying the existence of periodic solutions to the problem
(1.1). For this goal, we shall first focus on study of the reformulated problem (1.4) stated in the
first section, which is equivalent to the problem (1.1), the desired solution of the problem (1.4)
will be obtained by an approaching process for the regularized problem (2.4). We first show the
existence of solutions for (2.4) by virtue of the topological degree theory.
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3.1. The existence of approximated solution.

Proposition 3.1. Under the condition Theorem 1.1, the regularized problem (2.4) admits a
solution (σ, u,E) ∈ ΓR.

Proof. To solve problem (2.4) (σ, u,E) ∈ ΓR in (2.4) is equivalent to solve the equation

U − G(U, 1) = 0, U = (σ, u,E) ∈ ΓR.

In order to apply the topological degree theory, we only have to show that there exists a R > 0,
which is to be determined as below, such that

(I − G(·, τ))(∂BR(0)) 6= 0, for any τ ∈ [0, 1], (3.1)

where BR(0) is a ball of radius R centered at the origin in Γ. If (3.1) holds, then to prove the
existence of solution, we only need to prove that

deg(I − G(·, 1), BR(0), 0) 6= 0,

For this purpose, we are going to show that there exists R > 0 such that (3.1) holds, We prove
it by contradiction, let ((σ, u,E), τ) be a solution of (3.1) for some small R > 0 by replacing
(ρ, ω, e), then ((σ, u,E), τ) satisfies

σt − ε∆σ + ρ̄divu = −τdiv(σu),

ut −
µ

ρ̄+ τσ
∆u− µ+ λ

ρ̄+ τσ
∇divu+ γρ̄∇σ − divE =

(
P ′(ρ̄)

ρ̄
− P ′(ρ̄+ τσ)

ρ̄+ τσ

)
∇σ

−τ(u · ∇)u+ τET · ∇E + τf,

Et −∇u− ε∆E = τ(−u · ∇E +∇uE).

(3.2)

Applying ∇m+2 to the (3.2) then multiplying the resulting equations by γ∇m+2, ∇m+2u, and
∇m+2E, respectively, and summing the resultant equations and integrating it over Ω, we have

1

2

d

dt

∫
Ω

(γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2)dx+

∫
Ω
ε(γ|∇m+3σ|2 + |∇m+3E|2)dx

+

∫
Ω

(
µ

ρ̄+ τσ
|∇m+3u|2 +

µ+ λ

ρ̄+ τσ
|∇m+2divu|2

)
dx

= −τγ
∫

Ω
∇m+2div(σu)∇m+2σdx+

∫
Ω

∑
1≤l≤m+2

C lm+2∇l
µ

ρ̄+ τσ
|∇m+2−l∆u∇m+2u|dx

+

∫
Ω

∑
1≤l≤m+2

C lm+2∇l
µ+ λ

ρ̄+ τσ
∇m+2−l∇divu∇m+2udx−

∫
Ω
∇ µ

ρ̄+ τσ
∇m+3u∇m+2udx

−
∫

Ω
∇ µ+ λ

ρ̄+ τσ
∇m+2divu∇m+2udx+ τ

∫
Ω
∇m+2((ET · ∇)E − (u · ∇)u)∇m+2udx

−
∫

Ω
∇m+2(g(τσ)∇σ)∇m+2udx+ τ

∫
Ω
∇m+2f∇m+2udx

+ τ

∫
Ω
∇m+2(−u · ∇E +∇uE)∇m+2Edx. (3.3)
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Using Lemmas 2.1-2.3, Cauchy inequality and Sobolev inequality, let R is small enough, we
deduce that

1

2

d

dt

∫
Ω

(γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2)dx+

∫
Ω
ε(γ|∇m+3σ|2 + |∇m+3E|2)dx

+

∫
Ω

(
µ

ρ̄+ τσ
|∇m+3u|2 +

µ+ λ

ρ̄+ τσ
|∇m+2divu|2

)
≤ C‖(σ, u,E)‖2Hm+1‖(σ, u,E)‖2Hm+2 + C1R(‖∇m+2σ‖2L2 + ‖∇m+2E‖2L2)

+ C‖∇m+1f‖2L2 . (3.4)

Now, we turn to estimate the dissipation ‖∇m+2σ‖L2 . Noticing that the condition div(ρF T ) = 0
which gives

divdiv[(1 + σ)(E + I)T ] = 0,

thus we have

∂2(Eij)

∂xi∂xj
= divdiv(ET )

= divdiv[(1 + σ)(E + I)T ]− divdiv(σI + σET )

= −∆σ − divdiv(σET ). (3.5)

Thus by applying div to the second equation of (3.2), we obtain

(divu)t − div

(
µ

ρ̄+ τσ
∆u

)
− div

(
µ+ λ

ρ̄+ τσ
∇divu

)
+ (γρ̄+ 1)∆σ = divg1, (3.6)

where

g1 = g(τσ)∇σ + τdiv(u · ∇)u+ τET · ∇E + τf − div(σE).

Applying ∇m+1 to (3.6), multiplying the resulting equation by ∇m+1σ, and then integrating
them over Ω, we obtain

(γρ̄+ 1)

∫
Ω
|∇m+2σ|2dx

≤
∫

Ω
∇m+1(divu)t∇m+1σdx+ ‖∇m+1(

µ

ρ̄+ τσ
∆u+

µ+ λ

ρ̄+ τσ
∇divu)‖L2‖∇m+2σ‖L2

+ ‖∇m+1div(σE)‖L2‖∇m+1∇σ‖L2 + ‖∇m+1
(
τ(ET · ∇E − u · ∇u)

)
‖L2‖∇m+2σ‖L2

+ ‖∇m+1 (g(τσ)∇σ) + τf) ‖L2‖∇m+2σ‖L2 . (3.7)

Using equation (3.2)1 and integrating by parts, we have∫
Ω
∇m+1divut∇m+1σdx = −

∫
Ω
∇m+1ut∇m+1∇σdx

= − d

dt

∫
Ω
∇m+1u∇m+1∇σdx−

∫
Ω
∇m+1divu∇m+1σtdx

= − d

dt

∫
Ω
∇m+1u∇m+1∇σdx+ ρ̄‖∇m+1divu‖2L2 + ε

∫
Ω
∇m+1∇σ∇m+1∆udx

+

∫
Ω
τ∇m+1div(σu)∇m+1divudx

≤ − d

dt

∫
Ω
∇m+1u∇m+1∇σdx+ ρ̄‖∇m+1divu‖2L2 + ε‖∇m+2σ‖L2‖∇m+3u‖L2

+ τ‖∇m+1div(σu)‖L2‖∇m+1divu‖L2 . (3.8)
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We obtain

γρ̄+ 1

2

∫
Ω
|∇m+2σ|2dx+

d

dt

∫
Ω
∇m+1u∇m+1∇σdx

≤ C2‖∇m+3u‖2L2 + C‖σ‖2Hm+1‖u‖2Hm+2 + C‖u‖2Hm+1‖u‖2Hm+2 + C‖σ‖2Hm+1‖σ‖2Hm+2

+ ‖σ‖2Hm+1‖E‖2Hm+2 + C‖E‖2Hm+2 + C‖∇m+1f‖2L2 . (3.9)

Taking the transpose of (3.2)3 and then minusing (3.2)3, we obtain

(ET − E)t + V − ε∆(ET − E) = hT − h− u · ∇(ET − E), (3.10)

where V = ∇u− (∇u)T = curlu, h = ∇uE. Noting the condition F lk∇lF ij = F lj∇lF ik for all
t ≥ 0, which implies

∇kEij + Elk∇lEij = ∇jEik + Elj∇lEik t ≥ 0. (3.11)

Thus we have

∇j∇kEik −∇i∇kEjk

= ∇k∇jEik −∇k∇iEjk

= ∇k∇kEij −∇k∇kEji +∇k(Elk∇lEij − Elj∇lEik)

−∇k(Elk∇lEji − Eli∇lEjk)

= ∆(Eij − Eji) +∇k(Elk∇lEij − Elj∇lEik)−∇k(Elk∇lEji − Eli∇lEjk). (3.12)

Thus by applying curl to (3.2)2, we have

Vt − µ∆V + ∆(ET − E) = curlg2 + S, (3.13)

where g2 and the antisymetric matrix S are defined as

g2 = τ(E ·∇ET +f)−
(

1

ρ̄+ τσ
− ρ̄
)

(µ∆u+(λ+µ)∇divu)−τu ·∇u−
(

P (τσ + ρ̄)

(ρ̄+ τσ)P ′(ρ̄)
− 1

)
∇σ,

Sij = ∇k(Elk∇lEij − Elj∇lEik)−∇k(Elk∇lEji − Eli∇lEjk).

Applying ∇m+1 to (3.13), multiplying the resulting equation by −∇m+1(ET −E), then inte-
grating it over Ω, we have∫

Ω
|∇m+2(ET − E)|2dx

≤
∫

Ω
(∇m+1V )t∇m+1(ET − E)dx+ µ‖∇m+2V ‖L2‖∇m+2(ET − E)‖L2

+ ‖∇mcurlg2‖L2‖∇m+2(E − ET )‖L2 + ‖∇mS‖L2‖∇m+2(ET − E)‖L2 . (3.14)
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(∇m+1V )t∇m+1(ET − E)dx

=
d

dt

∫
Ω
∇m+1V∇m+1(ET − E)dx−

∫
Ω
∇m+1V∇m+1(ET − E)tdx

=
d

dt

∫
Ω
∇m+1V∇m+1(ET − E)dx+

∫
Ω
|∇m+1V |2dx− ε

∫
Ω
∇m+1V∇m+1∆(ET − E)dx

− τ
∫

Ω
∇m+1V∇m+1(hT − h)dx+ τ

∫
Ω
∇m+1V∇m+1(u · (ET − E))dx

≤ d

dt

∫
Ω
∇m+1V∇m+1(ET − E)dx+ ‖∇m+1V ‖2L2 + ε‖∇m+2V ‖L2‖∇m+2(ET − E)‖L2

+ ‖∇m+2V ‖L2‖∇m(hT − h)‖L2 + ‖∇m+2V ‖L2‖∇m(u · ∇(ET − E))‖L2

≤ d

dt

∫
Ω
∇m+1V∇m+1(ET − E)dx+ ‖∇m+1V ‖2L2 + ε‖∇m+2V ‖L2‖∇m+2(ET − E)‖L2

+ ‖∇m+2V ‖L2‖u‖Hm+1‖E‖Hm + ‖∇m+2V ‖L2‖u‖Hm‖E‖Hm+1 . (3.15)

We have
1

2

∫
Ω
|∇m+1(ET − E)|2dx

≤ d

dt

∫
Ω
∇m+1V∇m+1(ET − E)dx+ C3‖∇m+2V ‖2L2 + C‖E‖2Hm‖u‖2Hm+1 + C‖E‖2Hm+1‖u‖2Hm

+ C‖u‖2Hm+1‖u‖2Hm+2 + C‖E‖2Hm+1‖E‖2Hm+2 + C‖σ‖2Hm+1‖σ‖2Hm+2 + C‖∇m+1f‖2L2 . (3.16)

From (3.5) and (3.12), we arrive at

∆divE = ∇divdivE + divcurldivE

= −∆∇σ −∇divdiv(σET )−∆div(E − ET )− divS. (3.17)

Applying ∇m+1 on (3.17), then using the property of the Riesz potential, we have

‖div∇m+1E‖2L2 ≤ C(‖∇m+2‖2L2 + ‖∇m+2(ET − E)‖2L2 + ‖∇m+2(σE)‖2L2 + ‖∇m+1(E∇E)‖2L2)

≤ C‖∇m+2(σ,ET − E)‖2L2 + CR‖∇m+2E‖2L2 . (3.18)

From the above estimate, utilizing the (3.11), we have

‖∇m+1∇E‖2L2 ≤ ‖∇m+1divE‖2L2 + ‖∇m+1curlE‖2L2

≤ C‖∇m+2(σ,ET − E)‖2L2 + CR‖∇m+2E‖2L2 + ‖∇m+1(E∇E)‖2L2

≤ C‖∇m+2(σ,ET − E)‖2L2 + CR‖∇m+2E‖2L2 ,

which implies
‖∇m+2E‖2L2 ≤ C‖∇m+2(σ,ET − E)‖2L2 . (3.19)

Therefore, multiplying (3.9) and (3.16) by 6C1R
γρ̄+1 and 4C1R, respectively, then taking R suffi-

ciently small with 6C1C2R
γρ̄+1 < µ

8ρ̄ and 4C1RC3 ≤ µ
8ρ̄ . Then, adding the resulting equations with

(3.4) to yields

1

2

d

dt

∫
Ω

(γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2 +
6C1R

γρ̄
∇m+1∇m+1∇σ + 4C1R∇m+1V∇m+1(ET − E))dx

+

∫
Ω

(
C1R|∇m+1σ|2 + εγ|∇m+3σ|2 +

µ

8ρ̄
|∇m+3u|2 + C1R|∇(ET − E)|2 + ε|∇(ET − E)|2

)
dx

≤ C‖(σ, u,E)‖2Hm+1‖(σ, u,E)‖2Hm+2 + C‖∇m+1f‖2L2 . (3.20)
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Let

Ψ(t) =

∫
Ω

(
γ|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2 +

6C1R

γ
∇m+1u∇m+1∇h

+4C1R∇m+1V∇m+1(ET − E)
)
dx.

It is easy to see that there exist constants C, C̄ such that

C‖∇m+2(σ, u,E)(t)‖2L2 ≤ Ψ(t) ≤ C̄‖∇m+2(σ, u,E)(t)‖2L2 ,

if R is suitable small. Note that we also have∫
Ω

(
C1R|∇m+2σ|2 +

µ

8
|∇m+3u|2 + C1R|∇m+2E|2

)
dx

≥M
∫

Ω
(|∇m+2σ|2 + |∇m+2u|2 + |∇m+2E|2)dx,

for some positive constant M . Integrating (3.20) from 0 to T over t yields∫ T

0
‖∇m+2(σ, u,E)‖2L2dt ≤ C sup

0≤t≤T
‖(σ, u,E)‖2Hm+1

∫ T

0
‖(σ, u,E)‖2Hm+2dt

+ C

∫ T

0
‖∇m+1f‖2L2dt

≤ CR4 + C

∫ T

0
‖∇m+1f‖2L2dt, (3.21)

where we have used the fact of time periodicity of (σ, u,E). By using the mean value theorem,
there exists a time ς ∈ (0, T ) such that

‖∇m+2(σ, u,E)(ς)‖2L2 ≤ CR4 + C

∫ T

0
‖∇m+1f‖2L2dt.

Then, integrating (3.20) from ς to t for any t ∈ (ς, T ] yields

Ψ(t) ≤ CR4 + C

∫ T

0
‖∇m+1f‖2L2 .

Since σ, u, E are periodic, then it yields

Ψ(0) = Ψ(T ) ≤ CR4 + C

∫ T

0
‖∇m+1f‖2L2dt.

Thus, integrating (3.20) from 0 to t for t ∈ [0, T ], we have

sup
0≤t≤T

Ψ(t) ≤ CR4 + C

∫ T

0
‖∇m+1f‖2L2dt.

This together with (3.21) and the Poincaré inequality

sup
0≤t≤T

‖(σ, u,E)(t)‖2Hm+1 +

∫ T

0
‖(σ, u,E)(t)‖2Hm+2dt

≤ sup
0≤t≤T

‖(σ, u,E)(t)‖2Hm+2 +

∫ T

0
‖(σ, u,E)‖2Hm+2dt

≤ C4R
4 + C5

∫ T

0
‖∇m+1f‖2L2dt,

which implies

R2 ≤ C4R
4 + C5

∫ T

0
‖∇m+1f‖2L2dt.
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Choose R and let C5

∫ T
0 ‖∇

m+1f‖2L2dt <
R2

4 , then the above inequality is a contradiction. Thus,
(3.1) holds. Now, we will show that G(·, 0) = 0. In fact, when τ = 0, similar to the proof of
(2.10), we can easily obtain (σ, u,E) = 0 by the Poincaré inequality. Hence, we have

deg(I − G(·, 1), BR(0), 0) = deg(I − G(·, 0), BR(0), 0) = deg(I,BR(0), 0) = 1.

Consequently, we have proved (3.1) which implies that (2.4) admits a solution (σ, u,E) ∈ ΓR.
The proof of proposition 3.1 is completed. �

Now we are devoted to proving the existence of periodic solution in (1.4), which is the main
result of this section.

3.2. Proof of the Theorem 1.1(existence).

Proof. Let (σε, uε, Eε) be the time periodic solution of the regularized problem (2.4). By the
proof of Proposition 3.1, it holds that

sup
0≤t≤T

‖(σε, uε, Eε)‖2Hm+2 +

∫ T

0
(‖σε‖2Hm+2 + ‖uε‖2Hm+3 + ‖Eε‖2Hm+2)dt ≤ CR2, (3.22)

where the constant C is independent of ε. Moreover, integrating (3.20) from t to t + δ ,then
integrating it from 0 to T to obtain∫ T

0
(‖∇m+2(σε, uε, Eε)(t+ δ)‖2L2 − ‖∇m+2(σε, uε, Eε)(t)‖2L2)dt ≤ Cδ,

where C is independent of ε. Moreover, we will show that σε ∈ Cα,β(Ω × (0, T )). Precisely,
applying the fact σε ∈ L∞(0, T ;Hm+2(Ω)) with m > [n2 ] + 1, we have σε(x, t) ∈ Cα(Ω) for any
α ∈ (0, 1) for any t. Obviously, we only need to prove that there exists β ∈ (0, 1) such that
σε(x, t) ∈ Cβ[0, T ], namely,

|σε(x, t1)− σε(x, t2)| ≤ C|t1 − t2|β

for any t1, t2 ∈ (0, T ), x ∈ Ω.
Take a ball Br of radius r centered at x, with r = |t1 − t2|ι, ι = 1

2α+n . Utilizing the (2.18)
and the Poincaré inequality, we have∫

Br

|σε(y, t1)− σε(y, t2)|dy =

∫
Br

|
∫ t2

t1

∂σε(y, t)

∂t
dt|dy

≤ C

(∫ t2

t1

∫
Br

∣∣∣∣∂σε(y, t)∂t

∣∣∣∣2 dydt
) 1

2

|t1 − t2|
1
2 r

n
2

≤ C|t1 − t2|
1
2 r

n
2 .

By mean value theorem, there exists x̃ ∈ BR such that

|σε(x̃, t1)− σε(x̃, t2)| ≤ C|t1 − t2|
1
2 r−

n
2 ≤ C|t1 − t2|

1−nι
2 .

This together with the fact σε ∈ Cα(Ω) gives

|σε(x, t1)− σε(x, t2)| ≤ |σε(x, t1)− σε(x̃, t1)|+ |σε(x̃, t1)− σε(x̃, t2)|+ |σε(x̃, t2)− σε(x, t2)|

≤ C(|t1 − t2|ια + |t1 − t2|
(1−nι)

2 )

≤ C|t1 − t2|
α

(2α+n
)
.

Taking β = α
2α+n , we have

|σε(x1, t1)− σε(x2, t2)| ≤ C(|x1 − x2|α + |t1 − t2|β),

where C is independent of ε. By the same argument, we have

uε ∈ Cα1,β1(Ω× (0, T )), Eε ∈ Cα2,β2(Ω× (0, T )),
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for some α1, α2, β1, β2 ∈ (0, 1). By virtue of (3.22) and the Arzela-Ascoli Theorem, there exists
a subsequence of (σε, uε, Eε), such that

(σε, uε, Eε)→ (σ, u,E) uniformly,

(σε, uε, Eε)
∗
⇀ (σ, u,E) in L∞(0, T ;Hm+2),

uε ⇀ u in L2(0, T ;Hm+3),

(σε, Eε)→ (σ,E) in L2(0, T ;Hm+1),

uε → u in L2(0, T ;Hm+2).

Thus, (σ, u,E) ∈ Θ ∩ ΓR is a time-periodic solution (1.4). The existence of Theorem 1.1 is
complete. �

3.3. The uniqueness of periodic solutions. In this section, we are devoted to investigating
the uniqueness of time-periodic solutions. Let (σ1, u1, E1), (σ2, u2, E2) ∈ Θ ∩ ΓR be the time-
periodic solution of (1.4). Let σ = σ1 − σ2, u = u1 − u2, E = E1 − E2, then (σ, u,E) satisfies
the following equations

σt + ρ̄divu = −σu1 − σ2u,

ut −
µ

ρ̄
∆u− µ+ λ

ρ̄
∇divu+ γρ̄∇σ − divE =

(
1

ρ̄+ σ1
− 1

ρ̄+ σ2

)
(µ∆u1 + (µ+ λ)∇divu1)

+
(

1
ρ̄+σ2

− 1
ρ̄

)
(µ∆u+ (µ+ λ)∇divu)− (u · ∇)u1 − (u2 · ∇)u+

(
P ′(ρ̄)
ρ̄ − P ′(ρ̄+σ1)

ρ̄+σ1

)
∇σ

+
(
P ′(ρ̄+σ2)
ρ̄+σ2

− P ′(ρ̄+σ1)
ρ̄+σ1

)
∇σ2 + (ET · ∇)E1 + (ET2 · ∇)E,

Et −∇u+ (u · ∇)E1 + (u2 · ∇)E = ∇uE1 +∇u2E.

(3.23)

with periodic boundary condition. Now can apply the energy method as the subsection 3.1 to
prove the uniqueness. By applying ∇m+1 to (3.23), and multiplying the resulting equations by
γ∇m+1σ, ∇m+1u and ∇m+1E respectively, summing up, then integrating over Ω yields

1

2

d

dt

∫
Ω

(γ|∇m+1σ|2 + |∇m+1u|2 + |∇m+1E|2)dx+

∫
Ω

(
µ

ρ̄
|∇m+2u|2 +

µ+ λ

ρ̄
|∇m+1divu|2

)
dx

= −γ
∫

Ω
∇m+1div(σu1)∇m+1σdx− γ

∫
Ω
∇m+1σ2u∇m+1σdx

+

∫
Ω
∇m+1

((
1

ρ̄+ σ1
− 1

ρ̄+ σ2

)
(µ∆u1 + (µ+ λ)∇divu1)

)
∇m+1udx

+

∫
Ω
∇m+1

((
1

ρ̄+ σ2
− 1

ρ̄

)
(µ∆u+ (µ+ λ)∇divu)

)
∇m+1udx−

∫
Ω
∇m+1((u · ∇)u1)∇m+1udx

−
∫

Ω
((u2 · ∇)u)∇m+1udx+

∫
Ω
∇m+1

((
P ′(ρ̄)

ρ̄
− P ′(ρ̄+ σ1)

ρ̄+ σ1

)
∇σ
)
∇m+1udx

+

∫
Ω
∇m+1

((
P ′(ρ̄+ σ2)

ρ̄+ σ2
− P ′(ρ̄+ σ1)

ρ̄+ σ1

)
∇σ2

)
∇m+1udx

+

∫
Ω
∇m+1((ET · ∇)E1)∇m+1udx+

∫
Ω
∇m+1((ET2 · ∇)E)∇m+1udx

−
∫

Ω
∇m+1(u · ∇E)∇m+1Edx

−∇m+1(∇uE1)∇m+1Edx+

∫
Ω
∇m+1(∇u2E)∇m+1Edx. (3.24)
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Noticing that (σ1, u1, E1), (σ2, u2, E2) ∈ Θ ∩ ΓR, using the same method in subsection 3.2 to

supplement the dissipation term
∫ T

0 ‖σ‖
2
Hm+1dt and

∫ T
0 ‖E‖

2
Hm+1dt, then letting R is suitably

small, we obtain

1

2

d

dt

∫
Ω

(
γ|∇m+1σ|2 + |∇m+1u|2 + |∇m+1E|2 + CR∇mu∇m∇σ + CR∇mu∇m∇E

)
dx

+M1

∫
Ω

(|∇m+1σ|2 + |∇m+2u|2 + |∇m+1E|2)dx ≤ 0.

Integrating the above inequality from 0 to T , then choosing small R, we obtain∫ T

0
(‖σ(·, t)‖2Hm+1 + ‖∇m+2u(·, t)‖2Hm+2 + ‖∇m+1E(·, t)‖2Hm+1)dt ≤ 0,

which means that σ = u = E = 0 a.e. in QT . The proof of uniqueness is complete.
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