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Abstract

A formula for all the Half-Integer Bessel ODE is produced using my article "Exact solution of ODEs Vector Space Transformation
Technique, Part 2".

(In an earlier publication I produced an algorithm for the Bessel hallf-integer solutions, but advancements on the Vector Space
Transformation Technique allowed an actual formula to be produced (as well as further results))

Corollary 1.4: The half-integer Bessel ODE solutions may be written:
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Proof:

Given the half-integer Bessel ODE, from the main theorem (Theorem I.1) "Exact solution of ODEs Vector Space Transformation

Technique, Part 2".:
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where (m € N) represent the half-integer A's.
For each half-integer solution choose u,, & v,, as inhomogeneous functions:

0 =up+ @iy +2v),

1"
0= Vin T @1V

! I /

_ Uy + Q1Um = =2V,
2 / " _ 2 /
— LUy Vi + Q1Vm = LUy,

u' — ””(”’;—;1) 5
- m(m+ 1)
Iriz_ m =2 lm
v Y u
Let: tm = D amX™" , Vi = menx‘”
n=0 =0
1" !
( AmnX~ ) - m(m+ D (Zamnx ) = —Z(menx )
(Z bmnx ) - m(m i ) (Z bmnx ) (Zamn-x )
n=0
m /
(Z( 1) ApnX ™ ) —m(m + 1)(261,,1,1)6_”_2) = —2(2( 1)b yux ™ )
— < n;O /
(Z( 1)b X ™ ) —m(m + 1)(21),,1,1)6‘"‘2) ( (=1)Ax ™" 1)
n=0
Zn(n+ Daunx™? — m(m + I)Za WX = 22 X"
n=0 n=0 n=0
= < m m m
don(m+ D)bux™2 —m(m+ 1) D bpuux™? = =2 namx™
. =0 =0 =0
Z[n(n +1) =m(m + 1)]amx "2 = 23 nbyux ™!
— < n;O n:(in
Yn(n+ 1) —m@m+1)]bpx™2 = =2 namx™""
n=0 n=0
> m m
Yn(n+1)—m@m+1)]amx™"?2 = Z(anmnx 140« bpox " )
— < n:lO
Yn(n+1)—m@m+1)byx™"2 = 2( D> naux 40 - amox‘o‘l)
n=0 n=1
> m 1
Y [n(n+1) —m(m+ 1)]amx "2 2(2(1{4— Dbmryx 2 +0 « bmox‘o‘l)
= < n;o =m—1
dn(n+1) —m(m+ 1)]byux™"2 = —2(Z(k+ Damer1)x 2 + 0 « @pox 0!
n=0 k=0
> m m—1
d[n(n+1) —m(m+ 1)]amx™"2 =2 (n+ 1)bpanyx "2
— < n;lO n:”(l)_l
n(n+ 1) —m@m+ 1)]bpx™2 = 2> (n+ 1)ampenx ™2
n=0 n=0
> m—1 m—1
diln(n+ 1) —m(m+ 1)]amx" 2+ [mm+ 1) —m@m + 1)]ammx ™2 = 2 (n+ 1)bppunyx ™2
=4
din(n+1) —mim+ 1)]bpux™2 + [m(m + 1) — m(m + 1) 1bymx
n=0 n=0
> m—1 m—1
diln(n+ 1) —m(m+ 1)]amx™2 =2 (n+ 1)bup1)x "2
=9
Y n(n+1) —mim+ 1)]bpuux™2 = =2 (n+ D ampe1)x ">
n=0 n=0
> m—1
Y ([n(n+1) =m@m+ 1)]am —2(n + 1)bpue1))x ™2 =0
=9
([n(n+ 1) = m(m + 1)1byn + 2(n + 1) a@meny)x ™2 =0
"= 0
+1) - + D)lamn —2(n+ )by = 0
_, ) I+ ) —mm+1)la (1 + Dby O<n<m-1)
(n(n+1)—m(m+1)]by, +2(n+ 1)amusy = 0
g 2(n+1)
mn m(n+1)
- [n(n+1) m(m+1)] O<n<m-1)

bmn = -

2(n+1)
[l’l(}’l + 1) — m(m + 1)] Am(n+1)

m—1
2 = 25 1+ D) yx "

)

2



-

2(n+1)

mn — bmn
. (l’l - m)(n +m+ 1) o aAmo = _#bml
m(m+ 1)
= P 2(n+1) g = )
mn — T — m(n+1) —
m-m)(n+m+1) bmo mm 1) am
< < —
L O0O<n<m-1)
ai = —bu ur = ajx’ +apx!
m = 1 = —
bio = an vi =biox P +buxt =anx? —ajx!
Y1 = V1J% +u1J_% = (allx‘o —alox‘l)J% + (alox‘o +a11x‘1)J_%
=
Yo = ulJ% —Vlj_% = (alox‘o +a11x‘1)J% - (allx‘o —a1ox_1)J_%
Y1 = (a11 —alox‘l)J% + (alo +a11x‘1)J_%
=
Yo = (alo +a11x‘1)J% - (a11 —alox‘l)J_%
Yi=J23 (a11 —alox‘l)J% + (alo +a11x‘1)J_% = Cz(.]% +x‘1J_%
=
Yo = J% (alo +a11x‘1)J% - (a11 —alox‘l)J_% = cl(x‘l.]% —J_%)
ain =caxlapn=0
=
an =ci|ap =0
Y1 = J% (a11 —alox‘l)J% + (alo +a11x‘1)J_% = cl<x‘1J% —J_%>
=
Yo = J_% (alo +a11x‘1)J% - (a11 —alox‘l)J_% = Cz(.]% +x‘1J_%
ainn =0|—ap =c
=
an =0/]ap =c2
_ 2 bt — —lb _ 2(1 + 1) b b
0T TR E ) N T T T A2 ) 2T TR
m=2 =
_ 1 _ 21+ 1) -
bu= 3T =39 bu =gy gy e T
= {azz = by = —3ax }
uy = arox 0 +anx' +anx? = axx® +anx' —3axx? = ax(x0 - 3x72) +axx!
=
vy = bzox_o + bzlx_l + bzzx_2 = %azlx‘o - 3a20x‘1 - azlx‘2 = ?azl(x‘o - 3x‘2) - 3a20x‘1

_ 3 3
spmal (F-1)s -]
- 3 3
Sy = e[ - (1) ]
Yn=J_s
2
Yo = Js
(3 azl(x —3x~ 2) 3arx~ )Jl + (azo(x 3x‘2) +a21x‘1)J_% = 01[(;—2 - ) % %J %:|
(azo(x —3x~ 2) +anx- 1).]1 - ( azl(x 3x‘2) —3a20x‘1)J 1L = Cz|:—i 1 (i 1)J 1 :|
3 - X5 2 5
%aZI =-ci|ay =0 % =G
= a =0|axy =-3ci| |ax =0|axn =-3c
—az = 3¢ —az =3¢y |ax =0
_ 1 _ 2(1+1) _ 2 _ 22+1) .
- 3@ ETET D R Ry S B 1o B o b e R o B s o W iy DL
1 ) 21+ 1) L 2 22+ -
3@ BN TEW B E Ty g T 5 = gy gy e T
ay = by = —%6131 as = gbm = g « 6asz) = 15a3 }
- N
uy = azox 0+ ayx + apx? + apx?
= azox "+ azx' — 15a30x72 — %aglx‘3 = azo(x 0 - 15x72) + a3 (x - —x )
= < >
vy = b3ox‘° + b31x‘1 + b32x‘2 + b33x‘3
= %031)6_0 — 6azx~' — %6131)6_2 + 15a30x73 = —6a30< x 3) + a31(x —15x72)
S J
(8 (]
= < X X
el (- (]
L 2 X 2 X 2
Yiu=J_=2
Yy =Jz




Continuing:

amn -

bmn =

S

S

S

[—6a30 (x‘l -

5
2

—x‘3> +

1
6

asz; (x0 —15x~

15
2]

= <
[a3o(x‘0 —15x72) + 6131( -1 %x‘3> }J% — | —=6as3o (x‘l - %x‘3> + %ag(x‘o - 15x‘2)}J_% =
_ 15 15 6
\ RN
—6az) = —6¢y [a3 =0 az = —2 as; =
15a30 = 156’1 —156130 = 156’2
=
asy) = C1 —156130 = —1501 6a30 = —602
asy = 0 —156130 = 156’2 asy = 0
_ 2(n+1) b
(I’Z —m)(n +m+ 1) S aAmo = —mbml
3 2(n+1) p = )
n—m)(n+m+1) "D bmo = maml
O0<n<m-1)
p _ 2((n—-1)+1) b
"D T (=) —m) (=) +m+1) "
O0<n-1<m-2)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
O0O<n<m-1)
p _ 4n(n+1) g
m(n=1) m—1-m)n+m)(n—m)(n+m+1) m(n+l)
1<n<m-1)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
O0<n<m-1)
B _ dn(n+1) g
"D T T e m)(n—my(n+ (m+ 1) — (m+ 1)) "
1<n<m-1)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
O0<n<m-1)
B _ 4n(n+1) B
m(n—1) (nz_m2)<n2 _(m+ 1)2> m(n+1)
1<n<m-1)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
0<n<m-1)
_ 2
me = m(m I 1) Aml
by = ‘M“m‘)
(m=1)
4h+1)((h+1)+1) B
Amh = — Am((h+1)+ (h=n-1)
T ) =m2) (1) = m1)?)
(I1<h+1<m-1)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
O0<n<m-1)
_ 2
me = m(m I 1) Aml
by = ‘M“MO
(m=1)
4h+1)(h+2)
Amh = — Am((h+1)+ (h=n-1)
T =) (1) = 1))
O0<h<m-=-2)
_ 2(n+1)
b = m-m)(n+m+1) Amin+1)
O0<n<m-1)




-
_ 2
buo = m(m+l)am1
bml :_n/l(meamO
(m=1)
= < (n+1)>=m>)((n+ 1) = (m+1)*)
Amn+2) = — Amn
4n+1)(n+2)
O0<n<m-2)
_ 2(n+1)
b = (mn-m)(n+m+1) Ament1)
L O0O<n<m-1)
Let: < ) 2>< ) ( )2>
~ ((+ 1) =m (n+1)"—(m+1
Wnn = 4(}’l+1)(}’l+2) s (05n§m—2)
_ n-m)(n-m+1)n+m+1)(n+m+2) L O<n<m-2)

4n+1)(n+2)
= Amn+2) = (_1)1 W nn@mn

v m=m)n-m+Dm+m+1)(n+m+2) 3
= (-1 A+ D(n+2) Amn O0O<n<m-2)
= Amned) = (_1)1Wm(n+2)am(n+2) , 0<n<m-4)
= (_l)le(n+2)Wmnamn ) (0 <n<m _4)
! ((n+2)—m)((n+2)—m+1)((n+2)+m+1)((n+2)+m+2)a
4(n+2)+1)((n+2)+2) m(m+2)
5 ; ; A 0<n<m-4)
-y G e i<y
_ ! m-m+2)n-m+3)n+m+3)(n+m+4) 1! (n—m)(n—m+1)(n+m+1)(n+m+2)a
4n+3)(n+4) 4n+1)(n+2) "
, 0<n<m-4)
((n—m+(4—1))! )((n+m+4)!)
R
(=)
= Apni6) = ~Winnia)Ampnia) = U’ W4y Wongus2) Wonn @ , 0<n<m-6)
((n—m+(6—l))! )((n+m+6)!)
(=)
= Am(ne2k) - (21 m(us2G-1)) = (D) Wty Won@mn 5 (0 < n < m —2k)
(m—m+ Q2k-1))! )((n+m+2k)!
_ 1\* (n—m-1)! (n+m)!
_ (‘Z) ((n+2k)!) A (0 <n<m-2k)
n!
So:
((0—m+(2k—1))! )((O+m+2k)!)
k —m—1N !
Am(0+2k) = (—%) O=m 1)(b+2k)! O+ m): aAmo (0 < m-—2k)
0!
(m+ k=) \ [ (m+26)!
_(_1 "( —(m+1)! )( m! )
= (_Z> (Zk)' aAmo 5 (2k S m)
0!
m+ k=) \ [ (m+26)!
AT I
= b = (‘%) ( = )(2k))!( - )"’"0 (2k < m)
((1—m+(2k—1))! )((l+m+2k)!)
1) !
Am(142k) = (—%)k d-m 1)('1 26! L+ m): am , (1+2k<m)
1!
A =m+Qk=1))!\ /(1 +m+2k)!
= aAm1+2k) = (-%)k ( ! a +22)(! (Lt m): ) Aml (1+2k < m)
= buer) = (2k—131()2(];l_:+13n ey Ami+1) , (0<2k<m-1)
((1—m+(2k—1))! )((1+m+2k)!)
— b _ 2(2k+1) <_l>k —m! (1+m)!
" = o k—m)Qk+m+ 1)\ 4 (1 +2k)! dml
, (0<2k<m-1)
(A =m+ Q=) \ [ (m+2K)!
) _<_L>k2( -m! )((l+m)!)
meh =\ 2k — m)(2k)! mt
, (0<2k<m-1)
= bni-1) = — 4k Am(2k) , (1=2k<m)

2k —1—m)(2k + m)



( (m+ 2k-1))! )( (m + 2k)! )
o 4k 1Y —(m+1)! m!
= by = 2k — 1= m)(2k + m) ( 4> (2k)! mo
, (1 <-2k<m)
2( (m+ (2k-1))! ( (m+2k-1)! )
_ (1)t —(m+1)! m!
= bt ==(- ) Qk—1—m)(2k—1)! @l
, (1<2k<m)
C
me = #aml
2 m(m+ 1)
bml = _M m0 ) (m = 1)
\
( ((m+(2k—1))!>((m+2k)!)
k —(m+1)! !
Amk) = (_%> e (2k)! = dmo » (0=2k=m)
= J ((1—m+(2k—1))!) (1 +m+2k)!
1\* —m! (1+m)!
Am(142k) = (—Z> (11 26)! am , (1=<2k<m-1)
3 ((1—m+(2k—1))')((m+2k)!)
—m! 1 +m)!
bucw = (1) ey dxmt /,, . (0<2%k<m—1)
2( (m+ (2k-1))! )( (m+2k—-1)! )
k —(m+1)! m!
bm@ik-1) = —(—%) ((2k—)l k= 1)1 amo , (1 <2k<m)
oo '
So, the half-integer Bessel ODE solutions may be written:
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The transformation: z = vx
of the HLODE:
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yields the general Bessel HLODE:
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Thus, the above simplified Bessel HLODE is equivalent to transforming to

the general Bessel HLODE - for any A

; 50, in particular, for A = 1
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