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Abstract

At least until about 20 years ago, we had very difficult inverse problems that are important in

many practical problems (fundamentals). These problems were indeed difficult in both

mathematics and numerical realizations of the solutions and so, they are called ill-posed

problems and very famous difficult problems. We were able to solve these problems in both

senses of mathematics and numerical problems by using the theory of reproducing kernels

applying the Tikhonov regularization. However, for the real inversion formula of the Laplace

transform, we needed the great power of computers by H. Fujiwara.
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H F(E)

E

f(p) = (f ,h(p))H, f ∈ H,

E
X : E → C

F E ∑

p,q∈F

X(p)X(q)k(p, q) ≥ 0.

(1)
K(p, q) E × E

K(p, q) = (h(q),h(p))H on E×E.

(I) (1) H
HK(E)

K(p, q)
(i) K(·, q) ∈ HK(E) q ∈ E (ii) f ∈ HK(E)

p ∈ E (f(·),K(·.p))HK(E) = f(p)

(II)

‖f‖HK(E) ≤ ‖f‖H

f HK(E)
f∗ ∈ H

f(p) = (f∗,h(p))H on E

‖f‖HK(E) = ‖f∗‖H.

(III) (1)

f 7→ f∗

(II) HK(E)



(1)
(1)

HK(E)

(1)

{vj}
H

vj(p) = (vj,h(p))H,

h(p) =
∑

j

(h(p),vj)Hvj =
∑

j

vj(p)vj.

h(p) =
∑

j

vj(p)vj,

h(·) =
∑

j

vj(·)vj.

(f,h(p))HK
=

∑

j

(f, vj)HK
vj.

HK = HK(E).

f ∈ HK

(f,h)HK
∈ H

p ∈ E

(f, (h(p),h(·))H)HK
= ((f ,h)HK

,h(p))H.

‖f‖HK
≤ ‖(f,h)HK

‖H.

{Fh(p); p ∈ E} H

(f0, (f ,h)HK
)H = ((f0,h)H, f)HK

for f0 ∈ N(L).



f∗

f∗ = (f ,h)HK
.

(f,h)HK
∈ H

H HK H =
L2(T, dm), HK ⊂ L2(E, dµ) T E

dm, dµ T,E dm, dµ−
L2

f(p) =

∫

T

F (t)h(t, p)dm(t).

h(t, p) T × E h(·, p) ∈ L2(T, dm), F ∈ L2(T, dm).

K(p, q) =

∫

T

h(t, q)h(t, p)dm(t) E × E.

HK L2(E, dµ)

{EN}∞N=1 E
E1 ⊂ E2 ⊂ · · · ⊂ · · · ,

⋃∞
N=1 EN = E,

∫
EN

K(p, p)dµ(p) <

∞, (N = 1, 2, ...).
f ∈ HK

∫
EN

f(p)h(t, p)dµ(p) ∈ L2(T, dm) N

{∫

EN

f(p)h(t, p)dµ(p)

}∞

N=1

F ∗ L2(T, dm)


HK

 H
 f∗





L2(R)

L2(R)

L
HK H

d H

inf
f∈HK

‖Lf − d‖H.

f ∈ HK d ∈ H

Lf = d.

d H f̃ HK

inf
f∈HK

‖Lf − d‖H = ‖Lf̃ − d‖H

Hk

k(p, q) = (L∗LK(·, q), L∗LK(·, p))HK

L∗d ∈ Hk.

f̃
HK

fd



fd(p) = (L∗d, L∗LK(·, p))Hk
E.

L∗ L

(L∗d)(p) = (L∗d,K(·, p))HK
= (d, LK(·, p))H

d, L,K(p, q) H

fd
L†d Lf = d

fd

d

L : HK → H
α

〈f1, f2〉HKα
= α 〈f1, f2〉HK

+ 〈Lf1, Lf2〉H

f1, f2 ∈ HK (HK , 〈·, ·〉HKα
)

Kα(p, q) = [(α+ L∗L)−1Kq](p).

Kα(p, q) K̃α(p, q)

K̃α(p, q) +
1

α
(LK̃q, LKp)H =

1

α
K(p, q),

K̃q = K̃α(·, q) ∈ HK q ∈ E, Kp = K(·, p) p ∈ E.



f ∈ HK 7→
{
α ‖f : HK‖2 + ‖Lf − d : H‖2

}
∈ R

fd,α ∈ HK

(fd,α)(p) = 〈d, LKα(·, p)〉H.

(fd,α)(p)

|(fd,α)(p)| ≤

√
K(p, p)

2α
‖d‖H.

α
d d′ fd,α(p)− fd′,α(p)

‖d − d′‖H

α

α

α

(LF )(p) = f(p) =

∫ ∞

0

e−ptF (t)dt, p > 0



R+

{∫ ∞

0

|F ′(t)|2
1

t
etdt

}1/2

F F (0) = 0 HK

K(t, t′) =

∫ min(t,t′)

0

ξe−ξdξ.

∫ ∞

0

|(LF )(p)p|2dp ≤
1

2
‖F‖2HK

;

(LF )(p)p HK L2(R
+, dp) =

L2(R
+)

g ∈ L2(R
+) α > 0

inf
F∈HK

{
α

∫ ∞

0

|F ′(t)|2
1

t
etdt+ ‖(LF )(p)p− g‖2L2(R+)

}

= α

∫ ∞

0

|F ∗′
α,g(t)|

2 1

t
etdt+ ‖(LF ∗

α,g)(p)p− g‖2L2(R+)

F ∗
α,g

F ∗
α,g(t) =

∫ ∞

0

g(ξ) (LKα(·, t)) (ξ)ξdξ.

Kα(·, t)  Kα,t′ = Kα(·, t
′), Kt =

K(·, t)

Kα(t, t
′) =

1

α
K(t, t′)−

1

α
((LKα,t′)(p)p, (LKt)(p)p)L2(R+).

F ∗
α,g(t)

t t t′

(LKα(·, t))(ξ) =
1

α
(LK(·, t))(ξ)−

1

α
((LKα,t)(p)p, (L(LK·)(p)p))(ξ))L2(R+).

K(t, t′) =

{
−te−t − e−t + 1 t ≤ t′

−t′e−t′ − e−t′ + 1 t ≥ t′.



(LK(·, t′))(p) = e−t′pe−t′
[ −t′

p(p+ 1)
+

−1

p(p+ 1)2

]
+

1

p(p+ 1)2
.

∫ ∞

0

e−qt′(LK(·, t′))(p)dt′ =
1

pq(p+ q + 1)2
.

(LKα(·, t))(ξ)ξ = Hα(ξ, t)

αHα(ξ, t) +

∫ ∞

0

Hα(p, t)

(p+ ξ + 1)2
dp = −

e−tξe−t

ξ + 1

(
t+

1

ξ + 1

)
+

1

(ξ + 1)2
,

α = 10−100, 10−400

HK(R+)

HK

HK E

{pj}
n
j=1

K(pj , pj′) := ajj′ .



A :=‖ ajj′ ‖
HA x = (x1, x2, ..., xn)

T

‖x‖2HA
= x∗Ãx,

Ã = A−1 = ‖ãjj′‖
HK

HA

f(p) = (f ,h(p))H, f ∈ H

{p1, p2, ..., pn},

f∗An

f(pj) = (f ,h(pj))H, f ∈ H

f∗An
=

n∑

j=1

n∑

j′=1

f(pj)ãjj′h(pj′),

ãjj′

An

ajj′ = (h(pj′),h(pj))H = K(pj , pj′).

An

{pj}
∞
j=1 E

n
HK f ∈ HK f(pj) = 0

f ≡ 0 H

lim
n→∞

f∗An
= f∗.

{pj} E

‖f‖2HK
= ‖f∗‖2H = lim

n→∞

n∑

j=1

n∑

j′=1

f(pj)ãjj′f(pj′).



{pj} E

f(p) = lim
n→∞

(f∗An
,h(p))H = lim

n→∞




n∑

j=1

n∑

j′=1

f(pj)ãjj′h(pj′),h(p)




H

= lim
n→∞

n∑

j=1

n∑

j′=1

f(pj)ãjj′K(p, pj′).

f(pj) j = 1, 2, ..., n

f(pj) j = 1, 2, ... f
HK f(pj) j = 1, 2, ... f HK

f HK

f(pj) j = 1, 2, ...,

f(pj) = αj , j = 1, 2, ..., n {pj}
f(p) E

f1(p)
f(pj) = αj , j = 1, 2, ..., n

f1(p) HK(E) f1(p)

f1(p) =

n∑

j=1

CjK(p, pj)

{Cj}

n∑

j=1

CjK(pj′ , pj) = αj′ , j
′ = 1, 2, ..., n.

‖K(pj′ , pj)‖

f2(p)

f2(p) = (f∗An
,h(p))H



f∗An

Ly := αy′′ + βy′ + γy.

I

Ly = g

g I

h {tj}
n
j=1 I

(α(tj), β(tj), γ(tj)) 6= 0

j yAh

yAh (t) =
1

2π

∫ π/h

−π/h

FA
h (ξ)e−itξdξ



FA
h ∈ L2(−π/h,+π/h) FA

h

L2(−π/h,+π/h) F ∈ L2(−π/h,+π/h)
χh(t) (−π/h,+π/h)

1

2π

∫

R

F (ξ)[α(t)(−ξ2) + β(t)(−iξ) + γ(t)]χh(ξ) exp(−itξ)dξ = g(t)

t = tj L2(−π/h,+π/h)
FA
h

FA
h (ξ) =

n∑

j,j′=1

g(tj)ãjj′(α(tj′)(−ξ2) + β(tj′)(−iξ) + γ(tj′)) exp(itj′ξ).

A = {ajj′}
n
j,j′=1

ajj′ = Khh(tj , tj′)

Khh(t, t
′) =

1

2π

∫

R

[α(t)(−ξ2) + β(t)(−iξ) + γ(t)][α(t′)(−ξ2) + β(t′)(−iξ) + γ(t′)]

·χh(ξ) exp(−i(t− t′)ξ)dξ

ãjj′ A
A

yAh

yAh (t) =
n∑

j,j′=1

g(tj)ãjj′
1

2π
[−α(tj′)

∫ π
h

−π
h

ξ2e−i(t−tj′ )ξdξ

+iβ(tj′)

∫ π
h

−π
h

ξe−i(t−tj′ )ξdξ + γ(tj′)

∫ π
h

−π
h

e−i(t−tj′ )ξdξ].

h

tj

I
I



I = R

(a, b) t1 = a tn = b
α(t1) = β(t1) = α(tn) = β(tn) = 0

yAh (t1) yAh (tn)

I

h
Khh(t, t

′)






