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Abstract: In this paper we introduce a very interesting property of
the Laurent expansion in connection with the division by zero calculus and
Euclid geometry by H. Okumura ([14]). The content may be related to
analytic motion of figures. We will refer to some similar problems in the
spectral theory of closed operators.
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1 Okumura’s results

First, we recall Okumura’s results from ([14]). Let C' be a point on the
segment AB such that |BC| = 2a and |CA| = 2b. We consider the three
circles «a, f and v with diameters C'B, AC and AB, respectively. We use
a rectangular coordinates system with origin C' such that the point B has
coordinates (2a,0). We call the line AB the baseline. Let ¢ = a + b and
d = v/ab/c. Then, we have:

A circle 7y, touches the circles o and [ if and only if it has radius r} and
center of coordinates (x7,yY) given by

b—a abce

c2z?2 —ab

r] =lq}| and (SCZ,yZ)Z( .

q;, 2261;’) , where q] =

for a real number z # +£d.

The circle v, touches a and (3 internally (resp. externally) if and only
if |z] < d (resp. |z| > d). The external common tangents of o and  have
following equations:

(a — b)z F 2V aby + 2ab = 0,

which are denoted by v4g4.

The distance between the center of the circle 7, and the baseline equals
2|z|r7).

The ratio of the distance from the center of 7, to the perpendicular to
the baseline at C' to the radius of ~, is constant and equals to |a — b|/c for

z # +d.
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Let g.(x,y) = (z — 20)* + (y — y2)?> — (r7)%. Then g.(z,y) = 0 is an
equation of the circle v, for z # +d. Let

g(z,y) = +Cah(z—d)?+C 1(z—d) '+ Co+ Ci(z —d) + -+~
be the Laurent expansion of ¢,(z,y) around z = d, then we have
=04 =03=0_,5=0,

C_y = d((a — b)x — 2V aby + 2ab),
a—b\’ NN A ES T RN
Co={r=—) v ) - 4 ’
1
2

C, = — (__> ((a = b)x +2Vaby + 2ab), forn=1,2,3,- .

Therefore C'_; = 0 gives an equation of the line 74. Also C,, = 0 gives an
equation of the line y_4, forn =1,2,3,---.



Let € be the circle given by the equation Cy = 0. Then, it has the follow-
ing beautiful properties that were given in [15]:

(i) The points, where -, touches o and f3, lie on e.
(ii) The radical center of the three circles a, 8 and € has coordinates (0, —v/ab),

and lies on the line v_g.

(iii) The radical axis of the circles € and 7 passes though the points of co-
ordinates (0,3v/ab) and (2ab/(b — a),0), where the latter coincides with the
point of intersection of v, and ~v_g.

The y-axis meets 7 and 714 in the points of coordinates (0, j:2\/%) and
(0, i\/@), respectively. Hence the six points, where the y-axis meets v, V+q4,
the baseline, the radical axis of v and ¢, are evenly spaced. Reflecting the
figure in the baseline, we also get similar results for the Laurent expansion
of g.(z,y) around z = —d.

Meanwhile, for the Laurent expansion of g,(z,y) around z = 0, we have:
'~~:C_3:C_2:C_1:O’

Co = (x — 2a)(x +2b) + 4 = go(x, ),
4(a + b)"

= (ab)(n_l)/2y3 n=135,--,
and 2a +b) 2ab
a—+b)" a
Cn——W(a—b)<x—b_a), n—2,4,6,-~~.
Therefore Cy = 0 is an equation of the circle vy. C,, = 0 is an equation of the
z-axis forn = 1,3,5, -, and C,, = 0 is an equation of the line x = 2ab/(b—a)
for n =2,4,6,- - . This line passes through the point of coordinates

2ab
(7250)

which is denoted by E. Notice that if a circle touches o and S at two points
P and @), respectively, then the line PQ passes through F.

For more beautiful properties and Figures, see [15].

In particular, we would like to recall that:

David Hilbert:



The art of doing mathematics consists in finding that special case which
contains all the germs of generality.

Look 4 points on the red circle and 6 points on the y axis; they are very
beautiful. The circle was discovered by the division by zero calculus.

2 From the division by zero calculus

In the equation g,(x,y) = 0, when we apply the division by zero calculus
at z = d we obtain the equation of €. Meanwhile, in the equation (z —
d)g.(z,y) = 0, when we apply the division by zero calculus at z = d we
obtain the equation of v, ([10]).

Meanwhile, in the equation g,(x,y) = 0 by letting z — +o0, we obtain
the point of C.

Here, in particular note the very interesting fact that around +d the
equation g,(z,y) = 0 represents the circle taching both circles «, 8 even near
+d, however, the function g,(x,y) has poles of order one at +d, it looks
like oo that is a contradiction with g.(x,y) = 0. This fact will show some
naturality of the division by zero calculus at +d.

For many differential equations with analytical and isolated singularities,
this property is similar and we have interesting and general problems.

For an analytic function W = f(z) on a domain D, of course, we have
W —f(z2)=0, zeD.
Then, note that for any a € D and for any integer n,

W —f(z)

=0 e D.
G—ar = °

For the division by zero and division by zero calculus, see the references.

3 Analytic motion of figures

The equation g,(z,y) = 0 may be understood as an analytic motion of the
circles 7, with parameter z. Then, the problem may be considered as a
general concept in mathematics.



As a simple and typical case, we will recall that for a general ordinary
differential equation, we have a general solution with an arbitrary constant
C; that is the general solution may be, in general, represented by using an
analytic parameter.

For example, recall Clairau’s differential equation

, 1

y=yr+—
yl

and its general solutions containing any real number & are

1
y=x€+ —.
3
Here note that as the singular solution of the differential equation and as the
envelop of the general solutions, we have the parabolic curve

y? = 4dx.

Firstly, note that for £ = 0, we have y = 0 by the division by zero and it
is a very natural solution of the Clairau’s equation.

In connection with the Okumura’s Laurent expansion, we have already
the expansion at £ = 0. Then, we obtain the results that

C'_lzl,C'o:—y,C'lzx

and other Laurent expansion coefficients are all zero.

We see certainly that the coefficients Cy and C; have their meanings for
the general solutions. However, the Clairau’s equation is given by the very
general way

y=zyl+ f(y),
and so it certainly seems that the Okumura’s Laurent expansion is mysteri-
ous.
Meanwhile, we recall another example by Okumura ([7]):
On the sector
™
A, = {|argz| <ol<ac< E}’

we shall change the angle and we consider a circle C,,a > 0 with a fixed
radius a inscribed in the sectors. We see that when the circle tends to +oo,
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the angles o tend to zero. How will be the case @« = 07 Then, we will not
be able to see the position of the circle. Surprisingly enough, then C, is the
circle with its center at the origin 0. This result is derived from the division
by zero calculus for the formula

a

k=——m:
sin «v
The two lines arg z = o and arg z = —a were tangential lines of the circle C,,
and now they are the positive real line. The gradient of the positive real line
is of course zero. Note here that the gradient of the positive y axis is zero
by the division by zero calculus that means tan 5 = 0. Therefore, we can
understand that the positive real line is still a tangential line of the circle C.
Here note the expansion:

b a _a+aa+7aa3+31aa5+
sinaa a6 369 15120

The Okumura’s Laurent expansion is very curious, because all the Lau-
rent expansion coefficients have their graphic meanings.

When we consider the Laurent expansion of the function g, (z,y) we con-
sider, of course, that x, y are fixed. However, when we consider the expansion
with the equation g,(z,y) = 0, 2,y are depending on z.

Why the Okumura’s Laurent expansions are so beautiful?

4 Spectral theory for closed operators

In the Okumura Laurent expansion, the coefficients C_; and Cy are, in par-
ticular, important and we can see some beautiful relations among the Laurent
expansion coefficients. We will be able to see the similar interesting proper-
ties in the spectral theory for closed operators.

If 1t is isolated in the spectrum o of a closed operator A : D(A) C X — X,
the resolvent R(\, A) of A at the point A can be expanded as a Laurent series

[e.9]

ROA) = 3 (=)',

n=—oo

on a ring domain 0 < |\ — p| < § with some small 6 > 0. The coefficients U,
of this expansion are bounded operators. In particular, U_; is the spectral
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projection P corresponding to the decomposition o(A) = {u} U (c(A) \ p) of
the spectrum of A.
In general, we have, for any n,m > 0

Ui = (A — )" P

and
Utnt1) - Unt1) = Unmet1)-

See [2], Chapter 4 for the details.
Then, by the division by zero calculus, we can consider the operator U
that is corresponding to the Laurent coefficient for n = 0.

References

[1] W. W. Déumler, H. Okumura, V. V. Puha and S. Saitoh, Horn Torus
Models for the Riemann Sphere and Division by Zero, viXra:1902.0223
submitted on 2019-02-12 18:39:18.

[2] K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolu-
tion Equations, Graduate Texts in Mathematics 194, Springer (2000).

[3] M. Kuroda, H. Michiwaki, S. Saitoh and M. Yamane, New mean-
ings of the division by zero and interpretations on 100/0 = 0 and
on 0/0 = 0, Int. J. Appl. Math. 27 (2014), no 2, pp. 191-198, DOI:
10.12732/ijam.v27i2.9.

[4] T. Matsuura and S. Saitoh, Matrices and division by zero z/0 = 0,
Advances in Linear Algebra & Matrix Theory, 6(2016), 51-58 Published
Online June 2016 in SciRes. http://www.scirp.org/journal/alamt
http://dx.doi.org/10.4236 /alamt.2016.62007.

[5] T. Matsuura, H. Michiwaki and S. Saitoh, log0 = logoo = 0 and
applications, Differential and Difference Equations with Applications,
Springer Proceedings in Mathematics & Statistics, 230 (2018), 293-305.

[6] H. Michiwaki, S. Saitoh and M. Yamada, Reality of the division by zero
2/0 = 0, IJAPM International J. of Applied Physics and Math. 6(2015),
1-8. http://www.ijapm.org/show-63-504-1.html



[7]

[10]

[11]

[12]

[13]

[15]

[16]

[17]

H. Michiwaki, H. Okumura and S. Saitoh, Division by Zero z/0 = 0 in
Euclidean Spaces, International Journal of Mathematics and Computa-
tion, 28(2017); Issue 1, 1-16.

H. Okumura, A Chain of Circles Touching a Circle and Its Tangent and
Division by Zero, viXra:2001.0034 submitted on 2020-01-03 01:08:58.

H. Okumura and S. Saitoh, The Descartes circles theorem and division
by zero calculus, https://arxiv.org/abs/1711.04961 (2017.11.14).

H. Okumura and S. Saitoh, Remarks for The Twin Circles of Archimedes
in a Skewed Arbelos by H. Okumura and M. Watanabe, Forum Geomet-
ricorum, 18(2018), 97-100.

H. Okumura and S. Saitoh, Applications of the division by zero calcu-
lus to Wasan geometry, GLOBAL JOURNAL OF ADVANCED RE-
SEARCH ON CLASSICAL AND MODERN GEOMETRIES” (GJAR-
CMG), 7(2018), 2, 44-49.

H. Okumura and S. Saitoh, Wasan Geometry and Division by Zero Cal-
culus, Sangaku Journal of Mathematics (SJM), 2 (2018), 57-73.

H. Okumura and S. Saitoh, Values of the Riemann Zeta Function by
Means of Division by Zero Calculus viXra:1907.0437 submitted on 2019-
07-23 20:48:54.

H. Okumura, Pappus Chain and Division by Zero Calculus,
viXra:2006.0095 submitted on 2020-06-11 17:00:55.

H. Okumura, A Mystery Circle Arising from Laurent Expansion,
viXra:2009.0052 submitted on 2020-09-07 10:04:06.

H. Okumura and S. Saitoh, Division by Zero Calculus and Euclidean Ge-
ometry - Revolution in Euclidean Geometry, viXra:2010.0228 submitted
on 2020-10-28 21:39:06.

S. Pinelas and S. Saitoh, Division by zero calculus and differential equa-
tions. Differential and Difference Equations with Applications. Springer
Proceedings in Mathematics & Statistics, 230 (2018), 399-418.

S. Saitoh, What Was Division by Zero?; Division by Zero Calculus and
New World, viXra:1904.0408 submitted on 2019-04-22 00:32:30.

9



[19]

[20]

[21]

[22]

S. Saitoh, Fundamental of Mathematics; Division by Zero Calculus and
a New Axiom, viXra:1908.0100 submitted on 2019-08-06 20:03:01.

S. Saitoh, Essential Problems on the Origins of Mathematics; Division
by Zero Calculus and New World Authors, viXra:1912.0300 submitted
on 2019-12-16 18:37:53.

S. Saitoh, Division by Zero Calculus, Derivatives and Laurent’s Expan-
sion, viXra:2001.0586 submitted on 2020-01-27 16:28:38.

S.-E. Takahasi, M. Tsukada and Y. Kobayashi, Classification of contin-
uous fractional binary operations on the real and complex fields, Tokyo
Journal of Mathematics, 38(2015), no. 2, 369-380.

10



