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A formula for all the Half-Integer Bessel ODE is produced using my article "Exact solution of ODEs Vector Space Transformation
Technique, Part 2".

(In an earlier publication I produced an algorithm for the Bessel hallf-integer solutions, but advancements on the Vector Space
Transformation Technique allowed an actual formula to be produced (as well as further results))

Corollary I.4: The half-integer Bessel ODE solutions may be written:

If Y i
  1x Y i

  
1  2m
2

2

x2
 1 Y i  0 , m   :

then:



Y1m  umJ 1
2
 vmJ 1

2

Y2m  vmJ 1
2
 umJ 1

2

um  
k0

m
2

am2kx
2k 

k0

m
2

am2k1x
2k1

vm  
k0

m
2

bm2kx
2k 

k0

m
2

bm2k1x
2k1

where :

bm0  2
mm  1

am1

bm1  
mm  1

2
am0 , m  1

am2k   1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
am0 , 0  2k  m

am12k   1
4

k

1  m  2k  1!
m!

1  m  2k!
1  m!

1  2k!
am1 , 1  2k  m  1

bm2k 
22k  1

2k  m2k  m  1
am2k1 , 0  2k  m  1

bm2k1   4k
2k  1  m2k  m

am2k , 1  2k  m

Proof:
Given the half-integer Bessel ODE, from the main theorem (Theorem I.1) "Exact solution of ODEs Vector Space Transformation

Technique, Part 2".:

y1  J 1
2
 2

 x
 1
2 sinx y2  J 1

2
 2

 x
 1
2 cosx

y1
  J 1

2

   1
2
x1y1  y2 y2

  J 1
2

  y1  1
2
x1y2

 yi
  1x yi

  
 1
2

2

x2
 12 yi  0

r1   1
2
x1 s1  1

r2  1 s2   1
2
x1

r2  s1  0

r1  s2  0



0  2r1  s2u  1  2u  2r2  s1v 

0  2r1  s2v   1  2v  2r2  s1u

0  u  2r1  P2 u  2u  2r2v 

0  v   2s2  P2 v   2v  2s1u

0  1  2

0  1  2

0  u  1u  2v 

0  v   1v  2u

0  0

0  0
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So:


1
2

2

x2
 1  

1  2m
2

2

x2
 1  1

x2
 1  4m  4m2

4
 1
4

 
mm  1
x2

where m   represent the half-integer s.
For each half-integer solution choose um & vm as inhomogeneous functions:

0  um
  1um  2vm



0  vm
  1vm  2um


um
  1um  2vm

vm
  1vm  2um




um
 

mm  1
x2

um  2vm

vm
 

mm  1
x2

vm  2um


Let: um  
n0

m

amnx
n , vm  

n0

m

bmnx
n :




n0

m

amnx
n




mm  1
x2


n0

m

amnx
n  2 

n0

m

bmnx
n




n0

m

bmnx
n




mm  1
x2


n0

m

bmnx
n  2 

n0

m

amnx
n






n0

m

namnxn1


 mm  1 
n0

m

amnx
n2  2 

n0

m

nbmnxn1


n0

m

nbmnxn1


 mm  1 
n0

m

bmnx
n2  2 

n0

m

namnxn1




n0

m

nn  1amnxn2  mm  1
n0

m

amnx
n2  2

n0

m

nbmnx
n1


n0

m

nn  1bmnxn2  mm  1
n0

m

bmnx
n2  2

n0

m

namnx
n1




n0

m

nn  1  mm  1amnxn2  2
n0

m

nbmnx
n1


n0

m

nn  1  mm  1bmnxn2  2
n0

m

namnx
n1




n0

m

nn  1  mm  1amnxn2  2 
n1

m

nbmnx
n1  0  bm0x01


n0

m

nn  1  mm  1bmnxn2  2 
n1

m

namnx
n1  0  am0x01




n0

m

nn  1  mm  1amnxn2  2 
k0

m1

k  1bmk1xk2  0  bm0x01


n0

m

nn  1  mm  1bmnxn2  2 
k0

m1

k  1amk1xk2  0  am0x01




n0

m

nn  1  mm  1amnxn2  2
n0

m1

n  1bmn1xn2


n0

m

nn  1  mm  1bmnxn2  2
n0

m1

n  1amn1xn2




n0

m1

nn  1  mm  1amnxn2  mm  1  mm  1ammxm2  2
n0

m1

n  1bmn1xn2


n0

m1

nn  1  mm  1bmnxn2  mm  1  mm  1bmmxm2  2
n0

m1

n  1amn1xn2




n0

m1

nn  1  mm  1amnxn2  2
n0

m1

n  1bmn1xn2


n0

m1

nn  1  mm  1bmnxn2  2
n0

m1

n  1amn1xn2




n0

m1

nn  1  mm  1amn  2n  1bmn1xn2  0


n0

m1

nn  1  mm  1bmn  2n  1amn1xn2  0


nn  1  mm  1amn  2n  1bmn1  0

nn  1  mm  1bmn  2n  1amn1  0
0  n  m  1


amn 

2n  1
nn  1  mm  1

bmn1

bmn  
2n  1

nn  1  mm  1
amn1

0  n  m  1

2





amn 
2n  1

n  mn  m  1
bmn1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1


am0   2

mm  1
bm1

bm0  2
mm  1

am1

m  1 
a10  b11

b10  a11


u1  a10x
0  a11x

1

v1  b10x
0  b11x

1  a11x
0  a10x1


Y11  v1J 1

2
 u1J 1

2
 a11x0  a10x1J 1

2
 a10x0  a11x1J 1

2

Y21  u1J 1
2
 v1J 1

2
 a10x0  a11x1J 1

2
 a11x0  a10x1J 1

2


Y11  a11  a10x1J 1

2
 a10  a11x1J 1

2

Y21  a10  a11x1J 1
2
 a11  a10x1J 1

2

Y11  J 3
2

Y21  J 3
2


a11  a10x1J 1

2
 a10  a11x1J 1

2
 c2 J 1

2
 x1J 1

2

a10  a11x1J 1
2
 a11  a10x1J 1

2
 c1 x

1J 1
2
 J 1

2


a11  c2 a10  0

a11  c1 a10  0

Y11  J 3
2

Y21  J 3
2


a11  a10x1J 1

2
 a10  a11x1J 1

2
 c1 x

1J 1
2
 J 1

2

a10  a11x1J 1
2
 a11  a10x1J 1

2
 c2 J 1

2
 x1J 1

2


a11  0 a10  c1

a11  0 a10  c2

m  2 
a20   2

22  1
b21   1

3
b21 a21 

21  1
1  21  2  1

b22  b22

b20  2
22  1

a21  1
3
a21 b21  

21  1
1  21  2  1

a22  a22

 a22  b21  3a20


u2  a20x

0  a21x
1  a22x

2  a20x
0  a21x

1  3a20x2  a20x0  3x2  a21x1

v2  b20x
0  b21x

1  b22x
2  1

3
a21x

0  3a20x1  a21x2  1
3
a21x0  3x2  3a20x1


J 5
2
 c1

3
x2

 1 J 1
2
 3x J 12

J 5
2
 c2  3x J 1

2
 3

x2
 1 J 1

2

Y11  J 5
2

Y21  J 5
2



1
3
a21x0  3x2  3a20x1 J 1

2
 a20x0  3x2  a21x1J 1

2
 c1

3
x2

 1 J 1
2
 3x J 12

a20x0  3x2  a21x1J 1
2
 1

3
a21x0  3x2  3a20x1 J 1

2
 c2  3x J 1

2
 3

x2
 1 J 1

2


1
3
a21  c1 a20  0

a21  3c1

a20  0 a21  3c1 a20  0 a21  3c2
1
3
a21  c2

a21  3c2 a20  0

m  3 
a30   2

33  1
b31   1

6
b31 a31 

21  1
1  31  3  1

b32   2
5
b32 a32 

22  1
2  32  3  1

b33  b33

b30  2
33  1

a31  1
6
a31 b31  

21  1
1  31  3  1

a32  2
5
a32 b32  

22  1
2  32  3  1

a33  a33

 a33  b32   5
2
a31 a32  5

2
b31  5

2
 6a30  15a30



u3  a30x
0  a31x

1  a32x
2  a33x

3

 a30x
0  a31x

1  15a30x2  5
2
a31x

3  a30x0  15x2  a31 x1  5
2
x3

v3  b30x
0  b31x

1  b32x
2  b33x

3

 1
6
a31x

0  6a30x1  5
2
a31x

2  15a30x
3  6a30 x1  5

2
x3  1

6
a31x0  15x2


J 7
2
 c1

15
x3

 6x J 1
2
 15

x2
 1 J 1

2

J 7
2
 c2

15
x2

 1 J 1
2
 15

x3
 6x J 1

2

Y11  J 7
2

Y21  J 7
2

3





6a30 x1  5
2
x3  1

6
a31x0  15x2 J 1

2
 a30x0  15x2  a31 x1  5

2
x3 J 1

2


 c1
15
x3

 6x J 1
2
 15

x2
 1 J 1

2

a30x0  15x2  a31 x1  5
2
x3 J 1

2
 6a30 x1  5

2
x3  1

6
a31x0  15x2 J 1

2


 c2
15
x2

 1 J 1
2
 15

x3
 6x J 1

2



6a30  6c1 a31  0

15a30  15c1

a30  c1 15a30  15c1

a31  0

a30  c2 a31  0

15a30  15c2

6a30  6c2

15a30  15c2 a31  0

Continuing:

amn 
2n  1

n  mn  m  1
bmn1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1


am0   2

mm  1
bm1

bm0  2
mm  1

am1



amn1 
2n  1  1

n  1  mn  1  m  1
bmn

0  n  1  m  2

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1



amn1  
4nn  1

n  1  mn  mn  mn  m  1
amn1

1  n  m  1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1



amn1  
4nn  1

n  mn  mn  m  1n  m  1
amn1

1  n  m  1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1



amn1  
4nn  1

n2  m2 n2  m  12
amn1

1  n  m  1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1



bm0  2
mm  1

am1

bm1  
mm  1

2
am0

m  1

amh  
4h  1h  1  1

h  12  m2 h  12  m  12
amh11

1  h  1  m  1

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1

h  n  1



bm0  2
mm  1

am1

bm1  
mm  1

2
am0

m  1

amh  
4h  1h  2

h  12  m2 h  12  m  12
amh11

0  h  m  2

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1

h  n  1
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

bm0  2
mm  1

am1

bm1  
mm  1

2
am0

m  1

amn2  
n  12  m2 n  12  m  12

4n  1n  2
amn

0  n  m  2

bmn  
2n  1

n  mn  m  1
amn1

0  n  m  1

Let:

Wmn 
n  12  m2 n  12  m  12

4n  1n  2
, 0  n  m  2


n  mn  m  1n  m  1n  m  2

4n  1n  2
, 0  n  m  2

 amn2  11Wmnamn

 11
n  mn  m  1n  m  1n  m  2

4n  1n  2
amn , 0  n  m  2

 amn4  11Wmn2amn2 , 0  n  m  4
 11Wmn2Wmnamn , 0  n  m  4

 11
n  2  mn  2  m  1n  2  m  1n  2  m  2

4n  2  1n  2  2
amn2

, 0  n  m  4

 11
n  m  2n  m  3n  m  3n  m  4

4n  3n  4
amn2 , 0  n  m  4

 11
n  m  2n  m  3n  m  3n  m  4

4n  3n  4
11

n  mn  m  1n  m  1n  m  2
4n  1n  2

amn

, 0  n  m  4

  1
4

2

n  m  4  1!
n  m  1!

n  m  4!
n  m!

n  4!
n!

amn , 0  n  m  4

 amn6  Wmn4amn4  13Wmn4Wmn2Wmnamn , 0  n  m  6

  1
4

3

n  m  6  1!
n  m  1!

n  m  6!
n  m!

n  6!
n!

amn , 0  n  m  6


 amn2k  Wmn2k1amn2k1  1kWmn2k1Wmnamn , 0  n  m  2k

  1
4

k

n  m  2k  1!
n  m  1!

n  m  2k!
n  m!

n  2k!
n!

amn , 0  n  m  2k

So:

am02k   1
4

k

0  m  2k  1!
0  m  1!

0  m  2k!
0  m!

0  2k!
0!

am0 , 0  m  2k

  1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
0!

am0 , 2k  m

 am2k   1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
am0 , 2k  m

am12k   1
4

k

1  m  2k  1!
1  m  1!

1  m  2k!
1  m!

1  2k!
1!

am1 , 1  2k  m

 am12k   1
4

k

1  m  2k  1!
m!

1  m  2k!
1  m!

1  2k!
am1 , 1  2k  m

 bm2k 
22k  1

2k  m2k  m  1
am2k1 , 0  2k  m  1

 bm2k 
22k  1

2k  m2k  m  1
 1
4

k

1  m  2k  1!
m!

1  m  2k!
1  m!

1  2k!
am1

, 0  2k  m  1

 bm2k   1
4

k
2

1  m  2k  1!
m!

m  2k!
1  m!

2k  m2k!
am1

, 0  2k  m  1
 bm2k1   4k

2k  1  m2k  m
am2k , 1  2k  m
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 bm2k1   4k
2k  1  m2k  m

 1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
am0

, 1  2k  m

 bm2k1    1
4

k
2

m  2k  1!
m  1!

m  2k  1!
m!

2k  1  m2k  1!
am0

, 1  2k  m



bm0  2
mm  1

am1

bm1  
mm  1

2
am0 , m  1

am2k   1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
am0 , 0  2k  m

am12k   1
4

k

1  m  2k  1!
m!

1  m  2k!
1  m!

1  2k!
am1 , 1  2k  m  1

bm2k   1
4

k
2

1  m  2k  1!
m!

m  2k!
1  m!

2k  m2k!
am1 , 0  2k  m  1

bm2k1    1
4

k
2

m  2k  1!
m  1!

m  2k  1!
m!

2k  1  m2k  1!
am0 , 1  2k  m

So, the half-integer Bessel ODE solutions may be written:



Y1m  umJ 1
2
 vmJ 1

2

Y2m  vmJ 1
2
 umJ 1

2

um  
k0

m
2

am2kx
2k 

k0

m
2

am2k1x
2k1

vm  
k0

m
2

bm2kx
2k 

k0

m
2

bm2k1x
2k1

where :

bm0  2
mm  1

am1

bm1  
mm  1

2
am0 , m  1

am2k   1
4

k

m  2k  1!
m  1!

m  2k!
m!

2k!
am0 , 0  2k  m

am12k   1
4

k

1  m  2k  1!
m!

1  m  2k!
1  m!

1  2k!
am1 , 1  2k  m  1

bm2k 
22k  1

2k  m2k  m  1
am2k1 , 0  2k  m  1

bm2k1   4k
2k  1  m2k  m

am2k , 1  2k  m



The transformation: z  x
of the HLODE:

d2

dz2
Y iz  1z

d
dz
Y i
z   2

z2
 1 Y iz  0

yields the general Bessel HLODE:
d2

dx2
Y i 

1
x
d
dx
Y i
   2

x2
 2 Y i  0

Thus, the above simplified Bessel HLODE is equivalent to transforming to
the general Bessel HLODE - for any  ; so, in particular, for   1

2
.
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