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This paper uses transfinite ordinals to prove the distantvede® any two given points
and the interval of time between any two given instants cdyg be finite, and that,
under certain conditions, the number of events betweenwaoyevents is always fi-
nite. It also proves a contradiction involving the actudinity hypothesis on which the
spacetime continuum is grounded. The alternative of a elis@pacetime is then con-
sidered, and the consideration leads, via Pythagorasabtgi#orem, to the conclusion
that the factor for converting between continuous and aigitometries is the relativis-
tic Lorentz factor if length is replaced with the product peed and time in a isotropic
space. These finitist results suggest the convenience sidaosrthe possibility of a
digital interpretation of special relativity.

1. Actual and Potential infinity In these conditions, dt all natural numbers would have been

According to the hypothesis of the actual infinity the eletserfPUnted. All. But the fact of pairing the elements of two in-
of an infinite collection exist all at oncé the act as a com- finite sequences (of natural numbers and of instants) daes no

plete totality. Subsumed into the Axiom of Infinity, this oth- prove both sequences exist as 9°m9'e_te_ totalities. Botegbai
esis is one of the pillars supporting the mainstream of conteSeguences could also be potentially infinite. Indeed, tseae

porary mathematics. According to G. Cantor, Platonismr(ev@temative_ to. the_actual infinity hypothesis: the .hypo'm.eé
theo-Platonism [22]) is behind the concept of the actuahinfi'€ Potential infinity (more pragmatic than platonic), whie-

ity: jects the existence afompleteinfinite totalities, and then the

possibility of countingall natural numbers. From this perspec-

...iIn my opinion the absolute reality and legality of the
natural numbers is much higher than that of the sensory
world. This is so because of a unique and very simple
reason, namely, that natural numbers exist in the high-
est degree of reality, both separately and collectively in
their actual infinitude, in the form of eternal ideas in In-
tellectus Divinus. ([15]; reference and (Spanish) text in

E))

...I'am only an instrument of a higher power, which
will continue to work after me in the same way as it
manifested itself thousands of years ago in Euclid and
Archimedes . .. ([5, pp 104-105])

tive, the natural numbers result from the endless process of
counting: it is always possible to count numbers greatem tha
any given number. But it is impossible to complete the preces
of counting all of them, just because it is an endless process
So, the complete list of all natural numbers makes no sense.
For this and other reasons, Bolzano, Dedekind and Canéar tri
to prove the existence of actual infinities. Bolzano’s prpaés

as follow ([16, p 112]):

One truth is the proposition that Plato was Greek. Call
this p;. But then there is another trughp, namely the
proposition thap; is true [But then there is another truth
ps, namely the proposition tha is true]. And saad in-
finitum Thus the set of truths is infinite.

With such convictions, "as firm as a rock” [6, p. 298], Can- _ _ _
tor did not need additional hypotheses to found his theory Bt the existence of an endless sequence of inferengeis (

transfinite numbers. He simply took it for granted that alitéin
cardinals exist as a complete totality: [4, pp 103-104]:

The first example of a transfinite aggregate is given by
the totality of finite cardinal numbers v; we call its car-
dinal number Aleph-zero and denote it By; thus we
defineN, = {1}.

Where{ﬁ} is Cantor’s notation for the cardinal of the $gtof all

finite cardinals [N in modern notation). According to Cantor,

the list of natural numbers exists as a complete totalitpites

true, thenp, is true, thenps is true, then ...) does not prove
the existence of a complete infinite totality of inferencés.
only proves the existence of an endless (potentially irdjrae-
guence of inferences. Dedekind’s proof is similar (takenmrfr
[16, p 113]):

Given some arbitrary thought;, there is a separate
thoughts,, namely that, can be object of thought [there

is a separate thougls, namely thats, can be object of
thought]. And so ad infinitum. Thus the set of thoughts

is infinite.

the fact that no last natural number completes the list. To effie above comment on Bolzano proof also applies to
phasize this sense of completeness, consider the task of-cddedekind’s. Dedekind gave another proof a little more dedai
ing the successive natural numbers 1, 2, 3,.... In agreenitmt \@lbeit with the same formal defect, based on his definitidn-of
the hypothesis of the actual infinity we could coafitnatural finite set [7, p. 112]. And finally, Cantor’s proof: ([11, p 25]
numbers in any finite interval of time by performing the folL6, p. 117]):

lowing supertask (an infinite sequence of actions carrigdou Each potential infinite presupposes an actual infinity.

afinite interval of time [12]). or ([3, p. 404] English translation [20, p. 3]):

Count each of the successive natural numbegsal..

at each of the successive instantd;, ts... of a strictly
increasing sequence of instakit$ within the finite real
interval ¢, tp), beingt, the limit of the sequence.

... intruth the potential infinity has only a borrowed real-
ity, insofar as a potentially infinite concept always points
towards a logically prior actually infinite concept whose
existence it depends on.
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It is then clear why the existence of an (actual) infinite s&t hevents between any two events is always finite if the interval
to be finally established by means of an axiom, the Axiom of time between any two of them is equal or greater than any
Infinity. The following two sections make use of the subsgiven finite interval of time.
quent infinitist mathematics in two opposite directions.eifh _ _
respective conclusions could benefit physics. 3. A proof of inconsistency

The historical controversy between the potential and the ac

2. On infinite distances, times and sequences of events  tual infinity came to a practical end when set theory was for-

Transfinite ordinals are used here to prove a result releman?a”y established, subsuming the hypothesis of the actual i

o . . nity into the Axiom of Infinity. Since then, the actual in-
physics: that distances, times and sequences of eventaian 0 . has b bsolutely hegemonic in contemporary mathe-
be finite (the proof makes use of some basics of Euclidean |ré|_t)_/ as been absolutely neg porary m
ometry not referred to in the proof). atics (aIth(_)ugh some relevant authors as Krone(_:ker, Rl_mnc

Brouwer, Wittgenstein, Kleene, among others, rejectedBitt
PrOpOSition-The Iength ofa Straight line with two endeintS |§et theory, and other related theories as Supertask thﬂsoj’
always finite. And the distance between any two given pa@ntgéntain the instruments to develop arguments questiomiag t
always finite. consistency the hypothesis of the actual infinity. Over s |
Proof.-Let A andB be any two pointsAB the unique straight 25 years, more than 30 of such arguments have been completed
line joining them; andP; a point of AB at any finite distance (pending its publication, a summary is available in [14]}. |
APy (length of AP,) from A. Let P be the sequence of all sucwould be good news for physicists if at least one of thosefsroo
cessive point®;, P2, Ps... of ABdefined according to/Pi>1:  were correct, as they would be freed from the tedious calcula
iff PiB > APy, take a poinPi, in P;B separated fron®; by a tions needed to remove the sterile infinities from their equa
distanceAP;. Consider the closed segme@ [B] whose length tions. What follows is the shortest of those arguments (half
is alsoAP;. It holds: VP, € P andP, € [A Q], there will be a page, including comments). It has been selected as a ttibute
point Q" € [Q, B] such thatP, Q" > APy becausd®,B > AP1.  J.J. Thomson (1921-1984) and P. Benacerraf (1931-) for thei
In consequence, there must be@ B] one point (and only one seminal debate on supertasks [21, 1].
becaus®B = AP,) P, of P, otherwiseP would not containall  Supertasks are performed by supermachines: theoretical
pointsP; of ABsuch thatPi_1P; = APy, which is not the case. devices intended to facilitate the discussions on the haiua
So, the sequend@has a last eleme,. The endpoint®\and finity, although their physical possibilities have also he@a-
B and the sequend@define inAB a sequencé of successive |yzed (see for instance [19], [8], [13], [18]). So, let SM be a
adjacent segmentsA[P4], (P1, P2], (P2, Ps]...(PyB] of the supermachine that counts natural numbers in such a wayt that i
same lengtiAP; , except at most the last ofB < AP1. In counts each of the successive natural numbers 1,.at2ach
the orderingO of S, there is a first element P4]; a last ele- of the successive instartts t,, ts... of a strictly increasing se-
ment Py, B]; each elementR;, Pi.1] has an immediate predequence of instanté,) in the real intervalt,, t,), beingty the
cessor Pi_1, Pi] (or [A, P1]), except A, P1], and an immediate |imit of (t,). In addition, SM has a red LED that turnson
successorRi.1, Pii2] (or (Py, B]), except Py, B]; no element if, and only if, AM counts an even number; and turmy if,
exists between any two of its successive elements; and any 88d only if, SM counts an odd number, and so that the counting
empty subsequen& of S, containing, for instancef, P,.1],  of the number and the change of statelLofre simultaneous
will also contain an element that precedes in the orde@r@f  and instantaneous events. The one to one corresponéiéree
Sall elements of5’ except itself: one of the element&,[P1], tweenlN and(t,) defined byf(n) = t,, ¥n € N proves that at,
(P1, P2], (P2, Pg].... (P, Piia]. Therefore,Sis a well ordered all natural numbers have been counted by SM. The conclusions
sequence, to which an ordinal number can be assigned [4pthe state of. att, will not be deduced from its successive
152]. In addition,S cannot be non-denumerable [2]. The oOktates while performing the supertask of counting all retur
dinal of S cannot be the least transfinite ordimabecause the numbers, as Thomson did with his lamp [21], otherwise Be-
sequences whose ordinatigas thew-ordered sequence of allnacerraf’s criticism would be inevitable [1]. They will deced
finite ordinals 1, 2, 3,...) have not a last element, whichos from the fact of being a LED with two, and only two, states,
the case ofS. So, if the ordinal ofS were infinite, it would onandof, so that no other alternative exist. Thus, if after per-
be greater thaﬂ), in which case there would be a first eleme%rming the Supertask’ SM continues to be the same Counting
succeeding all element8[P.], (P1, P2], (P2, P3]. ..indexed by machine it was before beginning the supertask, i.e. if perfo
the sequence of all finite ordinals 1, 2, 3,...which can om®ly fhg a supertask does not arbitrarily violate a legitimaterfal
the limit of all them @,P,.1] [4, Theorem |, p. 158]R..1 definition, as that of SM, then its LED can only be eitheon
could beB). Take inABa pointR at any given distance fromor qff, simply because, according to its legitimate definition,
P,, less thamAPy, and in the direction fron®,, to A. The point can only be eitheon or off, and it will always be eitheon or
R could only belong to a segmem,( P,,] immediately preced- of, independently of the number of times it has been tunred
ing (Pw, Pu+1] (or (Po, B]). But (P, P,] is impossible becauseandoff. Assume, then, that &f, the LEDL is on (the same ar-
there is not a last finite ordinalwhose immediate successojument applies if it i®ff). One of the following two exhaustive
v+ 1isw. Hence, the ordinal 0% cannot be infinite but fi- and mutua”y exclusive alternatives must be true:
nite. S can only have a finite number of elements. And being .
finite the sum of any finite number of finite lengthsB has a LAt L |son because SM counted a last even number
finite length. And the distance between any two given points that left iton.
(the length of the straight line joining them) is always &nin 2. Atty, L isonbecause of any other reason.

The same above argument proves the time elapsed betweenTéyfirst alternative is impossible #ll natural numbers have
two given instants can only be finite. And that the number béen counted: each even number has an immediate odd succes-
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sor and there is not a last natural number, neither even rtbr aal growing interest in discrete spacetimes (DST), even in ex-
The second alternative implies the formal definition of SN haerimental terms [17], although all attempts to approach th
been arbitrarily violatedt turnsonif, and only if, SM counts digital vision of space and time have been made within the
an even number, which excludes the possibility of beingadrnframework of infinitist mathematics, the hegemonic, anccpra
onby any other reason. Since the same argument appliessif tically unique, stream of mathematics from the beginning of
off att,, we must conclude that if the-ordered list of natural XX century. Though for the reasons given in the precedent
numbers exists as a complete infinite totality, then, onee-casection, that could not be the best framework. In any case, at
pleted the supertask of counting all of theimcan be neither the moment we must accept we know nothing on the actual ge-
onnor off; though, by definition, it will be eitheon or off. The ometry of DST. Notwithstanding, some elementary conchsio
alternative to this contradiction is the arbitrary viotatiof a can be logically drawn from the own concept of discreteness.
legitimate definition with the only purpose to justify tHatan For instance, DST should be made of indivisible units of spac
change its state by reasongfdient from the reason defined agyeons) and of time (chronons); the distance between twoegyeo
the unique reason by whidh can change its state: if, and only\should be an integer number of geons; the interval between tw
if, SM counts a natural number, being both events simultarméronons an integer number of chronons; the number of geons
ous and instantaneous. But assuming the arbitrary violatio of the hypotenuse of a right triangle should be equal to tme-nu
a definition when convenient means any thing can be provbdr of geons of its greater leg (Pythagoras digital theorem)
So this alternative is formally unacceptable. Notice agaen nothing can move a distance less than one geon; nothing can
above contradiction on the state lofat t, has not been drawnlast less than one chronon; integer numbers should play ih DS
from its successive states while performing the supertaisk, the same role as the real numbers play in the continuum; speed
from the fact of being a LED with two definite, precise anshould be defined as the ratio of the integer number of geons
unigue statesonandoff, and so that it turnenif, and only if, an object traverses to the integer number of elapsed chspnon
SM counts an even number, and it tuggsif, and only if, SM there would be a maximum speed of one geon per chronon. In
counts an odd number. Thus, SM definition forces the actadldition, if DST is isotropic, as physical space seems tatbe,
infinity to leave a track of its existence through the staté ofgeons should be anyway isometric. Under this last assumptio
att,, and what it leaves is an inconsistency. By contrast, frdtris possible to convert between continuous and discrete hy
the hypothesis of the potential infinity, only finite totai of potenuses. Indeed, lbt x andy be the respective number of
numbers can be counted, as large as wished but always figegns of the hypotenuse and legs of a right triangle in DST,
and depending of the parity of the last counted numbewjll and letd be the length of a geon in the continuous geometry.
be eitheron or off, in agreement with the definition of SM.  Assumex < y. In the discrete geometry of DST we will have:

h = y. In classical Euclidean geometry the length of the hy-
4. Digital relativity potenuse will no longer blet buth' 4, beingh’ > h, because it
Most of decimal expansions of the real numbersar@rde- is greater than the lengif of the greatest leg (note that while
red sequences of decimals that, according to the hypotbisiB, x andy are natural numbers,andh’ are real numbers). Ac-
the actual infinity, exist all at once, as complete totaditaf cording to classical Pythagoras theorem, it can be written:
N, decimals each. Consider the firstg@x 10°° decimals of
any of them. In standard text of 5mm per numeral, this (D2 = (X + (ya)%; y = V2= 1)
nusculenumber (compared witl¥) of decimals would be a 1hg ratio between the continuous and the discrete hypatenus
lineal string of numerals longer than the diameter of the Vis;, e written:
ible universe. It is not hard to imagine Ockham opinion on

a physical constant (and on the corresponding universej&vho ﬂ - E - E - i - 1 2)
decimal expansion is a string of numerals longer than thadia ht h y Vh22 1 X \2
eter of the universe. AnB, is minuscule compared with2 - (W)

the power of the continuum, the cardinal of the set of realnum . . .
p_ ! - Where the last term on the right side of (2) as the algebrain fo
bers; or the number of points of any segment of the real ling; T : )
. - . .~ of'the relativistic Lorentz factoy. It can ve rewritten as:

or the number of points of the whole tridimensional universe

Recall that a lineal interval trillions of times less tharamtk ha 1 3
length has the same number of pointS’j2as the whole tridi- ha — L \2 ®)
mensional universe. Formal physics is made of this infinitis 1- (h’/l)

mathematics. Particularly one of its most successfullpties:
the theory of special relativity, a theory on the spacetime-c Let ¢ be a photon that moves through a vertical distapten
tinuum. But space and time could also be discontinuous, dige rest fram&F, of its source. Assumg moves the same ver-
ital, even if the hypothesis of the actual infinity is conesigt tical distance/A from the perspective of another inertial frame
Let alone if it is not, as the above argument of the countiff~ While RF, moves with respect t&F, the horizontal dis-
supermachine suggests. If it is not, space and timéd only tancexd at a uniform velocity parallel toX, for a timet,. So,

be of a discrete nature. Surprisingly, if that were the case, th moves with respect t&F, along the hypotenuse of a right
theoretical and experimental success of special refatidtild  triangle whose legs angt andx4 = ut,, i.e. alongh’A. And it

be explained in terms of a coincidence: Lorentz factor has thill hold h'A = ct,. Therefore, (3) can be rewritten:

same algebraic form as the factor for converting continuious ha 1 1

discrete geometries. This section proves that is the caae in = = =y 4)

. . . ha 2 0\2
isotropic spacetime. 1 (% \/1 _ (_)
At least since Heisenberg [10, pp. 68-72], there has been ct, c
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which proves the ratio between the continuous hypotenuse ano]
its corresponding discrete alternative is the relatigistrentz
factory. [10]
In conclusion, the above finitist conclusions suggest the
convenience to consider the possibility of a digital interp
tation of spacetime and of its main physical theory, thoug[ﬁll
the new interpretation should be developed within a new fini-
tist mathematics framework, of which everything is to be@onl12
(current discrete mathematics are infinitist). In these oen+
ditions, discreteness could surely account for the wessoé

relativity related to the universal character of the spddigbt.  [13]
[14]
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