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Abstract

Using the Maeda-Ogasawara-Vulikh representation theorem and sliding hump-type
techniques, we prove some Dieudonné-type theorems for k-triangular set functions, taking

values in lattice groups.

1 Introduction

The non-additive set functions have been the object of several studies and applications in
Mathematics, and are useful, for example, to model various forms of uncertainty. They are
also an important tool in decision support systems (for instance, belief, plausibility, possibility,
see e.g. [1, 6, 8,9, 10, 11] and the references therein). In [1] it is dealt with the so-called
M -measures, namely increasing set functions, continuous from above and from below and
compatible with respect to finite suprema and infima. In [9], different kinds of non-additive set
functions, among which k-triangular set functions, are investigated. In [5] some kinds of limit
theorems are proved for k-triangular set functions, both when the concepts of (s)-boundedness,
regularity, continuity with respect to a topology and continuity from above at () are given with
respect to a single regulator or order sequence and when they are formulated like in the classical
setting.

In this paper we continue the investigation done in [5] and prove some Dieudonné-type

theorems, in which the concepts of (s)-boundedness and regularity are intended like in the
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classical case, extending some results earlier proved in [3, 4, 7]. We use the tool of the Maeda-
Ogasawara-Vulikh representation theorem of lattice groups as suitable subgroups of continuous
extended real-valued functions. We find a suitable meager set in whose complement it is pos-
sible to apply the versions of limit theorems obtained for real-valued k-triangular set functions
(see also [5, 9]). Observe that, differently than in the finitely additive case, a bounded k-
triangular set function is not necessarily (s)-bounded. So, we consider the tool of the disjoint

variation. Moreover, we show that our approach includes also the finitely additive case.

2 Preliminaries

We begin with recalling the following basic concepts on lattice groups (see also [5] and the
references therein).

A sequence (p,), of positive elements of R is an (O)-sequence iff it is decreasing and

A bounded double sequence (ar;);; in R is a (D)-sequence or a regulator iff (a.;), is an
(O)-sequence for any t € N.

o0

A lattice group R is weakly o-distributive iff /\ (\/ atﬁp(t)) =0 for any (D)-sequence

peNN t=1
(at)t-

A sequence (x,), in R is said to be order convergent (or (O)-convergent ) to z iff there
exists an (O)-sequence (0,), in R such that for every p € N there is a positive integer ny with
|z, — x| < o, for each n > ng, and in this case we write (O) lim z,, = .

A sequence (z,,), in R is order Cauchy (or (O)-Cauchy ) iff there is an (O)-sequence (7,),
in R such that for every p € N there is a positive integer ny with |z, — z,| < o, for each n,
q > ngp, and in this case we write (O) lim z,, = x.

Observe that, in a Dedekind compqete lattice group, every (O)-Cauchy sequence is (O)-
convergent (see also [5]).

We now recall the Maeda-Ogasawara-Vulikh theorem, which gives a representation of lattice
groups as subsets of continuous extended real-valued functions defined on suitable topological
spaces (see also [5, Theorem 1.2.11]). From now on, we denote by the symbols \/ and A
the supremum and infimum in R and by sup and inf the pointwise supremum and infimum,

respectively.

Theorem 2.1 Given a Dedekind complete lattice group R, there exists a compact extremely
disconnected topological space §2, unique up to homeomorphisms, such that R can be embedded

isomorphically as a subgroup of Coo() = {f € R : f is continuous, and {w : |f(w)| = +o0}
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is nowhere dense in Q2}. Moreover, if we denote by @ an element of Cx(S2) which corresponds
to a € R under the above isomorphism, then for any family (a))rea of elements of R with

R>ay= \/ ay (where the supremum is taken with respect to R), we get ag = \/ ay with respect

A N
to Coo(§2) and ap(w) = sup ay(w) in the complement of a meager subset of 2. The same is true
A

for/\a,\.
A

Now we deal with some basic properties of lattice group-valued set functions (see also [5, 9]).
From now on, R is a Dedekind complete lattice group, €2 is as in Theorem 2.1, GG is an infinite
set, Y is a g-algebra of subsets of G, m : ¥ — R is a bounded set function, k is a fixed positive
integer, G and H are two sublattices of ¥ such that G is closed under countable disjoint unions

and the complement of any subset of H belongs to G.

Definitions 2.2 (a) Given a set function m : ¥ — R and a lattice £ C X, the semivariation
of m with respect to £ is defined by ve(m)(A) := \/{Im(B)|: Be€ &, B C A}, Ae X. We
often denote by v(m) the semivariation of m with respect to 3.

(b) We say that m is k-triangular on ¥ iff m(A) — km(B) < m(AU B) < m(A) + km(B)
whenever A, B € ¥, AN B = (), and 0 = m(0) < m(A) for each A € X.

Now we recall the following property of the semivariation.

Proposition 2.3 ([5, Proposition 1.4.10]) If m : ¥ — R is k-triangular, then so is v(m).

Definitions 2.4 (a) Let £ be a sublattice of ¥. A set function m : ¥ — R is said to be
(s)-bounded on & iff for every disjoint sequence (Cp)p, in € we get (O) li}rln v(m)(Cy) =0. We
say that m is (s)-bounded iff it is (s)-bounded on X.

(b) The set functions m; : ¥ — R, j € N, are uniformly (s)-bounded on & iff

o0

(O)1im(\/ v(m,)(Ch)) =0

j=1

for each disjoint sequence (C,), in €. The m;’s are said to be uniformly (s)-bounded iff they
are uniformly (s)-bounded on £.

(c) A k-triangular set function m : ¥ — R is regular iff for each A € ¥ and W € H there
exist four sequences (Fy,)n, (F))n in H, (Gp)n, (G1), in G, with

F,CcCF,,2CACG, 1 CG, forallneN, (1)

WcCF,,  CG,CF, foranyneN, (2)
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and A\ [os(m) (G \ F)| = \ [es(m)(@,\ W)] =0,

(d) The k-triangular set functions m; : ¥ — R, j € N, are uniformly regular iff for any
A € ¥ and W € H there exist sequences (Fy,)n, (Gn)n, (F))n, (Gh)n satisfying (1) and (2), and
with

ALV vsm) @\ F)] =0

no
(e) The set functions m; : ¥ — R, j € N, are equibounded iff there is u € R with
im;j(A)] <wuforall j € Nand A C X.

3 The main results

Before giving our main results on limit theorems and their equivalence, we present some notions

and properties on k-triangular lattice group-valued set functions.

Proposition 3.1 ([5, Proposition 1.4.13]) Let m; : ¥ — R be a sequence of equibounded set
functions. Then the m;’s are k-triangular if and only if there is a nowhere dense set N, C ()

such that the set functions m;(-)(w) are real-valued and k-triangular for every w € Q\ N,.

Observe that in general, differently from the finitely additive case, it is not true that any

bounded k-triangular set function is (s)-bounded. For example, let G = [1, 2], set
m(0) = 0 and m(A) = sup A (3)

for each nonempty subset A of G. It is not difficult to see that m is subadditive, positive and
monotone, and hence m is 1-triangular. However, for any disjoint sequence (A,,),, of nonempty
subsets of G we get m(A4,) > 1 for every n € N, and so it is not possible to have lim m(A,,) = 0.
Thus m is not (s)-bounded. !

We consider the disjoint variation of a lattice group-valued set function (see also [9, 12]).

Definitions 3.2 (a) Let us add to R an extra element +oo, obeying to the usual rules. For

any set function m : ¥ — R, define the disjoint variation m : ¥ — R U {400} of m by

mi(4) =\ (3 Im(D)). ()

I el

where the involved supremum is taken with respect to all disjoint finite families {D; : i € I}
with D; C A for each i € I.

(b) A set function m is said to be of bounded disjoint variation on % (shortly, BDV') iff
m(G) € R, where m is as in (4).



Some examples and properties of BDV set functions can be found, for instance, in [5, 9]. We

now recall the following

Proposition 3.3 ([5, Proposition 1.4.18|) Let m : ¥ — R be a BDV set function, and R C
Coo(R2). Then there is a meager set N* C § such that the set function my, = m(-)(w) is
real-valued, BDV and (s)-bounded on X for every w € Q\ N*. Moreover, m is (s)-bounded on
3.

Our setting includes also the finitely additive case. Indeed we have the following

Proposition 3.4 ([5, Proposition 1.4.18]) Every bounded finitely additive measure m : ¥ — R
s BDV.

From now on, we assume that the involved set functions are BDV, without saying it
explicitly.
We recall the next Brooks-Jewett-type theorem, which extends [3, Theorem 3.1] to the

context of k-triangular set functions.

Theorem 3.5 ([5, Theorem 3.2.1]) Let m; : ¥ — R, j € N, be a sequence of k-triangular
equibounded set functions. Suppose that there is a set function mg : G — R such that the
sequence (m;); (O)-converges to mgy on G with respect to a single (O)-sequence.

Then there is a meager subset N C € such that for every w € Q\ N the real-valued set
functions m;(-)(w), j € N, are uniformly (s)-bounded on G for w belonging to the complement

of a meager subset of ). Moreover, the m;’s are uniformly (s)-bounded on G.

Before proving our versions of the Dieudonné theorem, we recall the following results, whose
proof is analogous to those of [2, Proposition 2.6] and [3, Theorem 4.4], and that of [5, Theorem
3.2.6], respectively.

Theorem 3.6 Let m; : X — R, j € N, be a sequence of equibounded, reqular and k-triangular

set functions, (O)-convergent to my on G with respect to a single (O)-sequence, and let A € 3,
W eH, (Fon, (Fl)n inH, (Gn)n, (Gh)n in G satisfy (1) and (2).
Then, /\[\/ v(my) (G \ Fn)} - /\{\/ v(m;)(GL\ W)| =o0.

n J n J

Theorem 3.7 Let (m;); be a sequence of reqular and k-triangular set functions, (O)-conver-

gent to mg on G with respect to a single (O)-sequence. Then the following assertions hold.
3.7.1) The set functions m;, j € N, are uniformly reqular on 3.
3.7.2) The sequence (m;(A)); is (O)-Cauchy in R for each A € ¥.
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3.7.3) If mo(A) := (0O)limm;(A), A € X, then mq is regular on X.
J

Now we prove uniform (s)-boundedness of the m;’s on H, extending [4, Theorem 3.1].

Theorem 3.8 Let m; : ¥ — R, j € N, be as in Theorem 3.7. Then the set functions m;,
j € N, are uniformly (s)-bounded on H.

Proof: Fix a disjoint sequence (H,), in ‘H, and put W,, := U Hp, neN.

h=1
At the first step, in correspondence with Wi, by monotonicity of vg and uniform regularity

on G (which follows from Theorem 3.7) we find two sequences (G} );, in G, (F7");, in H satisfying
(2), that is with Wy C F,, € G} C Fj® for any I, € N, and with the property that

A [\/ vg(my) (£, \Wl)] = A [\/ vg(m;)(GJ, \Wl)] =0. (5)

I J l1 J

Let D, := {F},G} : 1 € N}

At the second step, we use again uniform regularity, “countably many times”, that is taking
in (2), instead of W, the sets Wi' := W, U F}', as Iy varies in N, where the F’s, [; € N, are
the same as in (5).

So, for any l; € N, in correspondence with Wél, we determine two sequences (Gg)l2 in G,
(F{')i, in H (1 is fixed, I, variable), with W, C W3' C F}',, C G}} C F}* for any I € N, and

2

AV volmy)(F, \W;>] =/\ [\/ vg(m;) (G \ Wy') | = 0.
l2 ] l2 .7
Set Dy := {F}},G}} : 11,1, € N}

By induction, taking into account the (n — 1)-th step, we start with the sets Witlz-ln-1 .=
W, UF; UEMU...UF " here 1y, .1, € N. For every (fixed) Iy, ..., 1,1 € N, and

i1y ko1 s oo :
we find two sequences (G i, in G, (F] )i, in H, as [, varies in N, with

Iidoy Il ln— 1,0yl
W, C Wbttt ¢ preint o G 2int ¢ Pt for all , € N,

N [V volm)(EL Wb (6)
ln

= A [VJUG(mj)(Gﬁi """ P\ W l"’l)} =0.

ln

For every n € N, set D,, := {Flli """ Z’H,Gﬁi """ o1 li,...,l, € N}. Let D be the algebra
generated by the W,,’s and the D,,’s: note that D is countable. So there exists a meager set
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N, C Q with the property that all the expressions in (5), (6) are equal to 0 even if we replace
the lattice infima and suprema with the corresponding pointwise infima and suprema. Let N
be a meager subset of  such that the real-valued set functions m;(-)(w), j € N, are uniformly
(s)-bounded on G for w belonging to the complement of N (such a set exists, thanks to Theorem
3.5), and set N,, := N U N,. Fix arbitrarily € > 0 and w € 2\ N,,. Now, taking into account
Theorem 2.1, (5), (6) and monotonicity of v (since D is countable and we consider elements of
G), we prove by induction that for any n € N there are G,,,T,, € G N D,, F,, € H N D, with
w, cG, Cc F, CT,, and

v(m;(-)(w))(F, \ W,) < 22 +...+ ol

61—2% € 1
p— —_— = — ]___
41-1 2( 2n> @)

2

for all j € N. By Theorem 2.1 and (5) there exists a triple (Gy, Fy,T1) with

G, e GNDy,FL e HND,W, C Gy C Fy C T,
v(m;(-)(w))(F1 \ Wi) < o(my(+)(w))(T1 \ Wh) < v(my) (T \ Wh)(w) < %

whenever j € N. Moreover, if we suppose by induction the existence of a triple (G, F,, T,),
with

G, T,€G6ND,, F,e HNnD, W, C G, CF, CT,,
€ 1
(s ())) (B \ o) < ooy () (T \ Wa) < o)A W)w) < 5 (1= 51 )
for all j € N, by Theorem 2.1 and (6) there is a triple (G,41, Fly1, Tyy1) with

Gn+17Tn+1 € g mDnJrl;FnJrl S ﬁ1)n+1aI/Vn+1 U Fn - Gn+1 C Fn+1 - Tn+1>

v(m; ()W) (Fopr \ (Wasr U F)) < o(mi() () (Lo \ (Wapr U F))
< U<mj)(Tn+1 \ (Wht UE,))(w) <

g
k 2n+2

for any j € N. Now observe that, by Proposition 3.1, the set functions m;(-)(w) are k-
triangular, and hence, by Proposition 2.3, the set functions v(m;)(-)(w) are k-triangular too.

From this, taking into account monotonicity of the semivariation, it follows that

0y () @) (Fua \ W) < b o(ms (@) (Fass \ (Wt U Fy) +
b 0lms (Y )) (Fa \ W) € o o 0my ()(@)) (Fa \ Wa)

1 € € 1 )
(1 _ 2_n) bota=t (1 _ 2%1) for all j € N.
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We now turn to the given disjoint sequence (H,,),. From (7), for every j,n € N, taking into

account, k-triangularity of the semivariation, we get:

0 < w(m;(-)(w))(Hns1) < ko(m;()(@)(Gpir \ Fn) +
9

+ oy ()W) (Fa \ Wa) < ko(my()(@)(Gar \ Fa) + 5

Note that the sets G141 \ F,,, n € N, belong to G and are pairwise disjoint. Since w € Q \ N,
and N,, D N, then it follows that for n large enough (depending on w € Q \ N,,) it is

v(m; () (@) (G \ Fo) < 57

for all 7 € N, and so

v(m;(-)(w))(Hn) <€ (8)
for each j € N. Hence
inf [igg{sbm(v(mj(-)(w))(Hn))}] =0 (9)

for every w € Q\ N... Since countable unions of meager sets are still meager sets, for any
n € N it is
sup(v(my(-) (@) (Hy)) = {\/ (v(m;) (H,))}w) (10)
j .
J

for all w € 2\ N , where N is a suitable meager set. Without loss of generality, we can suppose

N O N,.,. From (9) and (10) it follows that, up to complements of meager sets,

AN AN @(my) (Ha))} () = 0. (11)

s n>s J

By a density argument, from (11) we obtain

ALV (V vo(m)(Ha))] = 0. (12)
s n>s j
By the arbitrariness of the chosen sequence (H,),, we get the uniform (s)-boundedness of the

m;’s on H. This ends the proof. O

Arguing as in [4, Theorem 3.2], it is possible to see that the m;’s are uniformly (s)-bounded
on the whole of X.

Theorem 3.9 Under the same hypotheses and notations as in Theorem 3.8, suppose also that

R is weakly o-distributive. Then the set functions m;, j € N, are uniformly (s)-bounded on X.

8



As a consequence of Theorems 3.5 and 3.9, we get the following Dieudonné-type theorem,

which extends [4, Corollary 3.3] to the non-additive setting.

Theorem 3.10 Letm;: X — R, j € N, be a sequence of equibounded, reqular and k-triangular
set functions, (O)-convergent to mgy on G with respect to a single (O)-sequence, and R be as in

Theorem 3.9. Then the m;’s are uniformly reqular and uniformly (s)-bounded on ¥.. Moreover,
if mo(A) == (0)limm;(A), A € X, then mq is well-defined, (s)-bounded and regular on X.
J

Acknowledgments: This research was partially supported by University of Perugia, the
G. N. A. M. P. A. (the Italian National Group of Mathematical Analysis, Probability and
Applications) and the projects “Ricerca di Base 2017” (Metodi di Teoria dell’Approssimazione
e di Analisi Reale per problemi di approssimazione ed applicazioni), “Ricerca di Base 2018”
(Metodi di Teoria dell’Approssimazione, Analisi Reale, Analisi Nonlineare e loro applicazioni)
and “Ricerca di Base 2019” (Metodi di approssimazione, misure, analisi funzionale, statistica

e applicazioni alla ricostruzione di immagini e documenti).

References

[1] K. Atanassov, Intuitionistic Fuzzy Sets: Theory and Applications, Physica-Verlag, Heidel-
berg, 1999.

[2] A. Boccuto and D. Candeloro, Dieudonné-type theorems for set functions with values in
lattice groups, Real Anal. Ezchange 27 (2001/2002), 473-484.

[3] A. Boccuto and D. Candeloro, Some new results about Brooks-Jewett and Dieudonné-type
theorems in (¢)-groups, Kybernetika 46 (6) (2010), 1049-1060.

[4] A. Boccuto and D. Candeloro, Uniform (s)-boundedness and regularity for (¢)-group-
valued measures, Cent. Eur. J. Math. 9 (2) (2011), 433-440.

[5] A. Boccuto and X. Dimitriou, Non additive lattice group-valued set functions and limit
theorems, Lambert Acad. Publ., Beau Bassin, 2017.

[6] D. Candeloro, A. Croitoru, A. Gavrilut and A.R. Sambucini, Atomicity related to non-
additive integrability, Rend. Circ. Mat. Palermo 65 (3) (2016), 435-449.

[7] D. Candeloro and G. Letta, Sui teoremi di Vitali-Hahn-Saks e di Dieudonné, Rend. Accad.
Naz. Detta XL, 9 (1985), 203-214.

[8] D. Candeloro, R. Mesiar and A.R. Sambucini, A special class of fuzzy measures: Choquet
integral and applications, Fuzzy Sets Systems 355 (2019), 83-99.

9



9] E. Pap, Null-Additive Set Functions, Kluwer Acad. Publishers/Ister Science, Bratislava,
1995.

[10] A. R. Sambucini, The Choquet integral with respect to fuzzy measures and applications,
Math. Slovaca 67 (6) (2017), 1427-1450.

[11] Z. Wang and G. J. Klir, Generalized Measure theory, Springer, Berlin-Heidelberg-New
York, 2009.

[12] Q. Zhang, Some properties of the variations of non-additive set functions I, Fuzzy Sets
Systems 118 (2001), 529-238.

10



