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Abstract: In this paper, we will consider the elementary function
y = |x| from the viewpoint of the basic relations of the normal solutions
(Uchida’s hyper exponential functions) of ordinary differential equations and
the division by zero calculus. In particular, y′(0) = 0 in our sense and this
function will show the fundamental identity with the natural sense

0

0
= 0

with the sense
1

0
= 0

that may be considered as 0 as the inversion of 0 through the Uchida’s hyper
exponential function.

David Hilbert:
The art of doing mathematics consists in finding that special case which

contains all the germs of generality.
Oliver Heaviside:

1



Mathematics is an experimental science, and definitions do not come first,
but later on.
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2
= log 0 = 0, y = |x|. 
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1 Introduction
K. Uchida ([17]) has a long love for the solutions of the differential equations

dny

dx
= f(x)y

and he has been appointing the importance of the solutions. He called the
solutions hyper exponential functions (Uchida’s hyper exponential functions).
He considered the solutions for some functions f(x) and derived many beau-
tiful computer graphics with their elementary properties ([18]). We see the
few concrete solutions from [10] and [18]. Of course, the case n = 1 is trivial
and the n > 3 cases are rare examples and the case n = 2 is important.

Meanwhile, we introduced the concept of division by zero calculus in
[14] that we can consider analytic functions and their derivatives even at
isolated singular points. Therefore, we can consider the Uchida’s exponential
functions for analytic functions f(x) with singularities. Surprisingly enough,
then any analytic functions with any singular points may be considered as the
Uchida’s hyper exponential functions. As one typical example, we considered
the simplest case of

f(x) =
1

(x− a)m
(1.1)

for the general real number m of m ̸= 0 and for n = 2. In [15], we discussed
the related ordinary differential equations. However, we know that the ele-
mentary function y = |x| is the simplest Uchida’s hyper exponential function
and we see that the fundamental relations in the natural sense

0

0
= 0
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with the sense
1

0
= 0

that may be considered as 0 as the inversion of 0 through the Uchida’s hyper
exponential function.

2 The function y = |x| is an Uchida’s hyper
exponential function

Indeed, we will consider the expression

y =: exp

(∫ x

1

dt

t

)
= exp (log |x|) = |x|.

Then,
y′ = |x|1

x
=

1

x
y

that shows the desired result.

3 In connection with the division by zero
Now we will consider the above formula at x = 0 formally

y′(0) = |0|1
0
= 0

1

0
.

However, this function is an odd function f(x) = −f(−x) and we see that
f(0) = 0 should be 0; that is,

y′(0) = 0
1

0
= 0.

4 Inversion by 0

Of course, in the above logic, we can derive the identity already

0
1

0
=

0

0
= 0.
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Our logic may be considered naturally that the inversion of 0 may be con-
sidered and it is zero. Here, the definition of

1

0

is given as the value of the elementary function y = 1/x at the origin x = 0
that is an odd function.

5 The gradient of the y axis is zero
For the sign function y′ we see that the derivative at the origin is zero; that
is,

tan
π

2
= 0,

that is a very important fundamental result on the division by zero calculus.
For the division by zero calculus and fundamental results, see the cited papers
in the references.

6 Remarks
For the introduced function, we obtain, by setting x = 0

y(0) = exp

(∫ 0

1

dt

t

)
= exp (log 0) = |0| = 0.

All the terms have their senses, because∫ 0

1

dt

t
= 0,

log 0 = 0,

and
exp 0 = 1, 0

that has two values ([14]).
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7 Conclusion
Dividing by zero is multiplying by zero.

For the elementary function

y = |x|

we have always
y′ =

|x|
x

with
y′(0) = 0.

1

−1

x

y

Figure 1 : The graphs of y = |x| (black) and y =
|x|
x

(red).

References
[1] W. W. Däumler, H. Okumura, V. V. Puha and S. Saitoh, Horn Torus

Models for the Riemann Sphere and Division by Zero, viXra:1902.0223
submitted on 2019-02-12 18:39:18.

[2] M. Kuroda, H. Michiwaki, S. Saitoh and M. Yamane, New mean-
ings of the division by zero and interpretations on 100/0 = 0 and
on 0/0 = 0, Int. J. Appl. Math. 27 (2014), no 2, pp. 191-198, DOI:
10.12732/ijam.v27i2.9.

5



[3] T. Matsuura and S. Saitoh, Matrices and division by zero z/0 = 0,
Advances in Linear Algebra & Matrix Theory, 6(2016), 51-58 Published
Online June 2016 in SciRes. http://www.scirp.org/journal/alamt
http://dx.doi.org/10.4236/alamt.2016.62007.

[4] T. Matsuura, H. Michiwaki and S. Saitoh, log 0 = log∞ = 0 and
applications, Differential and Difference Equations with Applications,
Springer Proceedings in Mathematics & Statistics, 230 (2018), 293-305.

[5] H. Michiwaki, S. Saitoh and M.Yamada, Reality of the division by zero
z/0 = 0, IJAPM International J. of Applied Physics and Math. 6(2015),
1–8. http://www.ijapm.org/show-63-504-1.html

[6] H. Michiwaki, H. Okumura and S. Saitoh, Division by Zero z/0 = 0 in
Euclidean Spaces, International Journal of Mathematics and Computa-
tion, 28(2017); Issue 1, 1-16.

[7] H. Okumura, S. Saitoh and T. Matsuura, Relations of 0 and ∞, Journal
of Technology and Social Science (JTSS), 1(2017), 70-77.

[8] H. Okumura, Is It Really Impossible To Divide By Zero?
Biostat Biometrics Open Acc J. 2018; 7(1): 555703. DOI:
10.19080/BBOJ.2018.07.555703.

[9] S. Pinelas and S. Saitoh, Division by zero calculus and differential equa-
tions. Differential and Difference Equations with Applications. Springer
Proceedings in Mathematics & Statistics, 230 (2018), 399-418.

[10] A. D. Polyanin and V. F. Zaitsev, Handbook of Exact Solutions for
Ordinary Differential Equations, CRC Press, (2003).

[11] S. Saitoh, A reproducing kernel theory with some general applications,
Qian,T./Rodino,L.(eds.): Mathematical Analysis, Probability and Ap-
plications - Plenary Lectures: Isaac 2015, Macau, China, Springer Pro-
ceedings in Mathematics and Statistics, 177(2016), 151-182.

[12] S. Saitoh, Fundamental of Mathematics; Division by Zero Calculus and
a New Axiom, viXra:1908.0100 submitted on 2019-08-06 20:03:01.

[13] S. Saitoh, Essential Problems on the Origins of Mathematics; Division
by Zero Calculus and New World, viXra:1912.0300 submitted on 2019-
12-16 18:37:53.

6



[14] S. Saitoh, Introduction to the Division by Zero Calculus, Scientific Re-
search Publishing, Inc. (2021.2), 202 pages.

[15] S. Saitoh and K. Uchida, Division by Zero Calculus and Hyper Exponen-
tial Functions by K. Uchida viXra:2102.0136 submitted on 2021-02-22
19:21:15.

[16] S.-E. Takahasi, M. Tsukada and Y. Kobayashi, Classification of contin-
uous fractional binary operations on the real and complex fields, Tokyo
Journal of Mathematics, 38(2015), no. 2, 369-380.

[17] K. Uchida, K. Kumahara and S. Saitoh, Normal solutions of linear or-
dinary differential equations of the second order, International Journal
of Applied Mathematics, 22(2009), No. 6, 981-996.

[18] K. Uchida, Introduction to hyper exponential functions and differential
equations (in Japanese), eBookland (2017). Tokyo. 142 pages.

7


