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Abstract 

In our previous papers, we once gave formulas and value for the classical electron 

radius (re=2.81794032658(43) fm) and the proton charge radius. In this paper, we give 

new and more reasonable formulas and values for the proton charge radius, and the 

values should be different according to the three different measurement methods, so we 

give three values, i.e., rp/H=0.8330977868 fm, rp/H-μ=0.8419605292 fm and 

rp/e=0.8311047299 fm. In addition, we also give formulas and values for the neutron 

charge radius (rn/e=0.3312876729 fm), the deuteron charge radius (rd/D=2.142299805 

fm, rd/D-μ=2.125297426 fm and rd/e=2.127921954), the neutron equivalent radius in 

deuteron (rn/D=1.309202018 fm) and the charge radius of helium nucleus (α particle) 

(rα/He= 1.688564465 fm, rα/He-μ= 1.678205173 fm and rα/e=1.681409530). 

Keywords: radius; electron; proton; neutron; deuteron; helium nucleus.  

1. Introduction 

In our previous papers1-10, we gave formulas of the fine structure constant and their 

applications or relevant developments. Some typical formulas and definitions of the 

fine-structure constant are as follows. 
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 With these definitions and formulas, we calculated the classical electron radius re 

as follows1. 
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 The above calculated re=2.81794032658(43) was more precise (with one more 

effective digit) than current CODATA recommended value re=2.8179403262(13) fm.  

In the same paper1, we also proposed the similar formulas for the proton charge 

radius rp as follows. 
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 However, the above formulas for rp should not be satisfyingly correct and need 

corrections. In this paper, we try to find more reasonable formulas and values for rp. In 

addition, we also give formulas and values for neutron, deuteron and helium nucleus. 

2. The Proton-radius Puzzle 

Scientists developed two approaches to measure the proton charge radius, one is 

hydrogen spectroscopy (Lamb shift measurement), the other is elastic electron-proton  
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scattering (p/e method). And the first approach was divided into two sub-branches 

which are ordinary-hydrogen spectroscopy (p/H method) and muonic hydrogen 

spectroscopy (p/H-μ method). There were always discrepancies among the results of 

the measurements with these three methods as shown in the following table and figure 

(Table 1 and Fig. 1). This strange phenomenon is called the proton-radius puzzle. 

Table 1. Values for the proton radius measured by the three methods 

Year Method rp Value (fm) Ref. 

2010 Electronic-proton scattering rp/e 0.879(8) 11 

2010 Muonic-hydrogen spectroscopy rp/H-μ 0.84184(67) 12 

2013 Muonic-hydrogen spectroscopy rp/H-μ 0.84087(39) 13 

2017 Ordinary-hydrogen spectroscopy rp/H 0.8335(95) 14 

2018 Ordinary-hydrogen spectroscopy rp/H 0.877(13) 15 

2019 Ordinary-hydrogen spectroscopy rp/H 0.833(10) 16 

2019 Electronic-proton scattering rp/e 0.831(14) 17 

 

 

Figure 1. Values for the proton charge radius (figure from Nature18). 

 According to our points of view, these discrepancies are natural and should be exist 

reasonably. Proton should be just like an elastic football which should give different 

feelings (radii) to an adult or a child, by hand and by foot, so we suppose there should 

be three kinds of the proton charge radius which are denoted as rp/H, rp/H-μ and rp/e.  

3. Formulas for the Proton Charge Radius 

In our previous formulas for the classical electron radius, we employed the fine-

structure constant α as follows. 



4 

 

11
2

0 1 2 0

1

2

5.29177210903(80) 10
2.81794032658(43) 

18788.865042381

1
1/137.035999037435

1
56 81

13 (2 56 11 1)
28

3 5 (2 56 43 1)

1
1/137.035999111818

1
56 81

2 (16 27 1)
28

3 (16 81 1)

1

56

e c

c

m
r a a fm  







−
= = = =

= =

+ +
   −

−
    +

= =

+ +
  −

−
  +

=

+

137

56 8

136, ,138

80, ,821

1

1 1
81 56 81

5 (4 3 7 17 1) 4 (4 (2 27 29 1) 1)
28 27

2 5 (4 5 7 23 1) 1 2 5 (4 5 7 23 1) 1

1/137.035999074626

the key element and its isotopes:  (Note: 136 8 17, 138 6 23) Ba

=

+ + +
    −     + +

− +
     + +      + +

=

=  = 
 

 It is supposed that the situation should be similar for the proton charge radius, and 

the critical point is to find the key element and its isotopes. And hence we construct the 

following formulas for the proton charge radius to give reasonable and precise values. 
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 These formulas and values should not be absolutely correct, but it seems that they 

are reasonable and should be relatively precise. 

4. Formulas for the Neutron Charge Radius 

With the same method, we construct the following formulas for the neutron charge 

radius and give reasonable and precise value of it. 
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A recent paper19 explained: “Despite the neutron zero-net electric charge, the 

asymmetric distribution of the positively- (up) and negatively-charged (down) quarks, 

a result of the complex quark-gluon dynamics, lead to a negative value for its squared 

charge radius, rn
2.” And it gave a relatively precise result of rn

2=－0.110(8) fm2. By 

referring to this result, we give the above formulas and value for the neutron charge 

radius, and they seem to be still reasonable and much more precise. 

5. Different Difficulties to Determine the Radii of Electron, Proton and Neutron 

We noticed that the difficulties to determine the radii of electron, proton and neutron 

are quite different by experimental measurements or theoretical calculations. But why? 

Here we try to propose an explanation.  

In our previous paper3, we developed Mass Model of Elementary Particles. The 

main picture of the model is shown as follows (Fig. 2). 

According to the model’s stipulations, electron is a Yang particle, we can assume it 

should be hard, round and smooth like a steel ball, so its radius could be determined 

easily and precisely. However, a proton contains two up quarks (u) which are Yin and 

one down quark (d) which is Yang, so a proton is a net Yin particle, and we can assume 

it should be soft, not very round, elastic and rough like a football, so it is difficult to 

determine its radius and the determined values should depend on the measurement  
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Figure 2. 

methods. A neutron contains two down quarks (d) which are Yang and one up quark (u) 

which is Yin, so a neutron is a net Yang particle, it should be not very difficult to 

determine its radius, however, it is neutral in net electric charge, so it is still difficult  
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to determine its electric charge radius which should be resulted from asymmetric 

distribution of its component quarks and gluons. According to this explanation, we 

could also predict that it should be relatively easy to determine the radii of Yang 

particles such as Higgs boson (H) and the particle of dark matter (D), and it should be 

relatively difficult to determine the radii of Yin particles such as muon, tauon, W boson, 

Z boson and the neutrino particles. 

6. Formulas for the Deuteron Charge Radius 

Deuteron is the simplest compound nucleus consisting of a proton and a neutron，

it should one of typical and important nuclei. Although it should not be in spheric shape, 

its root-mean square radius (or equivalent radius) could be measured by experiments. 

And there are also three methods of measurement, i.e., ordinary-deuterium 

spectroscopy, muonic-deuterium spectroscopy and elastic electron-deuteron scattering, 

corresponding to three kinds of deuteron charge radius rd/D, rd/D-μ and rd/e respectively. 

The experimental values of these three kinds of rd are listed as follows (Table 2). 

Table 2. Values for the deuteron charge radius measured by the three methods 

Year Method rd Value (fm) Ref. 

1996 Electronic-deuteron scattering rd/e 2.128(11) 20 

2017 Ordinary-deuterium spectroscopy rd/D 2.1415(45) 21 

2016 Muonic-deuterium spectroscopy rd/D-μ 2.12562(78) 22 

Here we construct the following formulas for the deuteron charge radius to give 

reasonable and precise values. 
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It could be supposed that rd/D should be composed of two parts which are rp/H and 

rn/D (the proton charge radius in hydrogen and the neutron equivalent radius in deuteron) 

as follows. 
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7. Formulas for the Charge Radius of the Helium Nucleus 

After hydrogen, helium is the second most abundant element in the universe. 

Around one-fourth of the atomic nuclei that formed in the first few minutes after the 

Big Bang were helium nuclei. A helium nucleus, which is especially stable, consists of 
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two protons and two neutrons. For fundamental physics, it is crucial to know the 

properties of the helium nucleus24. One of the properties is the charge radius of it. There 

are also three methods to measure its charge radius, i.e., ordinary-helium spectroscopy, 

muonic-helium spectroscopy and elastic electron scattering, corresponding to three 

kinds of the charge radius of the helium nucleus (also called α particle) rα/He, rα/He-μ and 

rα/e respectively. The experimental values of these three kinds of rα are listed as follows 

(Table 3). 

Table 3. Values for the charge radius of helium nucleus measured by the three methods 

Year Method rd Value (fm) Ref. 

2008 Elastic electron scattering rα/e 1.681(4) 23 

 Ordinary-deuterium spectroscopy rα/He so far no determination  

2021 Muonic-deuterium spectroscopy rα/He-μ 1.67824(83) 24 

Here we construct the following formulas for the charge radius of the helium 

nucleus to give reasonable and precise values. 
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 According to Krauth’s description24, so far no determination of rα exists from 

atomic spectroscopy. For the determination of absolute radii from He atoms (three-body 

system with two electrons), theory is not yet advanced enough25. Sufficiently precise 

experiments with the H-like He+ ion, where the two-body theory of H is applicable, will 

soon be available26,27. 

 But here, we have already theoretically calculated the rα/He value which is 

1.688564465 fm. If the future experiments give values of rα/He close to our prediction, 

that will be a strong proof to our theories. 

 We also notice that the deuteron charge radius is even larger that that of helium 

nucleus. A deuteron is composed of a proton and a neutron, a helium nucleus consists 

double of them, so this phenomenon is very strange. Here we also try to give their 

relationship coefficient (rα/He/rd/D). 

8. Formulas for Radii of Electron, Proton, Neutron, Deuteron and Helium 

Nucleus in Atomic Unites 

In atomic unites (a.u.), Bohr radius a0 is equal to 1, so the formulas for the radii of 

electron, proton, neutron, deuteron and helium nucleus (α particle) in atomic unites will 

be simplified to the following forms. 

0

/

Atomic Unites ( ): 1,  Bohr radius 1

1

1 1 1
112 (168 )

3 12 47 14 112 (2 173 1)

e au

au m e a

r

= = = =

=

 − + −
    +
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/ 2
2

136 137

56 8

, ,138

80, ,82

/ / 2

1

2

/ /

1 1

1(137 )
(56 81 )

5 (4 3 7 17 1)
28

2 5 (4 5 7 23 1) 1

the key element and its isotopes: Ba

Note:  136=8 17,  138=6 23

1 1

1(252 )
(99 153 )

2
33

17

1
1+

2 47

(9

e au

p H au

p H au

r

r

r 





−

= =
+

+ +
    −

−
     + +

 

= =
+

+ +

+

= / /
2 2

*

/

252

99 153

/ 2
2

1
1

2 11 19     
1 1

9 153 ) (99 153 )
2 2

33 33
17 17

the key element and its isotope:  

Note: 99 9 11=3 33  153 9 17  252 2 126 9 28

1 1

1(400 )
(157 243 )

3

the key element and its 

p e au

n e au

r

Es

r


−
 =

+ + + +

+ +

=   =  =  = 

= =
−

+ −

， ，

5

/ / 2
2

/ / / /
2 2

400

157 243

157

64 9

2

3

/ /

isotope:   (Note: 243 3 )

1 1

1(157 )
(64 93+ )

6

1 1
1 1

126 149     
1 1

(64 93+ ) (64 93+ )
6 6

the key element and its isotope: 

1 1

1(201 )
(80 121+ +

2 11

ie

d D au

d D au d e au

n D au

Ch

r

r r

Gd

r







−

=

= =
+

+

− −

= =

+ +

= =
+

+


201

8

2

0

2

1

/ / 2

21

1
)

3
36 11

2 11

the key element and its isotope: 

1 1

1(177 )
(72 105+ )

6
36

35

He au

Hg

r


 +


= =
+

+

−
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177

72 105

137

/ / / /
2 2

136, ,13 1578

80, ,8256 81 64 93

1 1
1 1

163 4 59     
1 1

(72 105+ ) (72 105+ )
6 6

36 36
35 35

the key element and its isotope:  (Note: 177 3 59)

the key elements and its isotopes: 

Ba   

He au e aur r

Hf

Gd

  −

− −
= =

+ +

− −

= 

177 201 252 400

72 105 80 121 99 153 157 24

*

3   

Notice the sequences: 56 64 72 80; 93 99 105; 137 157 177; 56 252

ieHf Hg Es Ch
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