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The Bessel linear homogeneous ordinary differential equation (LHODE) with real parameter may be solved exactly using my "Vector
Space Transformation Technique" similarly to the usage to solve the "Exact Solution of All Half-Integer Bessel LHODE Formula" - using
"Exact solution of ODEs - Vector Space Transformation Technique - Part 2", Theorem I.1.

Corollary I.5: The real-parameter Bessel ODE solutions may be written:
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Proof:
As with Corollary I.1:
Given the half-integer Bessel ODE, from the main theorem:
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In the half-integer case, the integers are ued to determine the half-integer s rooted at 1
2
.

1

                                                                                                 Claude Michael Cassano 

                                                                                                                     (c) 2020 

 

 

                                                                                                                                                                     Abstract

------------------------------------------------------



For the real case, the s are used to determine the partition of  .
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Thus, the solutions of the real Bessel HLODE are "quantized" by whole
number k for each  .
(So, aparently, the Froebenius series solution is either the solution for the
minimum k for each  ; or the solution for lim

k
k for each  .)

So, ODE’s transforming to or from the Bessel ODEs will have this same
characteristic.
And, use of series solutions, given-point(s)-value problem solutions, and Green’s
function solutions may produce limited results.

In order to obtain a solution of the form consistent with the half-integer solutions; for each half-integer solution choose
um & vm as inhomogeneous functions:
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The first data point of the partitions of um & vm is at k  0  k    0 .
The second data point of the partition is at k  1  k     .
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NOTE: instead of using the index  the index k will be used:
(since m  k   and the final constants are arbitrary, so without loss of generaity)
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h
2

k  2h  1!
k  1!


j0

2h1

k  j    1

2h  1  k2h  k2h  1!
ak0 , 2h  k
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bk0  2
kk    1

ak1

bk1  
kk    1

2
ak0 , 0  n  k ,   1

k
 1
2
   0 , k 

ak2h   1
4

h

k  2h  1!
k  1!


j0

2h1

k  j    1

2h!
ak0 , 0  2h  k

ak12h   1
4

h

1  k  2h  1!
k!


j0

2h1

k  j    1

1  2h!
ak1 , 1  2h  k  1

bk2h   1
4

h
2

1  k  2h  1!
k!


j0

2h1

k  j    1

2h  k2h  k  12h!
ak1 , 0  2h  k  1

bk2h1    1
4

h
2

k  2h  1!
k  1!


j0

2h1

k  j    1

2h  1  k2h  k2h  1!
ak0 , 1  2h  k

So, the real-parameter Bessel ODE solutions may be written:



Y1k  vkJ 1
2
 ukJ 1

2

Y2k  ukJ 1
2
 vkJ 1

2

uk  
j0

k
2

ak2jx
2j 

j0

k
2

ak2j1x
2j1

vk  
k0

k
2

bm2kx
2k 

j0

k
2

bk2j1x
2j1

where :

bk0  2
kk    1

ak1

bk1  
kk    1

2
ak0 , 0  n  k ,   1

k
 1
2
   0 , k 

ak2h   1
4

h

k  2h  1!
k  1!


j0

2h1

k  j    1

2h!
ak0 , 0  2h  k

ak12h   1
4

h

1  k  2h  1!
k!


j0

2h1

k  j    1

1  2h!
ak1 , 1  2h  k  1

bk2h   1
4

h
2

1  k  2h  1!
k!


j0

2h1

k  j    1

2h  k2h  k  12h!
ak1 , 0  2h  k  1

bk2h1    1
4

h
2

k  2h  1!
k  1!


j0

2h1

k  j    1

2h  1  k2h  k2h  1!
ak0 , 1  2h  k



The simplest way to transform

Y i
z  1z Y i

z   2

z2
 1 Y iz  0

into the general Bessel HLODE is as follows:
Let: z  x

 Y i
x  1

x Y i
x   2

x2
 1 Y ix  0

 d2

dz2
Y ix  1

x
d
dz
Y i
x   2

x2
 1 Y ix  0

 d
dz

dx
dz

d
dx
Y ix  1

x
dx
dz

d
dx
Y i
x   2

x2
 1 Y ix  0

 d
dz

1

d
dx
Y ix  1

x
1

d
dx
Y i
x   2

x2
 1 Y ix  0

 dx
dz

d
dx
1

d
dx
Y ix  1

x
1

d
dx
Y i
x   2

x2
 1 Y ix  0

 1


d
dx
1

d
dx
Y ix  1

x
1

d
dx
Y i
x   2

x2
 1 Y ix  0

 1
2

d2

dx2
Y ix  1

2
1
x
d
dx
Y i
x   2

x2
 1 Y ix  0

 d2

dx2
Y ix  1x

d
dx
Y i
x   2

x2
 2 Y ix  0
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Thus, the above simplified Bessel HLODE is equivalent to transforming to
the general Bessel HLODE.
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