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Abstract

We give some limit theorems for sequences of lattice group-valued k-triangular set functions,

in the setting of filter convergence, and some results about their equivalence. We use the tool

of filter exhaustiveness to get uniform (s)-boundedness, uniform continuity and uniform regular-

ity of a suitable subsequence of the given sequence, whose indexes belong to the involved filter.

Furthermore we pose some open problems.

1 Introduction

Recently there have been many studies about limit theorems for lattice group-valued set functions.

A comprehensive treatment, together with a historical survey, can be found in [4, 5] (see also the

references therein). In [18] it is dealt with limit theorems for k-triangular real-valued set functions,

which have been extended to the lattice-group setting in [6, 7]. Some examples of k-triangular

functions are the Saeki measuroids (see also [19]), which are not necessarily monotone, the aggregation

functions (see also [16, 17]) and the M -measures, which are monotone continuous set functions,

compatible with respect to finite suprema and infima (see also [1]).

Here we prove some Brooks-Jewett, Vitali-Hahn-Saks, Nikodým and Dieudonné-type theorems in

the context of filter convergence and their equivalence, extending to k-triangular set functions earlier

results proved in [3, 5, 7, 9, 10, 11, 13, 14, 16, 17] in the setting of finitely and countably additive

measures. We use the tool of filter exhaustiveness, showing that it is essential to prove our main

results. We consider a P -filter F of N and a sequence of lattice group-valued measures mn, n ∈ N,

defined on a σ-algebra Σ, separable with respect to a suitable Fréchet-Nikodým topology, and filter

convergent pointwise on a countable dense subset of Σ with respect to a single order sequence. Using

filter exhaustiveness, we obtain the existence of the order filter limit set function on Σ and uniform
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(s)-boundedness, uniform τ -continuity, uniform continuity from above at ∅ and uniform regularity of

a subsequence of the type mn, n ∈M0, where M0 is a suitable element of the involved filter. Finally

we pose some open problems.

2 Preliminaries

Let R be a Dedekind complete lattice group. We begin with recalling the following basic concepts

(see also [4, 5]).

Definitions 2.1. (a) A sequence (σp)p of positive elements of R is said to be an (O)-sequence iff it

is decreasing and
∧
p

σp = 0.

(b) A bounded double sequence (at,l)t,l in R is a (D)-sequence or a regulator iff (at,l)l is an

(O)-sequence for any t ∈ N.

(c) A Dedekind complete lattice group R is said to be super Dedekind complete iff for every

nonempty set A ⊂ R, bounded from above, there is a finite or countable subset with the same

supremum as A.

(d) A lattice group R is weakly σ-distributive iff
∧
ϕ∈NN

( ∞∨
t=1

at,ϕ(t)

)
= 0 for every (D)-sequence

(at,l)t,l in R.

(e) A sequence (xn)n in R is said to be order convergent (or (O)-convergent ) to an element x ∈ R
iff there exists an (O)-sequence (σp)p in R such that for every p ∈ N there is a positive integer n0

with |xn − x| ≤ σp for each n ≥ n0, and in this case we write (O) lim
n
xn = x.

(f) We say that a sequence (xn)n in R is (O)-Cauchy iff there exists an (O)-sequence (τp)p such

that for every p ∈ N there is n∗ ∈ N with |xn − xq| ≤ τp for every n, q ≥ n∗.

(g) We call sum of a series
∞∑
n=1

xn in R the limit (O) lim
n

n∑
l=1

xl, if it exists in R.

Some examples of super Dedekind complete and weakly σ-distributive lattice groups are the space

NN of all permutations of N endowed with the usual componentwise order and the space L0(X,B, ν)

of all ν-measurable functions defined on a measure space (X,B, ν) with the identification up to ν-null

sets, where ν is a positive, σ-additive and σ-finite extended real-valued measure, endowed with almost

everywhere convergence (see also [4]).

We now recall the following basic properties of filters and filter order convergence in the lattice

group context (see also [2, 4, 8]).

Definitions 2.2. (a) A filter F of N is a nonempty collection of subsets of N with ∅ 6∈ F , A∩B ∈ F
whenever A, B ∈ F , and such that for each A ∈ F and B ⊃ A we get B ∈ F .

(b) A filter of N is said to be free iff it contains the filter Fcofin of all cofinite subsets of N.
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(c) A free filter F of N is a P -filter iff for every sequence (An)n in F there is a sequence (Bn)n in

F , such that the symmetric difference An4Bn is finite for all n ∈ N and
∞⋂
n=1

Bn ∈ F .

(d) Let R be a Dedekind complete lattice group and F be any free filter of N. A sequence (xn)n in

R (OF)-converges to x ∈ R iff there exists an (O)-sequence (σp)p such that {n ∈ N : |xn−x| ≤ σp} ∈ F
for any p ∈ N.

(e) We say that the sequence (xn)n in R is (OF)-Cauchy iff there exists an (O)-sequence (τp)p

such that for all p ∈ N there is a set Vp ∈ F with |xn − xq| ≤ τp whenever n, q ∈ Ap.

Remarks 2.3. (a) Observe that, when R = R, the (OF)-convergence coincide with the usual filter

convergence. Moreover, when F = Fcofin, (OF)-convergence is equivalent to (O)-convergence.

(b) Note that, in any Dedekind complete lattice group, a sequence is (OF)-convergent if and only

if it is (OF)-Cauchy.

(c) Observe that both the filter Fcofin and the filter of all subsets of N having asymptotic density

one are P -filters (see also [4]).

We now recall some notions and properties of submeasures and Fréchet-Nikodým topologies. Let

G be any infinite set and Σ be any σ-algebra of subsets of G.

Definitions 2.4. (a) A submeasure η : Σ → [0,+∞] is a set function with η(∅) = 0, η(A) ≤ η(B)

whenever A, B ∈ Σ, A ⊂ B, and η(A ∪B) ≤ η(A) + η(B) whenever A, B ∈ Σ and A ∩B = ∅. Note

that, if η is a submeasure, then η
( n⋃
i=1

Ai

)
≤

n∑
i=1

η(Ai) for all n ∈ N and A1, . . . , An ∈ Σ (see also [13,

§2]). It is well-known that, given a submeasure η on Σ, the function d(A,B) = η(A∆B), A, B ∈ Σ,

is a pseudometric (see also [21, §1]).

(b) A topology τ on Σ is said to be a Fréchet-Nikodým topology iff the functions (A,B) 7→ A∆B

(symmetric difference) and (A,B) 7→ A ∩ B from Σ × Σ (endowed with the product topology) to Σ

are continuous, and for each τ -neighborhood W of ∅ in Σ there is a τ -neighborhood U of ∅ in Σ such

that, if B ∈ Σ is contained in some suitable element of U , then B ∈W (see also [13, 21]).

Remark 2.5. Observe that a topology τ on Σ is a Fréchet-Nikodým topology if and only if there

exists a family of submeasures Z := {ηi : i ∈ Λ}, with the property that a base of τ -neighborhoods

of ∅ in Σ is given by the sets of the type Uε,J := {A ∈ Σ : ηi(A) < ε for all i ∈ J}, where ε ∈ R+ and

J varies in the class of all finite subsets of Λ (see also [13, Proposition 2.6 and Theorem 2.7]).

We now deal with some fundamental properties of lattice group-valued set functions (see also

[5, 15, 18, 20]). Let m : Σ→ R be a positive bounded set function and k be a fixed positive integer.

Definitions 2.6. (a) We say that m is k-subadditive on Σ iff m(∅) = 0 and

m(A ∪B) ≤ m(A) + km(B) whenever A,B ∈ Σ, A ∩B = ∅;

k-triangular on Σ, iff m is k-subadditive and

m(A)− km(B) ≤ m(A ∪B) whenever A,B ∈ Σ, A ∩B = ∅.
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(b) We call semivariation of m, shortly v(m), the set function defined by

v(m)(A) :=
∨
{m(B) : B ∈ Σ, B ⊂ A}, A ∈ Σ.

(c) Let E ⊂ Σ be a lattice. A set function m : Σ → R is said to be E-(s)-bounded iff there exists

an (O)-sequence (σp)p such that, for every disjoint sequence (Cl)l in E , (O) lim
l
v(m)(Cl) = 0 with

respect to (σp)p. We say that m is (s)-bounded iff it is Σ-(s)-bounded.

(d) We say that the set functions mn : Σ→ R, n ∈ N, are E-uniformly (s)-bounded on Σ iff there

exists an (O)-sequence (σp)p such that, for every disjoint sequence (Cl)l in E ,

(O) lim
l

(∨
n

v(mn)(Cl)
)

= 0

with respect to (σp)p. The mn’s are said to be uniformly (s)-bounded iff they are Σ-uniformly (s)-

bounded.

(e) We say that a set function m : Σ→ R is continuous from above at ∅ iff there is an (O)-sequence

(σp)p with (O) lim
l
v(m)(Hl) = 0 with respect to (σp)p, whenever (Hl)l is a decreasing sequence in Σ

with

∞⋂
l=1

Hl = ∅.

(f) The set functions mn : Σ→ R, n ∈ N, are said to be uniformly continuous from above at ∅ iff

there is an (O)-sequence (σp)p with

(O) lim
l

(∨
n

v(mn)(Hl)
)

= 0

with respect to (σp)p, for each decreasing sequence (Hl)l in Σ with
∞⋂
l=1

Hl = ∅.

(g) We say that the set functions mn : Σ→ R, n ∈ N, are equibounded on Σ iff there is an element

u ∈ R with |mn(A)| ≤ u for each n ∈ N and A ⊂ Σ.

Remark 2.7. Observe that continuity from above at ∅ of a k-triangular set function with respect

to an (O)-sequence (σp)p implies its (s)-boundedness with respect to the (O)-sequence ((k + 1)σp)p.

Analogously it is possible to check that uniform continuity from above at ∅ implies uniform (s)-

boundedness (see also [6, Remark 2.12]).

Definitions 2.8. (a) Let τ be a Fréchet-Nikodým topology. A set function m : Σ → R is said to

be τ -continuous on Σ iff it is (s)-bounded on Σ and for each decreasing sequence (Hl)l in Σ, with

τ -lim
l
Hl = ∅, we get (O) lim

l
m(Hl) = 0 with respect to a single (O)-sequence.

(b) The set functions mn : Σ → R, n ∈ N, are uniformly τ -continuous on Σ iff they are

uniformly (s)-bounded and for every decreasing sequence (Hl)l in Σ with τ -lim
l
Hl = ∅, we get

(O) lim
l

(∨
n

mn(Hl)
)

= 0 with respect to a single (O)-sequence.

(c) Let G, H be two sublattices of Σ, such that G is closed under countable unions, and the

complement of every element of H belongs to G. A set function m : Σ → R is said to be regular iff
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there exists an (O)-sequence (σp)p such that for every E ∈ Σ there are two sequences (Vl)l in G and

(Kl)l in H with Vl ⊃ E ⊃ Kl for every l ∈ N and such that for each p ∈ N there is l0 ∈ N with

v(m)(Vl \Kl) ≤ σp whenever l ≥ l0.

(d) The set functions mn : Σ → R, n ∈ N, are uniformly regular iff there is an (O)-sequence

(σp)p such that for any E ∈ Σ and n ∈ N there exist two sequences (Fl)l in H and (Gl)l in G, with

Vl ⊃ E ⊃ Kl for each l ∈ N and such that for each p ∈ N there is l0 ∈ N with
∨
n

v(mn)(Vl \Kl) ≤ σp

whenever l ≥ l0.

We now give the concept of (uniform) filter exhaustiveness, which plays a fundamental role in our

results.

Definition 2.9. Let τ be a Fréchet-Nikodým topology on Σ and F be a free filter of N. A sequence of

set functions mn : Σ→ R, n ∈ N is said to be F-exhaustive at ∅ (resp. uniformly F-exhaustive)with

respect to τ iff there is an (O)-sequence (σp)p such that for each p ∈ N there are a τ -neighborhood U

of ∅ in Σ and a set V ∈ F with |mn(F )| ≤ σp whenever n ∈ V and for any F ∈ Σ with F ∈ U (resp.

|mn(E)−mn(F )| ≤ σp whenever E, F ∈ Σ with E∆F ∈ U and for each n ∈ V ).

3 The main results

From now on, let R be a super Dedekind complete and weakly σ-distributive lattice group. We begin

with recalling the following results.

Proposition 3.1. (see also [4, Proposition II.2.19]) Let (xn,j)n,j be a double sequence in R, F be a

P -filter of N, let j ∈ N and suppose that

xj = (OF) lim
n
xn,j . (1)

Then there is a set B0 ∈ F with

(O) lim
n∈B0

xn,j = xj , (2)

and in (2) it is possible to take the same (O)-sequence as in (1).

Theorem 3.2. (see also [6, Theorems 3.3, 3.5, 3.6 and 3.10]) Let mn : Σ→ R, n ∈ N, be a sequence

of equibounded k-triangular set functions, such that the limit m0(E) := (O) lim
n
mn(E) exists in R for

every E ∈ Σ with respect to a single (O)-sequence. Then, the following results are true and equivalent.

3.2.1) If the mn’s are (s)-bounded on Σ, then they are uniformly (s)-bounded on Σ, and m0 is k-

triangular and (s)-bounded on Σ.

3.2.2) If the mn’s are continuous from above at ∅, then they are uniformly continuous from above at

∅, and m0 is k-triangular and continuous from above at ∅ on Σ.
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3.2.3) If τ is a Fréchet-Nikodým topology on Σ, and the m′ns are τ -continuous, then they are uniformly

τ -continuous, and m0 is k-triangular and τ -continuous on Σ.

Lemma 3.3. (see also [6, Lemma 3.4]) Let G and H be two sublattices of Σ, such that the complement

of every element of H belongs to G, mn : Σ→ R, n ∈ N, be a sequence of k-triangular and G-uniformly

(s)-bounded set functions. Fix W ∈ H and a decreasing sequence (Hl)l in G, with W ⊂ Hl for each

l ∈ N. If

(O) lim
l

( ∨
A∈G,A⊂Hl\W

mn(A)
)

=
∧
l

( ∨
A∈G,A⊂Hl\W

mn(A)
)

= 0 for every n ∈ N

with respect to a single (O)-sequence (σ)p, then

(O) lim
l

(∨
n

( ∨
A∈G,A⊂Hl\W

mn(A)
))

=
∧
l

(∨
n

( ∨
A∈G,A⊂Hl\W

mn(A)
))

= 0

with respect to (σp)p.

We recall the following Dieudonné-type theorem for k-triangular lattice group-valued set functions

Theorem 3.4. (see also [7, Theorem 3.3]) Let G, H be as in Lemma 3.3, mn : Σ → R, n ∈ N, be

a sequence of equibounded, regular, k-triangular and (s)-bounded set functions. Then the mn’s are

uniformly (s)-bounded and uniformly regular.

Now we prove the next result.

Theorem 3.5. Theorems 3.2 and 3.4 are equivalent.

Proof. Let mn : Σ → R, n ∈ N, be a sequence of (s)-bounded and regular equibounded k-triangular

set functions, with (O) lim
n
mn(E) = m(E) for each E ∈ Σ. By Theorem 3.2, the mn’s are uniformly

(s)-bounded. Choose arbitrarily E ∈ Σ, let (σp)p be an (O)-sequence in R and (Vl)l, (Kl)l be two

sequences in G and H, respectively, with Vl ⊃ E ⊃ Kl for each l ∈ N, associated with regularity

of the mn’s (in [7] it is shown that (Vl)l and (Kl)l can be taken independently of n). There exists

an (O)-sequence (σp)p with (O) lim
l
v(mn)(Vl \Kl) = 0 for every n ∈ N with respect to (σp)p. By

Lemma 3.3, we obtain (O) lim
l

(∨
n

v(mn)(Vl \Kl)
)

= 0 with respect to (σp)p, and thus we get global

regularity of the mn’s. So, Theorem 3.2 implies Theorem 3.4.

We now prove the converse implication. Let mn : Σ → R, n ∈ N, be a sequence of (s)-bounded

and equibounded k-triangular set functions, with (O) lim
n
mn(E) = m(E) for each E ∈ Σ. Of course,

if we take G = H = Σ, then the mn’s are regular on Σ. Uniform (s)-boundedness of the mn’s follows

directly from Theorem 3.4. This concludes the proof.

The following result about filter exhaustive k-triangular set functions extends [12, Proposition

VII.9] to lattice groups and the filter setting.
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Proposition 3.6. Let Σ be endowed with a Fréchet-Nikodým topology τ . If mn : Σ→ R, n ∈ N, is a

sequence of k-triangular set functions, then (mn)n is F-exhaustive if and only if (mn)n is uniformly

F-exhaustive on Σ.

Proof. We prove only the “only if” part, since the “if” part is straightforward. Let (σp)p be an (O)-

sequence and, in correspondence with p ∈ N, pick U and V , associated with the F-exhaustiveness of

(mn)n at ∅. Choose arbitrarily n ∈ V and E, F ∈ Σ with E4F ∈ U . Since τ is a Fréchet-Nikodým

topology on Σ, we can assume, without loss of generality, that E \ F ∈ U and F \ E ∈ U . Taking

into account k-triangularity of mn, we get

|mn(E)−mn(F )| ≤ |mn(E)−mn(E ∩ F )|+ |mn(F )−mn(E ∩ F )| ≤

≤ kmn(E \ F ) + kmn(F \ E) ≤ 2 k σp.

From now on, we give the following

Assumption 3.7. Let Σ be a σ-algebra, separable with respect to a suitable Fréchet-Nikodým

topology τ on Σ, and let B := {Fj : j ∈ N} be a countable τ -dense subset of Σ.

We prove the following result on k-triangular extensions of filter limit set functions taking values

in lattice groups, extending [3, Theorem 3.8].

Theorem 3.8. Under Assumption 3.7, let F be any free filter of N, mn : Σ → R, n ∈ N, be a

sequence of k-triangular set functions, uniformly F-exhaustive on Σ (with respect to τ), and suppose

that m(Fj) := (OF)lim
n
mn(Fj), j ∈ N, exists in R with respect to a single (O)-sequence. Then there

is a k-triangular extension m0 : Σ → R of m, with (OF)lim
n
mn(E) = m0(E) for every E ∈ Σ with

respect to a single (O)-sequence.

Proof. Let (σp)p be an (O)-sequence associated with the uniform F-exhaustiveness of the sequence

(mn)n, and choose arbitrarily E ∈ Σ. For each p ∈ N there exist a τ -neighborhood U of ∅ and a

set V ∈ F , with |mn(E) −mn(F )| ≤ σp for every F ∈ Σ with E∆F ∈ U and whenever n ∈ V . By

separability of Σ, there is j ∈ N with E∆Fj ∈ U . By the Cauchy criterion, there is an (O)-sequence

(ζp)p such that for each j, p ∈ N there is a set Z
(j)
p ∈ F with |mk(Fj) − mn(Fj)| ≤ ζp whenever

k, n ∈ Z(j)
p . In particular we get

|mk(E)−mn(E)| ≤ |mk(E)−mk(Fj)|+ |mk(Fj)−mn(Fj)|+

+ |mn(Fj)−mn(E)| ≤ 2σp + ζp

for any k, n ∈ V ∩ Z(j)
p . Again by the Cauchy criterion, there exists a set function m0 : Σ → R,

extending m, with (OF) lim
n
mn(E) = m0(E) with respect to a single (O)-sequence. It is not difficult

to see that m0 is k-triangular on Σ.
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Now we give our main limit theorems for lattice group-valued k-triangular set functions with

respect to filter convergence, extending [3, Lemma 3.9], [6, Theorems 3.3, 3.5, 3.6 and 3.10] to k-

triangular lattice group-valued set functions. Assume that F is a P -filter.

Theorem 3.9.

3.9.1) Let mn : Σ→ R, n ∈ N, be a uniformly F-exhaustive sequence of k-triangular set functions and

assume that the limit (OF)lim
n
mn(Fj) =: m(Fj) exists in R for every j ∈ N with respect to a

single (O)-sequence. Then there are a set M0 ∈ F and a k-triangular extension m0 of m, defined

on Σ, with (O) lim
n∈M0

mn(E) = m0(E) for each E ∈ Σ with respect to a single (O)-sequence.

3.9.2) (Brooks-Jewett (BJ)) If every mn, n ∈ N, is (s)-bounded, then there exists a set M0 ∈ F such

that the set functions mn, n ∈M0, are uniformly (s)-bounded on Σ.

3.9.3) (Vitali-Hahn-Saks (VHS)) Under Assumption 3.7, if each mn is τ -continuous, then there exists

M0 ∈ F , such that the set functions mn, n ∈M0, are uniformly τ -continuous on Σ.

3.9.4) (Nikodým (N)) If the mn’s, n ∈ N, are continuous from above at ∅, then there is M0 ∈ F , such

that the set functions mn, n ∈M0, are uniformly continuous from above at ∅.

3.9.5) (Dieudonné (D)) If each mn is (s)-bounded and regular, then there is a set M0 ∈ F such that

the set functions mn, n ∈M0, are uniformly (s)-bounded and uniformly regular on Σ.

Furthermore, the statements 3.9.j), j = 2, . . . , 5 are equivalent.

Proof. We first prove 3.9.1). By the uniform F-exhaustiveness of (mn)n, there is an (O)-sequence

(σp)p such that for every p ∈ N there are a τ -neighborhood Up of ∅ in Σ and a set M ′p ∈ F with

|mn(E) − mn(F )| ≤ σp whenever E, F ∈ Σ with E∆F ∈ Up and n ∈ M ′p. As F is a P -filter, in

correspondence with the sequence (M ′p)p there is a sequence (Mp)p in F such that Mp∆M
′
p is finite

for any p ∈ N and
∞⋂
p=1

Mp ∈ F . Let M :=
∞⋂
p=1

Mp and Zp := M \M ′p for all p ∈ N. Note that Zp is

finite for every p ∈ N, and so we get |mn(E)−mn(F )| ≤ σp whenever E, F ∈ Σ with E∆F ∈ Up and

n ∈ M \ Zp. Moreover, thanks to Proposition 3.1, we find a set B0 ∈ F such that for every j, p ∈ N
there is n ∈ B0 with |mn(Fj) −m(Fj)| ≤ σp whenever n ≥ n, n ∈ B0. Without loss of generality,

we can take n ∈ B0 ∩M . Set M0 := B0 ∩M : we get M0 ∈ F . Moreover the sequence mn, n ∈ M0,

is uniformly Fcofin-exhaustive and (O) lim
n∈M0

mn(Fj) = m(Fj) with respect to a single (O)-sequence.

From this and Theorem 3.8 applied to mn, n ∈ M0 and Fcofin we get the existence of a k-triangular

extension m0 of m, defined on Σ, with (O) lim
n∈M0

mn(E) = m0(E) for each E ∈ Σ and with respect to

a single (O)-sequence. Thus, M0 is the requested set, and 3.9.1) is proved.

The assertions 3.9.j), j = 2, . . . , 5 and their equivalence follow by observing that there exists a set

M0 ∈ F , satisfying 3.9.1), and by applying 3.2.1), 3.2.2), 3.2.3) and Theorems 3.4, 3.5 to the sequence

mn, n ∈M0, respectively.
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The following example shows that in general the hypothesis of uniform F-exhaustiveness cannot

be dropped.

Example 3.10. (see also [3, Example 3.11]) Let Σ = P(N), R = R, F be the filter of all subsets of

N of asymptotic density one, and define λ : Σ→ R by λ(A) =
∑
n∈A

1

2n
, A ∈ Σ. It is easy to see that Σ

is separable with respect to the Fréchet-Nikodým topology τ generated by λ (indeed, the set Ifin of

all finite subsets of N is countable and τ -dense in Σ).

For any A ⊂ N and n ∈ N set δn(A) = 1 if n ∈ A, and δn(A) = 0 if n ∈ N \ A. It is not difficult

to check that δn is a set function, continuous from above at ∅ for each n ∈ N, and that for every

W ∈ Ifin we have lim
n
δn(W ) = 0 and hence (OF) lim

n
δn(W ) = 0.

However, observe that for every δ > 0 there is a cofinite set Zδ ⊂ N with λ(Zδ) < δ, and hence

λ(E4F ) ≤ λ(Zδ) < δ whenever E ∪ F ⊂ Zδ. Note that for every infinite subset M ⊂ N , and even a

fortiori for each M ∈ F , it is possible to find an integer n ∈M large enough and two sets E, F ∈ Σ,

with E ∪ F ⊂ Zδ and n ∈ E \ F , so that |δn(E) − δn(F )| = δn(E) = 1. Thus the set functions δn,

n ∈ N, are not uniformly F-exhaustive on Σ. Moreover, it is not true that the limit (OF)lim
n
δn(A)

exists in N for every A ⊂ N. Indeed, let C ⊂ N be with C 6∈ F and N \C 6∈ F : note that such a set C

does exist (see also [4]). We have δn(C) = 1 if and only if n ∈ C and δn(C) = 0 if and only if n 6∈ C.

Let now l 6= 0 and ε0 :=
|l|
2
> 0. Then for each n ∈ N \ C we get |δn(C) − l| = |l| > ε0, and thus

{n ∈ N : |δn(C) − l| ≤ ε0} 6∈ F , because it is contained in C and C 6∈ F . When l = 0, take ε0 =
1

2
.

For every n ∈ C we have |δn(C)| = 1 > ε0. So, {n ∈ N : |δn(C)| ≤ ε0} 6∈ F , since it is contained in

N \ C and N \ C 6∈ F . Hence, the limit (OF)lim
n
δn(C) does not exist in R. Furthermore, given any

infinite subset M ⊂ N and k ∈ M , we get sup
n∈M

δn({k}) = 1, and so the set functions δn, n ∈ M , are

not uniformly (s)-bounded on Σ. �

Further developments. It is still an open problem, whether limit theorems for k-triangular set

functions hold also for other kinds of non-additive lattice group-valued set functions and whether it

is possible to find weaker conditions on the involved filter F in Theorem 3.9.
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