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Abstract:

In this article, with the help of introduced cross product in n-dimensional Euclidean space, the Jacobi identity
and Cramer’s rule for overdetermined system of linear equations are displayed.

1 Cross product in n-dimensional Euclidean space.

Let we have a matrix:

a1 ai2 A1n
a a . a
A= 21 22 2n (1)
Am1 Am?2 Amn,
as a;; € R - set of real numbers and m < n.
Let’s look on determinants of size m:
Ak = Z(_l)[l“zmlm]alil-a2i2---amim (2)

where 1 +24+3+... +m+i1 4+ 0o+ ... +i7,L=k,1§i17éi27é... ;éimgn
we will call (2) deteminants of matrix (1)

Theorem: Let we have a matrix:

aip G412 ... Gip4l
a a e Qa

A = 21 22 2n+1 (3)
anl  ap2 o Apn+l

Then all determinants of A are:
An(n+1)a An(n—‘,—l)—&-la ) An(n—i—2)

and if:
6((_1)n(n+2)An(n+2)7 () _An(nJrl)Jrla An(n+1))7
then
cep =0
el @
c.e, =0,
where €1, ..., &, are vector-rows in A
Proof:
We will show that:
all(il)n(nJrQ)Cl —+ alg(fl)”("+2)71C2 —+ ... = alnCn + (llncn+1 = 0, (5)

where C; is a determinant formed by A when removing i column from (3). Let’s view the cases for n are even and
odd, then (5) is an obvious, because it represents a expansion along the first row on:

aix  ai2 ... Qainp  QAin41
a1 a2 ... G1p QAin41
a21 a2 ... G2n A2p41
an1 an2 eee Ann Apn+1



and also:
Cl = An(n+2)a ceey CVn+1 = An(n+1)

Definition:
Cross product n - number n + 1-dimensional vectors :

—

€1(@115 ey Alng1)s -es En(@Qlns ooy Qpng1)s
we call vector:

6((_1)n(n+2)An(n+2)a [y _An(n+1)+17 A’rL(nJrl))

we will denote it with:

C=¢€1 Néey N ...E,

2 Cross product — base properties.

Property 1
ELAE N .8, = (—1)i2inlE NG A LLE
where:
11,19, ..., 1, — permutations on the numbers from 1 to n,
[i1,42, ..., in] — number of inversions of the respective permutation.
Proof:

The proof follows from the fact that in even inversion [iis...i5] = 2k, k € N in the coordinates on €1 A € A ...€y,

which are determinants, we change even number times the rows in coordinates, i.e. they retain their value.

Property 2

()\151) 74\ ()\252) VANAN (Angn) = Al)\g)\n(51 A€y A ... A gn), where A1, A2, ..., A\ € R

Proof:

Let we have: Ai1e1, \2€3, ..., A€y, then:

(/\1€_i) AN ()\263) VANPT /\()\ne_,;) = ((_1)n(n+2)An(n+2)7 ey An(n+1)) =

Aaig ... )\1611n+1 MA@ ... Maa,

g ey

((~1yrir+2)

)\1)\2--->\n(€1 ANéy A ...\ gn)

AnGn2  «-.  ApQpntil Alnl - AnGnn

)

Property 3
ELNG A AE A (B +bo+ oo b)) AGhga A e Ay =
ELNA B ADLACrga A e NG+ oo EL A el Ay A Eriga A oo A Ep
where:
é,y....@n € R by, .. by € R*TE
Proof:

Again it follows from the properties of the determinants.



Property 4

Let:
=€ Néy A ...\ €y, then |¢] =0 < when €], €5, ...€,are linearly dependent.

Proof:

Let:

—

e_i(a117 sy a1n+1)7 eeey en(anh ~~7ann+1) =

5((_1)n(n+2)An(n+2)’ ceny An(n+1)) =

[N

el =((E1 NExN...ANE).(EL NN ... NEy))

we consider the expression under the root:

a2 ... QAin+41 aixr ... Qin
an2 ... Apn+1 (075 I Ann
ail .. A1n A1n+1
=D
an1 cee Apn Apn+1
2
(71)n(n+ )An(n+2) e 7An(n+1)+1 A'rL(n—&-l)

Now, if €}, €3, ..., &, are linearly dependent, then D=0 = |¢] = 0. In the other direction we can start from D.

3 Scalar triple product.

Definition:
Let we have a vectors €1, €, ..., €n, €nr1 € R™TL. Scalar triple product on vectors €1, €s, ..., €n, €1 in this order,

we call scalar multiplication on vector:
E=€eLNeN...\Né,

with vector €, i.e. number:
k=(E1 N@ A...NEy)eEnt1

Property 5

(LA G A o ACy)Ens1 = E1L(Ba A e Ay A 1)

Proof:



Let:

—

61(011, Q12 -y a1n+1)
é(a21,a22, ..., 2n+1)

en(anlv An2y eeey ann+1)
€n+t1 (an+117 Ap4225 -+, a7L+1n+1)
a2 A1n+1
((71)n(n+2)
an2 Gnn+1
ail a12 A1n
a1 a22 Q2n
Gn1 an2 Qnn
Ap+11 Ap+22 Apn+1in @

From Property 5 =:

Property 6

=

a11 A1n
An4115 .-y an+1n+1) =

an1 Ann

A1n+1

a2n+1

=€1(Ea A ce A€y A Cpy1)
annJrl
n+ln+1

(ELA G A oo NE)Ers1 =

(BL A A o NE)Engr = (—1)lizinl(E A AL AE)EL .,

4 Hyper-parallelepiped volume.

Property 7

where G is Gramian matrix for: €1, €5, ...

(|61 A ey Ao AEy|)? = det G

—
7e’ﬂ

Lemma: Let we have a system of linear equations:

Then if:

system 1) is the system is compatible.

Proof:

a11x1 + a2 + ... + a1, =0

Ap1%1 + Apoxo + ... + apnty =0

a1l a2 A1n
_|a21 a2z a2n

M =
an1 an2 Ann

From Theorem in "Cross product in n-dimensional Euclidean space = that the one solution of 2):

is:

a11x1 + a2 + ... + a1, =0
a;—11%1 + @i—12T2 + ... + @i—1 Ty =0
A;411T1 + Q11272 + oo + Qjp1 Ty, =0

Ap1T1 + oo + ... + apnTy =0

xry = (_l)n(n+2)An(n+2)
3) v
) Tp—1 = _An(n+1)+17
ITn = An(n+1)
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¢

Ty = (_1)i+1 (_1)n(n+1)An(n+1)v

z;z—l = 7(71)i+n+1An(n+1)+13
;L = (_1)l+nAn(n+1)

Let replace the above solutions in i equation =:

X

air a2 G1n
o= a21  a22 a2n
an1 an2 Ann
Proof on Property 7:
Let see the vector £ = pPAE AEa A ... AEu1, €1,Ens...,Cn1,En € R, an
€1,€2,...,6n_1, €y are linearly independent (id they are linearly dependent , then ||
but pLk = k, €1, €, ...,€, are linearly dependent =

E=@ANGA... NErrt NG AGLAGL A ... NCrot = MEL+ X2@2 + .. + Ano,

also are solutions on 2).

multiply the above equality sequentially scalar by €, ..., €,, then from Properties 5 and 4, =-:

M+ X182 + ... + \81E, =0

A1€x€] + )\25% + ...+ Aéaé, =0

Alé'n,151 + )\25}1716_5 + ...+ )\né'n,lé’n =0

From the Lemma =

éQ JERN

1 1€2
&e &

But:

ﬂ:A1€n€1+A2€n€2+ +)\né2 :((51A€2A /\é’n,l/\é’n)/\é}/\é’g/\ /\é'n,l)en

n

and from Property 5 =

I
™ O
Lo

D
)
3

—

((BL NG A ... N1t NEW)ANELNAEG A ... NEn1)Ep = (EL A .. ANEN(ELA .. NEY) = (ELN ... NE)? =

e? €16, €16y
- L2 |&E & €2€y,
(E1N..NEy)" =
€€l Eny ... &2
5 Product of scalar triple products.
Property 8 Let we have vectors:
é1(a1,a12,...,01n41)
é(ag1, a2, ..., a2n41)
5n(an1, An2,y .- -, ann+1)
Cnt1(Ang11, Qng22s -5 Gngintt)
%)
g1(g11, 912, - - - 7gln+1)
52(921,9227 cee ,92n+1)
gn(gnla In2,-- - agnn-i-l)
§n+1(gn+117gn+227 e 7gn+1n+1)



then:
€191 €192 €19n+1
€231 €202 €2 Gn+1
((61/\62/\ gn)€n+1)((§1 A§2A...§n)§n+1) =
€n§1 €n§2 é;zﬁn—i—l
€n+191 €En+192 é%+1gn+1
Proof:
In proof on Property 5 we have a determinant presentation on scalar triple products:
ail ai2 A1n A1n+1
as1 a2 A2n a2n 41
(L NEN ... NEp)eni1 =
an1 an2 Apn Ann+1
An+11  Gn422 Up4+1n  An4in+1
analogous:
g11 gi12 9in Jin+1
g21 g22 92n 92n+1
(ANG2 Ao AGn)Gnt1 =
Ini gn2 Inn Inn+1
Int+11  Gn+22 In+1n  Gn+lin+1
then:
((ErnéA...en)én1)((GL A G2 A ... Gn)fns1) =
a11 a12 Q1n A1n+1 g11 912 9in Jin+1
a21 a22 A2n, a2n 41 921 922 92n 92n+1
an1 an2 Apn Ann+1 9ni gn2 Inn Inn+1
An+11  Gn422 Un+in  Antl1n+1 In+11 Gn422 In+1n  In+lin+1
€11 €102 €1Gn+1
€2g1 €202 €2Gn+1
6ﬁng'l é’ng‘Q €7L§n+1
€Ent+191 €n+192 €nt+19n+1
6 Dot product on two cross products.
Property 9
€igi  €1g2 €10n
S o S No o o €2G1 €202 €20n
(EgNeEsNn...8) L NG N .. Gn)=
Endn en§2 gngn

Proof:
Let:
piglAggAgn
q=0 NG N .. gn
then:



pq = gp
pg=(E1 NG A...E,)q
@p=(G1ANGa A Gu)p

=
2 o . o - - -
(rg)* = ((Er NEa A €))((GL AGa A .. Gn)p) =
€1g1 €1go ... €gn €D
€2§1 éggg . _'2 _.n ggp
é‘ng'l €n§2 .. gnﬁn gnp B
Q91 932 - qGn  qD
€ig1 €1g2 €iGn 0
€2g1 €202 ¢2Gn 0
gngl €n§2 €ngn 0 a
0 0 qp
€1g1 €G> €10n
€2§1 €202 E20n
qp .. .
é'n§1 _'ng’Q gn!jn
=
€11 €192 €10n
€201 €202 €20n
pq = .
€ngdl1 €engz2 ... €Engn

Property 10
(ELNEN..NEDNANGIANGa Ao NG =

€191 €192 .o €19n—1 €1
JE . . -
€291 €292 ... €20p—-1 €2
€ndl €ng2 ... €ngn-1 €n

Proof:

Let k= (ELAGA... NE)AGAG A ... Aoy and F=EL NG A ... \Ep,

but ' L €1,¢é3,...,¢;, and k L p'=

k,€i1,é€s, ..., €, are linearly dependent.

Then k = \ie1 + Xaéa + ... + N\ 65

We multiply scalarly both sides of the above equation by any non-zero vector v =:

(L NEN..ANENANGIANG N AGn—1)T=(E1NEN... NE)(GLAG2 N ... ANGn1 AT) =

€191 €192 €1gn—1 €1V
€201 €202 €20n—1 €2V

.. = \NEU+ N30T+ ... + N\ 6T
€nd1 €ng2 ... €ngn—1 E€Env

In the above equation we develop the determinant on the last column and we get:

€291 €292 ... €20n—1 €101 €192 cee €19n—-1
~-|€3G1 €3G2 ... €30n_1 - | €21 €G> ...  €0n—1 . . o
(—1)" e |9 g In=lly yenu| Y g In = MET+ AT+ ...+ A€, 0
€ndg1 €engz2 ... €ngn—1 €n—-191 €n—192 ... €n—19n—1



¥ is an arbitrary vector, from here we can equate both sides of the above equality and we get :

6291 €202 €20n—1 €191 €192 €19n—-1
A n—1 6391 €392 €39n—1 P €201 €292 29n—1
1= ( ) gy eeey A —
€ngi1 €ng2 e €ngn—1 €n—191 €n—192 e €n—19n—1
We substitute A1, Ag, ..., A, in A\1€7 + Ao€3 + ... + A\ €5, =
€191 €192 €19n—-1 €1
Lo o S - - €2G1 €202 €2Gn-1 €2
(E1LNEN. . NE)ANGIANGa Ao NG =
€ndi €ng2 e €ndn—1 €En

7 Jacobi identity

(1 NEN... NED)ANGINGo N oo N1 =
(€1A§1A...Agn_l)AégAggA...A€n+...+ (1)
+(AANG Ao NEGA e ANGne1) NELA .. NE—1 NEip1 A e NEp + .+

+(GAANG AN NGt NER) NELANEIN ... En_1
as 61,527 agn S Rn7 §17§27'“7§n71 € Rnfl
Proof:

From Property 9 and Property 10 =:

(1NN ANE)ANGIANGa Ao A1 =
( 1) n61(62/\63/\ /\(?n)(ﬁl /\572/\/\57"_1)++ (2)
(1)@ AEa Ao AeiZi Aeigi A4 F N (FLAGa A eeo AGnet) + ot

(=)t

1 en(el/\eg/\ /\é'n—1)(§1 ANgaA... /\gn—l)

We will use induction . Let n=2, then:

(e1NeE)ANGL=(ELNGI)Néa+ (g1 Aé2)Aér

and this is Jacobi identity.

Let n=3.
We must proof that:

(E1NENE)ANGINANG=(E1ANGING) NEa NE3+ (G1 NEy A Ga) NELNEs+ (1 AgGaAEs)ANELNE, (3)

From (2) =
€1(ex N 3)(g1 N ga) — €a(€1 A €3) (g1 A ga) + €3(€1 A ) (g1 A Go) =
= €1(1 N G2)(€2 N E3) — G1(€1 A G2)(E2 A €3) + G2(E1 A G1) (€2 A €3)+
+ q1(E2 A G2)(E1 AN eEs) — E(d1 A Ga)(E1 A Es) + Go(gh AEa)(E1 AEs)+
+ G1(Ga N E3) (€1 N E) — Gal(gh N E3)(€1 A E2) + €3(G1 N ga) (€1 N €)

We group the coefficients before ¢; and go =
For ¢gi:

Analogous for g, and =(3).

Let (1) is true for n-1. We reveal (1) using (2) and in left part on (1).
Letg’lvlglgn_lé



)
)
~1)
)" G(GLA NGt NGt A NG AL e ANEpg =0 &

ELNGLN .. N\ Gi1 A§i+1 VAN /\g’nfl) ANeéy A ...Ney~+ ...+

Q

(2

Q

K3

I

GAN e ANGic1 AN Gig1 A een A gn) ANELN...N€o=gG0=0

(2

—D)" T GE NG A NGt AGiga A AGn1) A A A8+t
)" G GN AN E NG A A e NG 1) NELA e NE1 A Ei_1 A e N Ent
GG Nt NG A A1) NELA NG N Eipa A Ny ot

(

(AN ANCNANGig1 N e AGne1) NELA e NEim1 AN Eimq A oo N Ep+
(AN NI NGt 1 A oo AGn—1) NELA e ANE A Eixa A oo Ny + oot
(

8 Cramer’s rule for overdetermined system of linear equations.

Let we have a linearly independent vectors: €,e1,...,6, € Rpy1 = 3N, ..., Ay € R :

€= A€ + A2l + ... + \pép
We multiply 1) right sequentially with:
NéEyANE3 N ... N\€Ey
ANELANEA ... NEp
ANEL NG A ... NEp

NETNEIN ... N\Ep_o A€y

ANE1INE N ... N\€Ep_1

=
ENEINEIN...NEp =ANELANEZNEZN...\Ep
ENELNEIN...NEp=A2€a NELNEZA ... \E,
ENELNEIN...NEp_oNEp=Ap_16n_1NE1LNEN...N\NEp_aEp,
ENELNEYN ... NEp_1 =€ NELNEI A ...\ Ep_1

We multiply scalar (2): the first equation with vector from on his right and so on. and if we denote:

Pi =€ENELAN-N€E_1NEr1 N Néy
G=EGNEN NG L NE1I N NEy
1<i<n

from Property 7 =-:

) (d) ENEYN--NEy (d) detG(p)
= Sgn = sgn
1 gn{pi1qi GANG A NEn gn{pi1qi detG(zﬁ)
N (o) ENELN---NEy (qq)ddm@)
= san = sgn —— S
2T IR G N N e AN, | TR e )

ENELN+NEp_oNEp

M1 = Sgn(Pp—1qn— — — =
net g (pn 19n 1) en_1NetNeaN---Nep_o2Ney

ENELTN - NEp_1
En NELNEN- N€Ep_1

detG(p,)
detG(qn)

An = Sgn(ﬁnq_’n) = Sgn(ﬁn(jn>

= 59n(Pn—1Gn—-1)

- detG(ﬁnfl)

detG((fn_ 1)

(3)
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